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Preface

This book is a continuation and development of the author’s book (see
[86]33)), and mainly deals with various boundary value problems for equa-
tions and systems of mixed (elliptic-hyperbolic) type with parabolic de-
generacy. For this the corresponding boundary value problems for elliptic
and hyperbolic complex equations of first and second orders are firstly con-
sidered, in which some representations and a priori estimates of solutions
for the above problems are given, and the existence and uniqueness of solu-
tions of these problems are proved. In the whole book we apply the complex
analytic method in details.

In Chapters I and II, by using some new methods, we mainly inves-
tigate some discontinuous boundary value problems for some classes of
elliptic complex equations of first and second orders with smooth and
nonsmooth parabolic degenerate lines, which include the discontinuous
Riemann-Hilbert boundary value problem, the mixed boundary value prob-
lem and discontinuous oblique derivative boundary value problem. In which
we first reduce the degenerate elliptic equations or systems to some complex
equations with singular coefficients, after this it is not very difficult to ob-
tain a priori estimates of solutions for the above boundary value problems,
and then the existence and uniqueness of solutions of these problems can
be proved. As an application of the above results, we discuss a boundary
value problem in axisymmetric filtration with homogeneous medium.

In Chapter III, on the basis of notations of hyperbolic numbers and
hyperbolic complex functions, the hyperbolic systems of first order equa-
tions and hyperbolic equations of second order with some conditions can
be reduced to complex forms. Moreover, several boundary value prob-
lems, mainly the Riemann-Hilbert boundary value problem, oblique deriva-
tive boundary value problem for first and second orders hyperbolic com-
plex equations with parabolic degeneracy are discussed, which includes the
Dirichlet boundary value problem as a special case. In addition, we discuss
the Cauchy problem for second order hyperbolic equations with degenerate
rank 0.

In Chapter IV, by using the notations of complex numbers in elliptic
domains and hyperbolic numbers in hyperbolic domains, we mainly intro-
duce the Riemann-Hilbert boundary value problem for first order linear
and quasilinear complex equations of mixed type in special domains and
general domains, the results obtained in which are the preparation for latter
chapters.

v
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For the classical gas dynamical equation of mixed type due to S. A.
Chaplygin [17], the first really deep results were published by F. G. Tri-
comi [78]1). In Chapters V and VI, on the basis of the results obtained in
Chapters I–IV, we consider the Tricomi boundary value problem, oblique
derivative problem for second order linear and quasilinear complex equa-
tions of mixed type with parabolic degeneracy in several domains including
general domains and multiply connected domains. We mention that in the
books [12]1),3) and [74], the authors investigated the Tricomi problem for
the Chaplygin equation: K(y)uxx+uyy =0 and special second order equa-
tions of mixed type with parabolic degeneracy in some standard domains
and general domains by using the methods of integral equations and energy
integral, but the methods are not simple. In the present book, we apply the
uniqueness and existence of solutions of discontinuous boundary value prob-
lems for elliptic, hyperbolic complex equations and other methods to obtain
the solvability results of several discontinuous oblique derivative problems
for second order equations of mixed type, which include the Tricomi prob-
lem as a special case. Besides, we also discuss the Frankl problem and the
exterior Tricomi problem for general equations of mixed type with parabolic
degeneracy.

There are two characteristics of this book: one is that elliptic, hyper-
bolic and mixed complex equations are included in several forms and the
quasilinear case, and boundary value conditions are almost considered in
the discontinuous Riemann-Hilbert problem and oblique derivative prob-
lem, especially multiply connected domains are considered. Another one
is that several complex methods are used to investigate various problems
about complex equations of elliptic, hyperbolic and mixed type, for exam-
ple the complex functions in elliptic domains and the hyperbolic complex
functions in hyperbolic domains are used, and in general we first discuss
the corresponding problems for first order complex equations, and then the
problems for second order equations can be solved. The above method is
different from the methods used by other authors. We mention that some
boundary value problems in gas dynamics can be handled by using the
results as stated in this book.

The great majority of the contents originates in investigations of the
author and cooperative colleagues, and many results are published here
for the first time, in which many open problems are solved, for instance
the Tricomi problem for second order equations of mixed type in special
and general multiply connected domains posed by L. Bers in [9]2), and the
existence, regularity of solutions of some boundary value problems for sec-
ond order equations of mixed type with smooth and nonsmooth degenerate
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lines posed by J. M. Rassias in [71]2). After reading the volume, it can be
seen that many questions remain for further investigations.

In order to conveniently understand the purpose of the book, we give
a sketchy introduction about the idea of the book. It is known that the
general second order linear equation of mixed type is as follows

K(y)uxx+uyy+a(x, y)ux+b(x, y)uy+c(x, y)u+d(x, y)= 0 in D, (1)

especially

K(y)uxx + uyy = 0 in D (2)

is the so-called famous Chaplygin equation in gas dynamics, where K(y)
possesses the derivative K ′(y) and yK(y)>0 on y 6=0, K(0)=0, and D is
a bounded domain including the domain D+ in the upper-half plane, the
domain D− in the lower-half plane and the line γ on the real axis, obviously
equation (1) in D+ is the elliptic type and in D− is the hyperbolic type,
and γ is a parabolic degenerate line. From [9]2) and [71]2), we can see
the mechanical background of equations (1) and (2). The so-called Tricomi
problem is to find a solution u(z) of equation (1) or (2) satisfying the
boundary conditions

u(z) = φ(z) on Γ, u(z) = ψ(z) on L1 or L2, (3)

where Γ is the partial boundary of D+ in the upper-half plane and L1, L2

are two characteristics in the lower-half plane, here L1 ∪ L2 ∪ γ is the
boundary of D−, and z0 = x0 + jy0 is the intersection point of L1 and
L2. The above Tricomi problem can be divided into two boundary value
problems, namely the mixed boundary value problem

u(z) = φ(z) on Γ, uy = r(x) on γ, (4)

of equation (1) in D+, and the mixed boundary value problem

u(z) = ψ(z) on L1 or L2, uy = r(x) on γ (5)

of equation (1) in D−, where r(x) on γ is an undetermined function, which
can be determined by the boundary condition of Problem T of the mixed
equations.

According to the mathematical view, the centrical subject of the Tricomi
problem is to prove the existence and uniqueness of solutions for the Tricomi
problem, and verify some regularity of solutions of the above problem. In
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recent half century, many mathematical authors investigated the problem
about several equations of mixed type and obtained many interesting re-
sults (see [9]2), [12]1),3), [71], [74], [86]33) and so on). However the Tricomi
problem of equation (1) has not been completely solved, and the obtained
results almost require some unnecessary conditions, besides for instance
the Tricomi problem for second order equations of mixed type in multiply
connected domains posed by L. Bers in the book [9]2), i.e. Tricomi-Bers
problem, and the existence, regularity of solutions of above problems for
mixed equations with nonsmooth degenerate line in several domains posed
by J. M. Rassias in the book [71]1), i.e. Tricomi-Frankl-Rassias problems
have not been solved. The purpose of the book is just to introduce some
new results about the above problems. As stated before we need first intro-
duce the related results about degenerate elliptic equations and degenerate
hyperbolic equations, and then the problems about equations of mixed type
are discussed (see Sections 3 and 4, Chapter VI).

Our method of handling mixed equations is the complex analytic
method, which is different to the methods of other authors, i.e. through the
transformation of functions: W (z) = [H(y)ux − iuy]/2 in D+ and W (z) =

[H(y)ux − juy]/2 in D−, here H(y) =
√

|K(y)|, Y = G(y) =
∫ y

0
H(t)dt, i

and j are the imaginary unit and hyperbolic imaginary unit with the con-
ditions i2 = −1 and j2 = 1 respectively, and denote Z = x + iY in D+

and Z = x + jY in D−, the equation (1) can be reduced to the complex
equation of first order with singular coefficients

W
Z

= A1(Z)W (Z) +A2(Z)W (Z) +A3(Z)u(Z) +A4(Z) in DZ , (6)

where DZ is the image domain of D with respect to the mapping Z =
Z(z) = x+iY = x+iG(y) in D+ and Z = Z(z) = x+jY = x+jG(y) in D−.
Moreover we find the directional derivatives of boundary condition (3) or
(4), (5) according to the parameter of arc length of the boundaries Γ and
L1 or L2, then (4), (5) can be written in the complex form

Re[λ(Z)W (Z)] = R(Z) on Γ ∪ L1 ∪ γ or Γ ∪ L2 ∪ γ, (7)

in which λ(Z) = i or −j, R(Z) = −r(z)/2 on γ, this is a boundary condi-
tion of Riemann-Hilbert type, we can use the similar method as stated in
[86]11),33) and [87]1) to solve the problem of equation (6), but we must give
some important modifications, and then the Tricomi problem for equation
(1) can be solved.

In this book, we mainly consider three classes of second order equations
of mixed type with parabolic degeneracy, i.e. the equation (1),

K1(y)uxx+|K2(x)|uyy+a(x, y)ux+b(x, y)uy+c(x, y)u+d(x, y)=0 in D, (8)



Preface ix

and

K1(y)uxx+|K2(y)|uyy+a(x, y)ux+b(x, y)uy+c(x, y)u+d(x, y)=0 in D, (9)

in which K1(y), K2(y) satisfy the condition similar to that of K(y) in
(1), and K2(x) possesses the derivative K ′

2(x) and xK2(x) > 0 on x 6=
0, K2(0)=0. It is easy to see that in (8), the real axis and the imaginary
axis are parabolic degenerate lines, hence the parabolic degenerate curve is
not smooth near the origin point. Except the above linear equations, we
also discuss some quasilinear or nonlinear elliptic, hyperbolic and mixed
equations with parabolic degeneracy.

The more general boundary value problem is the oblique derivative
boundary value problem, which is to find a continuous solution u(z) of
(1) in D satisfying the boundary conditions

1

2

∂u

∂l
=

1

H(y)
Re[λ(z)uz̃]=Re[Λ(z)uz]=r(z) on Γ∪L1,

1

H(y)
Im[λ(z)uz̃]|z=z0

=b0, u(z1)=b1, u(z2)=b2,

(10)

in which l is a given vector at every point z ∈ Γ ∪ L1, W (z) = uz̃ =
[H(y)ux− iuy]/2, Λ(z) = cos(l, x) − i cos(l, y), λ(z) = Reλ(z) + iImλ(z),
cos(l, n) ≥ 0 for z ∈ Γ, n is the outward normal vector of Γ, and
W (z) = uz̃ = [H(y)ux − juy]/2, λ(z) = Reλ(z) + jImλ(z) for z ∈ L1,
z1, z2 are two end points of γ, b0, b1, b2 are real constants. We can give the
well-posed formulation according to the index of boundary conditions in
the elliptic domain. It is clear that the oblique derivative problem includes
the Tricomi problem as a special case. In the book, we mainly handle the
oblique derivative problem about elliptic equations, hyperbolic equations
and mixed equations with parabolic degeneracy, which include the above
three classes of equations. Except the above boundary value problems,
we also introduce the discontinuous oblique derivative problem, exterior
Tricomi-Rassias problem and the Frankl problem in Sections 3-5 of Chap-
ter V. Besides, the Tricomi problem for second order equations of mixed
type with parabolic degeneracy in general domains and multiply connected
domains are discussed. This book has not been related to the Tricomi
problem for equations in higher dimensional domains (see [71]2),6)), some
problems on this hand remain to be further investigated.
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CHAPTER I

ELLIPTIC COMPLEX EQUATIONS

OF FIRST ORDER

In this chapter, we mainly discuss the discontinuous Riemann-Hilbert
boundary value problem for some degenerate elliptic systems of first or-
der equations. Firstly we reduce the above systems to a class of complex
equations with singular coefficients, give the representations and a priori es-
timates of solutions of the boundary value problem for the class of degener-
ate elliptic complex equations, and then prove the existence and uniqueness
of solutions for the boundary value problem.

1 The Discontinuous Riemann-Hilbert Problem for

Nonlinear Uniformly Elliptic Complex Equations

of First Order

First of all, we reduce general uniformly elliptic systems of first order equa-
tions with certain conditions to the complex equations, and then give es-
timates of solutions of the discontinuous Riemann-Hilbert problem for the
complex equations, finally we verify the solvability of the boundary value
problem.

1.1 Reduction of general uniformly elliptic systems

of first order equations to standard complex form

LetD be a bounded simply connected domain in R
2 with the boundary ∂D.

Without loss of generality we can assume that ∂D is a smooth closed curve,
because the requirement can be realized through a conformal mapping. We
first consider the linear uniformly elliptic system of first order equations

a11ux + a12uy + b11vx + b12vy = a1u+ b1v + c1,

a21ux + a22uy + b21vx + b22vy = a2u+ b2v + c2,
(1.1)

where the coefficients ajk, bjk , aj , bj , cj(j, k=1, 2) are known real bounded
measurable functions of (x, y) ∈ D. The uniform ellipticity condition in D

1
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is as follows

J = 4K1K4 − (K2 +K3)
2

= 4K5K6 − (K2 −K3)
2 ≥ J0 > 0, K1 > 0 in D,

(1.2)

in which J0 is a positive constant and

K1 =

∣

∣

∣

∣

∣

a11 b11

a21 b21

∣

∣

∣

∣

∣

, K2 =

∣

∣

∣

∣

∣

a11 b12

a21 b22

∣

∣

∣

∣

∣

, K3 =

∣

∣

∣

∣

∣

a12 b11

a22 b21

∣

∣

∣

∣

∣

,

K4 =

∣

∣

∣

∣

∣

a12 b12

a22 b22

∣

∣

∣

∣

∣

, K5 =

∣

∣

∣

∣

∣

a11 a12

a21 a22

∣

∣

∣

∣

∣

, K6 =

∣

∣

∣

∣

∣

b11 b12

b21 b22

∣

∣

∣

∣

∣

.

From J > 0 it follows that

K1K6 > 0, or K1K6 < 0, i.e. K1 > 0, K6 6= 0.

We can assume that K6 > 0. Hence from the elliptic system (1.1), we can
solve vx, vy and obtain the system of equations

vy = aux + buy + a0u+ b0v + f0,

−vx = dux +cuy +c0u+d0v +g0,
(1.3)

where a = K1/K6, b = K3/K6, c = K4/K6, d = K2/K6, and the uniform
ellipticity condition (1.2) is transformed into the condition

∆ =
J

4K2
6

= ac− 1

4
(b+ d)2 ≥ ∆0 > 0, a > 0, (1.4)

here ∆0 is a positive constant and a, b, c, d are bounded for almost every
point in D. Noting that

z=x+iy, w=u+iv, wz =
1

2
(wx−iwy), wz̄ =

1

2
(wx+iwy),

ux =
1

2
(wz + wz̄ + wz̄ + wz), uy =

i

2
(wz − wz̄ − wz̄ + wz),

vx =
i

2
(−wz + wz̄ − wz̄+wz), vy =

1

2
(wz + wz̄ − wz̄−wz),

the system (1.3) can be written in the complex form

wz̄ = Q1(z)wz +Q2(z)wz̄ +A1(z)w +A2(z)w +A3(z), (1.5)
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where

Q1(z) =
−2q2

|q1 +1|2−|q2|2
, Q2(z)=

|q2|2−(q1−1)(q1 +1)

|q1 + 1|2 − |q2|2
,

q1(z) =
1

2
[a+ c+ i(d− b)], q2(z) =

1

2
[a− c+ i(d+ b)].

On the basis of

|q1 + 1|2 − |q2|2 =
1

4
[(2 + a+ c)2 + (d− b)2]

−1

4
[(a−c)2+(d+b)2]=1+a+c+

(

d−b
2

)2

+∆≥1+∆,

the uniform ellipticity condition (1.4) can be written in the complex form

|Q1(z)| + |Q2(z)| ≤ q0 < 1, (1.6)

in which q0 is a non-negative constant. If the coefficients ajk, bjk ∈
W 1

p (D), p > 2, j, k = 1, 2, then the following function η(z) can be ex-
tended in DR = {|z| ≤ R} (⊃ D, 0 < R < ∞), such that η(z) ∈ W 1

p (DR),
thus the Beltrami equation

ζz̄ − η(z)ζz = 0,

η(z)=
2Q1(z)

1+|Q1|2−|Q2|2+
√

(1+|Q1|2−|Q2(z)|2)2−4|Q1|2
(1.7)

has a homeomorphic solution ζ(z) (∈ W 2
p0

(DR)), and its inverse function
z(ζ) ∈ W 2

p0
(GR), herein GR = ζ(DR) and p0 (2 < p0 ≤ p) is a positive

constant. Setting w = w[z(ζ)], the complex equation (1.5) is reduced to
the complex equation

wζ̄ = Q(ζ)w̄ζ̄ +B1(ζ)w +B2(ζ)w̄ +B3(ζ), (1.8)

in which

Q(ζ) =
Q2[z(ζ)]

1 − η[z(ζ)]Q1[z(ζ)]
,

B1(ζ)={A1[z(ζ)]+A2[z(ζ)]Q(ζ)η[z(ζ)]}z̄ζ̄ ,

B2(ζ)={A2[z(ζ)]+A1[z(ζ)]Q(ζ)η[z(ζ)]}z̄ζ̄ ,

B3(ζ)={A3[z(ζ)]+A3[z(ζ)]Q(ζ)η[z(ζ)]}z̄ζ̄ .

Setting W (ζ) = w(ζ)−Q(ζ)w(ζ), the complex equation (1.8) can be trans-
formed into the complex equation

Wζ̄ = C1(ζ)W + C2(ζ)W + C3(ζ), (1.9)



4 Elliptic, Hyperbolic and Mixed Complex Equations

in which

C1(ζ)=
B1+(B2−Qζ̄)Q

1−|Q|2 , C2(ζ)=
B1Q+B2−Qζ̄

1 − |Q|2 , C3(ζ) = B3,

(see [86]9), [87]1)). This is a standard complex form of the uniformly ellip-
tic system (1.1), which is called the nonhomogeneous generalized Cauchy-
Riemann system, and the solution of homogeneous generalized Cauchy-
Riemann system in D is called the pseudoanalytic function (see [9]1)) or
the generalized analytic function (see [81]1)).

For the nonlinear uniformly elliptic system of first order equations

Fj(x, y, u, v, ux, vx, uy, vy) = 0 in D, j = 1, 2, (1.10)

under certain conditions, we can transform the system into the complex
form

wz̄ =F (z, w, wz), F =Q1wz +Q2wz̄+A1w+A2w̄+A3, z∈D, (1.11)

where Qj = Qj(z, w, wz), j = 1, 2, Aj = Aj(z, w), j = 1, 2, 3 (see [86]9),
[87]1)). We assume that equation (1.11) satisfy the following conditions.

Condition C :

1) Qj(z, w, U) (j = 1, 2), Aj(z, w) (j = 1, 2, 3) are measurable in z ∈ D
for all continuous functions w(z) inD∗ = D̄\Z and all measurable functions
U(z) ∈ Lp0

(D∗), and satisfy

Lp[Aj , D] ≤ k0, j = 1, 2, Lp[A3, D] ≤ k1, (1.12)

where Z = {z1, ..., zm}, z1, ..., zm are different points on the boundary ∂D
arranged according to the positive direction successively, U(z) ∈ Lp0

(D∗)

means U(z) ∈ Lp0
(D̃∗), D̃∗ is any closed subset in D∗, and p0, p (2 < p0 ≤

p), k0, k1 are non-negative constants.

2) The above functions are continuous in w ∈ C for almost every point
z∈D,U ∈C, and Qj =0 (j=1, 2), Aj =0 (j = 1, 2, 3) for z 6∈D.

3) The complex equation (1.11) satisfies the uniform ellipticity condition

|F (z, w, U1) − F (z, w, U2)| ≤ q0|U1 − U2|, (1.13)

for almost every point z ∈ D, in which w,U1, U2 ∈ C and q0 (< 1) is a
non-negative constant.
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1.2 Representation of solutions of discontinuous

Riemann-Hilbert problem for elliptic complex

equations

Let D be a bounded domain in C with the smooth boundary ∂D = Γ.
Now we formulate the discontinuous Riemann-Hilbert problem for equation
(1.11).

Problem A The discontinuous Riemann-Hilbert boundary value prob-
lem for (1.11) is to find a continuous solution w(z) in D∗ satisfying the
boundary condition:

Re[λ(z)w(z)] = r(z), z ∈ Γ∗=∂D\Z, (1.14)

where λ(z), r(z) satisfy the conditions

Cα[λ(z),Γj ]=sup
Γj

|λ(z)|+ sup
z1 6=z2

|λ(z1)−λ(z2)|
|z1−z2|α

≤k0

Cα[Rj(z)r(z),Γj ] ≤ k2, j = 1, ...,m,

(1.15)

in which λ(z) = a(z) + ib(z), |λ(z)| = 1 on ∂D, and Z = {z1, ..., zm} are
the first kind of discontinuous points of λ(z) on ∂D, Γj is an arc from the
point zj−1 to zj on ∂D, and does not include the end points zj−1, zj (j =
1, 2, ...,m), herein z0 = zm, Rj(z) = |z − zj−1|βj−1 |z − zj |βj , α (1/2 <
α ≤ 1), k0, k2, β = min(α, 1 − 2/p0), βj(0 < βj < 1), γj are non-negative
constants and satisfy the conditions

βj + γj < β, j = 1, ...,m, (1.16)

where γj(j = 1, ...,m) are as stated in (1.17) below. Problem A with
A3(z) = 0 in D, r(z) = 0 on Γ∗ is called Problem A0.

Denote by λ(zj − 0) and λ(zj + 0) the left limit and right limit of λ(z)
as z → zj (j = 1, 2, ...,m) on ∂D, and

eiφj =
λ(zj−0)

λ(zj +0)
, γj =

1

πi
ln
λ(zj−0)

λ(zj +0)
=
φj

π
−Kj,

Kj =

[

φj

π

]

+ Jj , Jj = 0 or 1, j = 1, ...,m,

(1.17)

in which 0 ≤ γj < 1 when Jj = 0, and −1 < γj < 0 when Jj = 1, j =
1, ...,m. The index K of Problems A and A0 is defined as follows:

K =
1

2
(K1 + · · · +Km) =

m
∑

j=1

[

φj

2π
− γj

2

]

. (1.18)
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If λ(x) on Γ is continuous, then K = ∆Γ argλ(x)/2π is a unique integer.
Now the function λ(x) on Γ is not continuous, we can choose Jj = 0 or 1,
hence the index K is not unique. If we choose K = −1/2, then the solution
of Problem A is unique.

In order to prove the solvability of Problem A for the complex equation
(1.11), we need to give a representation theorem for Problem A.

Theorem 1.1 Suppose that the complex equation (1.11) satisfies Con-

dition C, and w(z) is a solution of Problem A for (1.11). Then w(z) is

representable by

w(z) = Φ[ζ(z)]eφ(z) + ψ(z), (1.19)

where ζ(z) is a homeomorphism in D̄, which quasiconformally maps D onto

the unit disk G = {|ζ| < 1} with boundary L = {|ζ| = 1}, such that three

points on Γ are mapped onto three points on L respectively, Φ(ζ) is an

analytic function in G, ψ(z), φ(z), ζ(z) and its inverse function z(ζ) satisfy

the estimates

Cβ [ψ, D̄]≤k3, Cβ [φ, D̄]≤k3, Cβ [ζ(z), D̄]≤k3, Cβ [z(ζ), Ḡ]≤k3, (1.20)

Lp0
[|ψz̄| + |ψz|, D̄] ≤ k3, Lp0

[|φz̄ | + |φz|, D̄] ≤ k3, (1.21)

Cβ [z(ζ), Ḡ] ≤ k3, Lp0
[|χz̄ | + |χz |, D̄] ≤ k4, (1.22)

in which χ(z) is as stated in (1.27) below, β = min(α, 1−2/p0), p0 (2 < p0 ≤
p), kj = kj(q0, p0, β, k0, k1, D) (j = 3, 4) are non-negative constants depen-

dent on q0, p0, β, k0, k1, D. Moreover, if the coefficients Qj(z) = 0 (j = 1, 2)
of the complex equation (1.11) in D, then the representation (1.19) becomes

the form

w(z) = Φ(z)eφ(z) + ψ(z), (1.23)

and when K < 0, Φ(z) satisfies the estimate

Cδ [X(z)Φ(z), D̄] ≤M1 = M1(p0, δ, k,D) <∞, (1.24)

in which

X(z)=
m
∏

j=1

|z − zj |ηj , ηj =

{

|γj | + τ, γj < 0, βj ≤ |γj |,
|βj | + τ, for other case,

(1.25)

here γj (j = 1, ...,m) are real constants as stated in (1.17) and τ, δ (0 < δ <
min(β, τ)) are sufficiently small positive constants, k = (k0, k1, k2), and M1

is a non-negative constant dependent on p0, δ, k,D.
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Proof We substitute the solution w(z) of Problem A into the coefficients
of equation (1.11) and consider the following system

ψz̄ =Qψz+A1ψ+A2ψ̄+A3, Q=







Q1+Q2
wz

wz
for wz 6=0,

0 for wz = 0 or z 6∈ D,

φz̄ =Qφz+A, A=











A1+A2
w−ψ
w−ψ for w(z)−ψ(z) 6=0,

0 for w(z)−ψ(z)=0 or z 6∈D,

Wz̄ = QWz , W (z) = Φ[ζ(z)].

(1.26)

By using the continuity method and the principle of contracting mapping,
we can find the solution

ψ(z) = Tf = − 1

π

∫ ∫

D

f(ζ)

ζ − z
dσζ ,

φ(z) = Tg, ζ(z) = Ψ[χ(z)], χ(z) = z + Th

(1.27)

of (1.26), where f(z), g(z), h(z) ∈ Lp0
(D), 2 < p0 ≤ p, χ(z) is a homeomor-

phism in D̄, Ψ(χ) is a univalent analytic function, which conformally maps
E = χ(D) onto the unit disk G (see [81]1)), and Φ(ζ) is an analytic func-
tion in G. We can verify that ψ(z), φ(z), ζ(z) satisfy the estimates (1.20)
and (1.21). It remains to prove that z = z(ζ) satisfies the estimate (1.22).
In fact, we can find a homeomorphic solution of the last equation in (1.26)
in the form χ(z) = z + Th such that [χ(z)]z, [χ(z)]z̄ ∈ Lp0

(D̄) (see [87]1)).
Next, we find a univalent analytic function ζ = Ψ(χ), which maps χ(D)
onto G, hence ζ = ζ(z) = Ψ[χ(z)]. By the result on conformal mappings,
applying the method of Lemma 2.1, Chapter II in [87]1), we can prove that
(1.22) is true. When Qj(z) = 0 in D, j = 1, 2, then we can choose χ(z) = z
in (1.27), in this case Φ[ζ(z)] can be replaced by the analytic function Φ(z),
herein Ψ(z), ζ(z) are as stated in (1.27), it is clear that the representation
(1.19) becomes the form (1.23). Thus the analytic function Φ(z) satisfies
the boundary conditions

Re[λ(z)eφ(z)Φ(z)] = r(z) − Re[λ(z)ψ(z)], z ∈ Γ∗. (1.28)

On the basis of the estimate (1.20), by using the methods in the proof of
Theorems 1.1 and 1.8, Chapter IV in [87]1), we can prove that Φ(z) satisfies
the estimate (1.24).
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1.3 Existence of solutions of discontinuous

Riemann-Hilbert problem for nonlinear

complex equations in upper half-unit disk

We first consider a special domain, i.e. D is an upper half-unit disk with the
boundary Γ′=Γ∪γ, where Γ={|z|=1, Imz>0} and γ={−1<x<1, y=0}.

Theorem 1.2 Under the same conditions as in Theorem 1.1 for the above

domain D, the following statements hold.

(1) If the index K ≥ 0, then Problem A for (1.11) is solvable, and the

general solution includes 2K + 1 arbitrary real constants.

(2) If K < 0, then Problem A has −2K − 1 solvability conditions.

Proof Let us introduce a closed, convex and bounded subset B1 in the
Banach space B = Lp0

(D̄) × Lp0
(D̄) × Lp0

(D̄) (2 < p0 ≤ p), whose el-
ements are systems of functions q = [Q(z), f(z), g(z)] with the norm
|| q || = Lp0

(Q, D̄) +Lp0
(f, D̄) + Lp0

(g, D̄), which satisfy the conditions

|Q(z)| ≤ q0<1 (z∈D), Lp0
[f(z), D̄] ≤ k3, Lp0

[g(z), D̄] ≤ k3, (1.29)

where q0, k3 are non-negative constants as stated in (1.13) and (1.21). More-
over introduce a closed and bounded subset B2 in B, the elements of which
are systems of functions ω = [f(z), g(z), h(z)] satisfying the condition

Lp0
[f(z), D̄] ≤ k4, Lp0

[g(z), D̄] ≤ k4, |h(z)| ≤ q0|1 + Πh|, (1.30)

where Πh = − 1
π

∫∫

D
[h(ζ)/(ζ − z)2]dσζ .

We arbitrarily select q = [Q(z), f(z), g(z)] ∈ B1, and using the principle
of contracting mapping, a unique solution h(z) ∈ Lp0

(D̄) of the integral
equation

h(z) = Q(z)[1 + Πh] (1.31)

can be found, which satisfies the third inequality in (1.30). Moreover,
χ(z) = z + Th is a homeomorphism in D̄. Now, we find a univalent an-
alytic function ζ = Ψ(χ), which maps χ(D) onto the unit disk G as stated
in Theorem 1.1. Moreover, we find an analytic function Φ(ζ) in G satisfying
the boundary condition in the form

Re[Λ(ζ)Φ(ζ)] = R(ζ), ζ ∈ L∗ = ζ(Γ∗), (1.32)

in which ζ(z) = Ψ[χ(z)], z(ζ) is its inverse function, ψ(z) = Tf, φ(z) =
Tg, Λ(ζ) = λ[z(ζ)] exp[φ(z(ζ))], R(ζ) = r[z(ζ)]−Re[λ(z(ζ))ψ(z(ζ))], where
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Λ(ζ), R(ζ) on L∗ satisfy the conditions similar to those of λ(z), r(z) in
(1.15) and the index of Λ(ζ) on L∗ is K. In the following, we first consider
the case K ≥ 0. By using Theorem 1.1, we can find the analytic func-
tion Φ(ζ) in the form (1.73), Chapter I, [87]1), here 2K + 1 arbitrary real
constants can be chosen. Thus the function w(z) = Φ[ζ(z)]eφ(z) + ψ(z) is
determined. Afterwards, we find out the solution [f ∗(z), g∗(z), h∗(z), Q∗(z)]
of the system of integral equations

f∗(z) = F (z, w,Πf∗)−F (z, w, 0)+A1(z, w)Tf∗ +A2(z, w)Tf∗ +A3(z, w),
(1.33)

Wg∗(z) = F (z, w,WΠg∗ +Πf∗)−F (z, w,Πf∗)+A1(z, w)W +A2(z, w)W,
(1.34)

S′(χ)h∗(z)eφ(z) = F [z, w, S′(χ)(1 + Πh∗)eφ(z) +WΠg∗ + Πf∗]

−F (z, w,WΠg∗ + Πf∗),
(1.35)

Q∗(z) = h∗(z)/[1 + Πh∗], S′(χ) = [Φ(Ψ(χ))]χ, (1.36)

and denote by q∗ = E(q) the mapping from q = (Q, f, g) to q∗ =
(Q∗, f∗, g∗). According to Lemma 5.5, Chapter III, [87]1), we can prove that
q∗ = E(q) continuously maps B1 onto a compact subset in B1. By means of
the Schauder fixed-point theorem, there exists a system q = (Q, f, g) ∈ B1,
such that q = E(q). Applying the above method, from q = (Q, f, g), we can
construct a function w(z) = Φ[ζ(z)]eφ(z) + ψ(z), which is just a solution
of Problem A for (1.11). As for the case K < 0, it can be similarly dis-
cussed, but we first permit that the function Φ(ζ) satisfying the boundary
condition (1.32) has a pole of order |[K + 1]| at ζ = 0, if −2K is an even
integer, then we need to add a point condition: Im[λ(z′0)w(z′0)] = b0, z

′
0

is a fixed point on Γ\Z, b0 is a real constant, and then find the solution
of the nonlinear complex equation (1.11) in this case. From the represen-
tation w(z) = Φ[ζ(z)]eφ(z) + ψ(z), we can derive the −2K − 1 solvability
conditions of Problem A for (1.11).

Besides, we can discuss the solvability of the discontinuous Riemann-
Hilbert boundary value problem for the complex equation (1.11) in the
upper half-plane and the zone domain. For some problems in nonlinear
mechanics as stated in [61]2),[91], it can be solved by the results in Theorem
1.2.

1.4 The discontinuous Riemann-Hilbert problem for

nonlinear complex equations in general domains

In this subsection, let D′ be a general simply connected domain with the
boundary Γ′ = Γ′

1∪Γ′
2, herein Γ′

1,Γ
′
2 ∈ C1

µ (0 < µ < 1) and their intersection
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points z′, z′′ with the inner angles α1π, α2π (0 < α1, α2 < 1) respectively.
We discuss the nonlinear uniformly elliptic complex equation

wz̄ =F (z, w, wz), F =Q1wz+Q2wz̄+A1w+A2w̄+A3, z∈D′, (1.37)

in which F (z, w, U) satisfies Condition C in D′. There exist m point Z =
{z1 = z′, ..., zn = z′′, ..., zm = z0} on Γ′ arranged according to the positive
direction successively. Denote by Γj the curve on Γ′ from zj−1 to zj (j =
1, 2, ...,m), and Γj does not include the end points zj−1 (j = 1, ...,m).

Problem A′ The discontinuous Riemann-Hilbert boundary value prob-
lem for (1.37) is to find a continuous solution w(z) in D∗ = D′\Z satisfying
the boundary condition:

Re[λ(z)w(z)] = r(z), x ∈ Γ∗ = Γ′\Z,

Im[λ(z′j)w(z′j)] = bj , j=1, ..., 2K+1,
(1.38)

where z′1, ..., z
′
2K+1 (6∈ Z) are distinct points on Γ′ and bj (j = 1, ..., 2K+1)

are real constants, and λ(z), r(z), bj (j = 1, ..., 2K + 1) are given functions
satisfying

Cα[λ(z),Γj ]≤k0, Cα[Rj(z)r(z),Γj ]≤k2, j=1, ...,m,

|bj | ≤ k2, j = 1, ..., 2K + 1,
(1.39)

in which α (1/2 < α < 1), k0, k2 are non-negative constants, Rj(z) =
|z − zj−1|βj−1 |z − zj |βj , and assume that βj + γj < β = α0 min(α, 1 −
2/p0), γj , βj(j = 1, ...,m) are similar to those in (1.16) and (1.17), α0 =
min(α1, α2), and K(≥ −1/2) is the index of λ(z) on Γ′, which is defined as
in (1.18).

In order to give the uniqueness result of solutions of Problem A′ for
equation (1.37), we need to add one condition: For any complex functions
wj(z) ∈ C(D∗), Uj(z) ∈ Lp0

(D∗) (2 < p0 ≤ p, j = 1, 2), the following
equality holds:

F (z, w1, U1)−F (z, w1, U2)=Q(U1−U2)+A(w1−w2) in D′, (1.40)

in which |Q(z, w1, w2, U1, U2)| ≤ q0, A(z, w1, w2) ∈ Lp0
(D′). Especially, if

(1.37) is a linear equation, then the condition (1.40) obviously holds.

Applying a similar method as stated in the proof of Theorem 1.1, we
can prove the following theorem.
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Theorem 1.3 If the complex equation (1.37) in D′ satisfies Condition C,

then Problem A′ for (1.37) is solvable. If Condition C and the condition

(1.40) hold, then the solution of Problem A′ is unique. Moreover the solu-

tion w(z) can be expressed as (1.19) satisfying the estimates (1.20)− (1.22),
in which β = α0 min(α, 1 − 2/p0). If Qj(z) = 0 (j = 1, 2) in D′ in (1.37),
then the representation (1.19) becomes the form

w(z) = Φ(z)eφ(z) + ψ(z), (1.41)

and w(z) satisfies the estimate

Cδ [X(z)w(z), D′] ≤M2 = M2(p0, δ, k,D
′) <∞, (1.42)

in which

X(z)=

m
∏

j=1,j 6=1,n

|z−zj |ηj |z−z1|η1/α1 |z−zn|ηn/α2 ,

ηj =

{ |γj | + τ, if γj < 0, βj ≤ |γj |,

|βj |+τ, if γj ≥0, and γj<0, βj> |γj |,

(1.43)

here γj(j = 1, ...,m) are real constants as stated in (1.17), τ, δ (0 <
δ < min(β, τ)) are sufficiently small positive constants, and M2 =
M2(p0, δ, k,D

′) is a non-negative constant dependent on p0, δ, k,D
′ (see

[86]33),[92]6)).

2 The Riemann-Hilbert Problem for Linear

Degenerate Elliptic Complex Equations

of First Order

In this section we discuss the Riemann-Hilbert Problem for linear degener-
ate elliptic systems of first order equations in a simply connected domain.
We first give the representation of solutions of the boundary value problem
for the systems, and then prove the uniqueness and existence of solutions
for the problem.

2.1 Formulation of the Riemann-Hilbert problem

for degenerate elliptic complex equations

Let D be a domain in the upper half-plane with the boundary ∂D, which
consists of γ = {−1 < x < 1, y = 0} and a curve Γ(∈ C1

µ, 0 < µ < 1)
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with the end points −1, 1 in the upper half-plane. We consider the linear
degenerate elliptic equation of first order

{

H(y)ux − vy = a1u+ b1v + c1

H(y)vx + uy = a2u+ b2v + c2
in D, (2.1)

where H(y) =
√

K(y), G(y) =
∫ y

0 H(t)dt, G′(y) =H(y), K(y) = ymh(y) is

continuous in D, here m is a positive number and h(y) is a continuously
differentiable positive function in D, and aj , bj , cj (j = 1, 2) are functions of
z (∈D). The following degenerate elliptic system is a special case of system
(2.1) with H(y) = ym/2:

{

ym/2ux − vy = a1u+ b1v + c1

ym/2vx + uy = a2u+ b2v + c2
in D. (2.2)

For convenience, we mainly discuss equation (2.2), and equation (2.1) can
be similarly discussed. From the ellipticity condition in (1.2), namely

J = 4K1K4 − (K2 +K3)
2 = 4H2(y) > 0 in D\γ (2.3)

and J = 0 on γ = {−1 < x < 1, y = 0}, hence system (2.1) or (2.2) is
elliptic system of first order equations in D with the parabolic degenerate
line γ = (−1, 1) on the x-axis. Setting Y = G(y) =

∫ y

0
H(t)dt, Z = x+ iY

in D, if H(y) = ym/2, Y =
∫ y

0 H(t)dt = 2y(m+2)/2/(m+2), then its inverse

function is y = [(m+ 2)Y/2]2/(m+2) = JY 2/(m+2). Denote

w(z) = u+ iv, wz̃ =
1

2
[H(y)wx + iwy]

=
H(y)

2
[wx+iwY ]=H(y)wx−iY =H(y)wZ ,

(2.4)

then the system (2.1) can be written in the complex form

wz̃ = H(y)wZ = A1(z)w +A2(z)w +A3(z) = g(Z) in DZ ,

A1 =
1

4
[a1+ia2−ib1+b2], A2 =

1

4
[a1+ia2+ib1−b2], A3 =

1

2
[c1+ic2],

(2.5)
in which DZ is the image domain of D with respect to the mapping Z =
Z(z) = x+iY = x+iG(y) in D. If the slopes of the Γ at z = ∓1 are satisfied
the conditions −∞ < ∂y/∂x ≤ 0, 0 ≤ ∂y/∂x < ∞ respectively, then
∂Y/∂x = (∂Y/∂y)(∂y/∂x) = H(y)∂y/∂x = 0 at z = ∓1 respectively, i.e.
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the inner angles of ∂DZ are equal to π in DZ at Z = ∓1; if the slopes of the
Γ at z = ∓1 are satisfied the conditions 0 ≤ ∂y/∂x <∞, −∞ < ∂y/∂x ≤ 0
respectively, then ∂Y/∂x = (∂Y/∂y)(∂y/∂x) = H(y)∂y/∂x = 0 at z = ∓1
respectively, i.e. the inner angles of ∂DZ are equal to 0 in DZ at Z = ∓1. If
the boundary ∂D\γ(∈ C1

µ) is a curve with the form x = G(y)/α1 − 1 (α1 6=
±1) and x = 1−G(y)/α2 (α2 6= ±1) near the points z = −1, 1 respectively,
then the inner angles of the boundary ∂DZ in Z−plane at Z = −1, 1 are
equal to tan−1 α1(α1 ≥ 0), π − tan−1(−α1)(α1 ≤ 0) and tan−1(−α2)(α2 ≤
0), π−tan−1 α2(α2 ≥ 0) respectively, especially if α1 = 1, α2 = −1, then the
inner angles are equal to π/4. If Yx = Yyyx = H(y)/xy = ±∞ at Z = ±1,
which include xy = 0 and ±H2(y) at Z = ±1, in this case the inner angles of

the curve Γ̃ = Z(Γ) and γ̃ = Z(γ) in Z = x+iY−plane at Z = ±1 are equal
to π/2. For equations (2.5), we can give a conformal mapping ζ = ζ(Z),
which maps the domain DZ onto Dζ , such that line segment γ = (−1, 1)
and boundary points −1, 1 are mapped onto themselves respectively, and
the boundary ∂Dζ\γ(∈ C1

µ) is a curve with the form Re ζ = G(Imζ) − 1
and Re ζ = 1 −G(Imζ) near the points ζ = −1, 1 respectively. Denote by
Z = Z(ζ) the inverse function of ζ = ζ(Z), thus equation (2.5) is reduced
to

wζ = g[Z(ζ)]Z ′(ζ)/H(y), i.e.

wζ =[A1(z)w+A2(z)w+A3(z)]Z ′(ζ)/H(y) in Dζ .
(2.6)

In this section, there is no harm in assuming that the boundary Γ is a curve
with the form x = G(y) − 1 and x = 1 − G(y) near the points z = −1, 1
respectively.

Suppose that equation (2.5) satisfies the following conditions: Condi-

tion C

The coefficients Aj [z(Z)] (j = 1, 2, 3) in (2.5) satisfy

L∞[Aj(z(Z)), DZ ] ≤ k0, j = 1, 2, L∞[A3(z(Z)), DZ ] ≤ k1, (2.7)

where z(Z) is the inverse function of Z(z), and k0, k1 are non-negative
constants.

Now we formulate the Riemann-Hilbert boundary value problem as fol-
lows:

Problem A Find a solution w(z) of (2.5) in D, which is continuous in
D∗ = D\{−1, 1} and satisfies the boundary conditions

Re[λ(z)w(z)]=r(z) on ∂D∗=∂D\{−1, 1}, Im[λ(z0)w(z0)]=b0, (2.8)
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where λ(z) = a(x) + ib(x) (|λ(z)| = 1), b0 is a real constants, z0 (∈ Γ\
{−1, 1}) is a point, and λ(z) r(z), b0 satisfy the conditions

Cα[λ(z),Γ] ≤ k0, Cα[λ(z), γ] ≤ k0,

Cα[r(z),Γ]≤k2, Cα[r(z),γ]≤k2, |b0|≤k2,
(2.9)

in which α (0 < α < 1), k0, k2 are non-negative constants. In particular, if
λ(z) = a(x) + ib(x) = 1, then Problem A is the Dirichlet boundary value
problem, which will be called Problem D. Denote by λ(zj−0) and λ(zj +0)
the left limit and right limit of λ(z) as z → zj(j = 1, 2) on ∂D∗, and

eiφj =
λ(zj−0)

λ(zj +0)
, γj =

1

πi
ln

[

λ(zj−0)

λ(zj +0)

]

=
φj

π
−Kj,

Kj =

[

φj

π

]

+ Jj , Jj = 0 or 1, j = 1, 2,

(2.10)

in which z1 = −1, z2 = 1, 0 ≤ γj < 1 when Jj = 0, and −1 < γj < 0 when
Jj = 1, 1 ≤ j ≤ 2, and

K =
1

2
(K1 +K2) =

1

2

2
∑

j=1

[
φj

π
− γj ]

is called the index of Problem A. If λ(z) on ∂D is continuous, then K =
∆Γ argλ(z)/2π is a unique integer. If the function λ(z) on ∂D is not con-
tinuous, we can choose Jj = 0 or 1, hence the index K is not unique. We
shall only discuss the case K = 0 later on, and the other cases for instance
K = −1/2, the last point condition in (2.8) should be cancelled, we can
similarly discussed.

2.2 Representations and estimates of solutions

of Riemann-Hilbert problem for elliptic

complex equations

It is clear that the complex equation

wZ = 0 in DZ (2.11)

is a special case of equation (2.5). On the basis of Theorem 1.3, we can
find a unique solution of Problem A for equation (2.11) in DZ .
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Now we consider the function g(Z) ∈ L∞(DZ), and first extend the
function g(Z) to the exterior of DZ in C, i.e. set g(Z)=0 in C\DZ , hence
we can only discuss the domain D0 = {|x|<R0} ∩ {ImY ≥ 0} ⊃ DZ , here
Z = x + iY, R0 is a positive number. In the following we shall verify that
the integral

Ψ(Z)=Tg/H=− 1

π

∫ ∫

D0

g(t)/H(Imt)

t−Z dσt in D0,

L∞[g(Z), D0] ≤ k3,

(2.12)

satisfies the estimate (2.13) below, where H(y) = ym/2, m ia a positive
number. It is clear that the function g(Z)/H(y) belongs to the space
L1(D0) and in general is not belonging to the space Lp(D0) (p > 2,m ≥ 2),
and the integral Ψ(Z0) is definite when ImZ0 > 0. If Z0 ∈ D0 and
ImZ0 = 0, we can define the integral Ψ(Z0) as the limit of the correspond-
ing integral over D0 ∩ {|Ret− ReZ0| ≥ ε} ∩ {|Imt − ImZ0| ≥ ε} as ε → 0,
where ε is a sufficiently small positive number. The Hölder continuity of
the integral will be proved by the following method.

Lemma 2.1 If the function g(Z) in DZ satisfies the condition in (2.12),
and H(y) = ym/2, where m is a positive number, then the integral in (2.12)
satisfies the estimate

Cβ [Ψ(Z), DZ ] ≤M1, (2.13)

where β = 2/(m + 2) − δ, δ is a sufficiently small positive constant, and

M1 = M1(β, k3, H,DZ) is a positive constant.

Proof We first verify the boundedness of the integral in (2.12), as stated
before, if H(y) = ym/2, then H(y) = Jm/2Y m/(m+2). For any two points
Z0 = x0 ∈ γ = (−1, 1) on x−axis and Z1 = x1 + iY1(Y1 > 0) ∈ D0

satisfying the condition 2ImZ1/
√

3 ≤ |Z1 − Z0| ≤ 2ImZ1, this means that
the inner angle at Z0 of the triangle Z0Z1Z2 (Z2 = x0 + iY1 ∈ D0) is
not less than π/6 and not greater than π/3, choose a sufficiently large
positive number q, from the Hölder inequality, we have L1[Ψ(Z), D0] ≤
Lq[g(Z), D0]Lp[1/H(Imt)(t − Z), D0], where p= q/(q−1) (> 1) is close to
1. In fact we can derive as follows

|Ψ(Z0)|≤| 1
π

∫ ∫

D0

g(t)/H(Imt)

t− Z0
dσt|≤

1

Jm/2π
Lq[g(Z), D0]

×[

∫ ∫

D0

| 1

tm/(m+2)(t−Z0)
|pdσt]

1/p =
1

Jm/2π
Lq[g(Z), D0] J

1/p
1 ,

(2.14)

where



16 Elliptic, Hyperbolic and Mixed Complex Equations

J1 =

∫ ∫

D0

| 1

tm/(m+2)(t−Z0)
|pdσt

≤
∫ ∫

D0

1

|t|pm/(m+2)|Im(t− Z0)|pβ0 |Re(t− Z0)|p(1−β0)
dσt

≤ |
∫ d0

0

1

Y pm/(m+2)|Y − Y0|pβ0

dY

∫ d2

d1

1

|x−x0|p(1−β0)
dx| ≤ k4,

in which d0 = maxZ∈D0
ImZ, d1 = minZ∈D0

ReZ, d2 = maxZ∈D0
ReZ,

β0 = 2/(m+ 2) − ε, ε (< 1/p−m/(m+ 2)) is a sufficiently small positive
constant, we can choose ε = 2(p−1)/p (< 2/(m+2)) such that p(1−β0/2) <
1 and p[m/(m + 2) + β0] < 1, and k4 = k4(β, k3, H,D0) is a non-negative
constant.

Next we estimate the Hölder continuity of the integral Ψ(Z) in D0, i.e.

|Ψ(Z1)−Ψ(Z0)|≤
|Z1−Z0|

π

∣

∣

∣

∣

∫ ∫

D0

g(t)/H(Imt)

(t−Z0)(t−Z1)
dσt

∣

∣

∣

∣

≤ |Z1−Z0|
Jm/2π

Lq[g(Z), D0]

[
∫ ∫

D0

∣

∣

∣

∣

1

tm/(m+2)(t−Z0)(t−Z1)

∣

∣

∣

∣

p

dσt

]1/p

,

(2.15)
and

J2 =

∫ ∫

D0

∣

∣

∣

∣

1

tm/(m+2)(t−Z0)(t−Z1)

∣

∣

∣

∣

p

dσt

≤
∫ ∫

D0

|Re(t−Z0)|p(β0/2−1)|Re(t−Z1)|p(β0/2−1)

|t|pm/(m+2)|Im(t− Z0)|pβ0/2|Im(t− Z1)|pβ0/2
dσt

≤
∫ d0

0

1

Y pm/(m+2)|Im(Y −Z0)|pβ0/2|Im(Y −Z1)|pβ0/2
dY

×
∫ d2

d1

1

|Re(t−Z0)|p(1−β0/2)|Re(t−Z1)|p(1−β0/2)
dRet

≤ k5

∫ d2

d1

1

|x− x0|p(1−β0/2)|x− x1|p(1−β0/2)
dx,

where β0 = 2/(m+ 2) − ε is chosen as before and

k5 = max
Z0,Z1∈D0

∫ d0

0

[Y pm/(m+2)|Im(Y −Z0)|pβ0/2|Im(Y −Z1)|pβ0/2]−1dY.
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Denote ρ0 = |Re(Z1 −Z0)| = |x1 −x0|, L1 = D0 ∩{|x−x0| ≤ 2ρ0, Y = Y0}
and L2 = D0 ∩ {2ρ0 < |x − x0| ≤ 2ρ1 < ∞, Y = Y0} ⊃ [d1, d2]\L1, where
ρ1 is a sufficiently large positive number, we can derive

J2 ≤ k5[

∫

L1

1

|x− x0|p(1−β0/2)|x− x1|p(1−β0/2)
dx

+

∫

L2

1

|x− x0|p(1−β0/2)|x− x1|p(1−β0/2)
dx]

≤ k5[|x1−x0|1−2p+pβ0

∫

|ξ|≤2

1

|ξ|p(1−β0/2)|ξ ± 1|p(1−β0/2)
dξ

+k6|
∫ 2ρ1

2ρ0

ρpβ0−2pdρ|]≤k7|x1−x0|1−p(2−β0) =

= k7|x1 − x0|p(2/(m+2)−ε+1/p−2),

in which we use |x − x0| = ξ|x1 − x0|, |x − x1| = |x − x0 − (x1 − x0)| =
|ξ±1||x1−x0| if x ∈ L1, |x−x0| = ρ ≤ 2|x−x1| if x ∈ L2, choose that p(> 1)
is close to 1 such that 1−p(2−β0) < 0, and kj = kj(β, k3, H,D0) (j = 6, 7)
are non-negative constants. Thus we get

|Ψ(Z1)−Ψ(Z0)|≤k7|Z1−Z0||x1−x0|2/(m+2)−ε+1/p−2≤k8|Z1−Z0|β ,
(2.16)

in which we use that the inner angle at Z0 of the triangle Z0Z1Z2 (Z2 =
x0 + iY1 ∈ D0) is not less than π/6 and not greater than π/3, and choose
ε = 2(p − 1)/p, β = 2/(m + 2) − δ, δ = 3(p − 1)/p, k8 = k8(β, k3, H,D0)
is a non-negative constant. The above points Z0 = x0, Z1 = x1 + iY1 can
be replaced by Z0 = x0 + iY0, Z1 = x1 + iY1 ∈ D0, 0 < Y0 < Y1 and
2(Y1 − Y0)/

√
3 ≤ |Z1 − Z0| ≤ 2(Y1 − Y0).

Finally we consider any two points Z1 = x1 + iY1, Z2 = x2 + iY1 and
x1 < x2, from the above estimates, the following estimate can be derived

|Ψ(Z1) − Ψ(Z2)| ≤ |Ψ(Z1) − Ψ(Z3)| + |Ψ(Z3) − Ψ(Z2)|

≤ k8|Z1−Z3|β + k8|Z3−Z2|β ≤ k9|Z1−Z2|β ,
(2.17)

where Z3 = (x1 + x2)/2 + i[Y1 + (x2 − x1)/(2
√

3)]. If Z1 = x1 + iY1, Z2 =
x1 + iY2, Y1 < Y2, and we choose Z3 = x1 + (Y2 − Y1)/2

√
3 + i(Y2 + Y1)/2,

and can also get (2.17). If Z1 = x1 + iY1, Z2 = x2 + iY2, x1< x2, Y1< Y2,
and we choose Z3 = x2 + iY1, obviously

|Ψ(Z1) − Ψ(Z2)| ≤ |Ψ(Z1) − Ψ(Z3)| + |Ψ(Z3) − Ψ(Z2)|, (2.18)
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and |Ψ(Z1)−Ψ(Z3)|, |Ψ(Z3)−Ψ(Z2)| can be estimated by the above way,
hence we can obtain the estimate of |Ψ(Z1) − Ψ(Z2)|. For other case, the
similar estimate can be also derived. Hence we have the estimate (2.13).

Remark 2.1 If the condition H(y) = ym/2 in Lemma 2.1 is replaced
by H(y) = yη, herein η is a positive constant satisfying the inequality
η < (m + 2)/2, then by the same method we can prove that the integral
Ψ(Z) = T (g/H) satisfies the estimate

Cβ [Ψ(Z), DZ ] ≤M1,

where β = 1−2η/(m+2)−δ, δ is a sufficiently small positive constant, and
M1 = M1(β, k3, H,DZ) is a positive constant. In particular if H(y) = y,
i.e. η = 1, then we can choose β = m/(m+ 2) − δ, δ is a sufficiently small
positive constant.

Now we give two representation theorems of solutions of Problem A for
system (2.2) or equation (2.5).

Theorem 2.2 Suppose that the equation (2.5) satisfies Condition C.

Then any solution of Problem A for (2.5) can be expressed as

w[z(Z)] = [Φ̃(Z) + ψ̃(Z)]eφ̃(Z) in DZ , (2.19)

where ψ̃(Z), φ̃(Z) possess the form

φ̃(Z)=T h̃=− 1

π

∫ ∫

D0

h̃(t)

t− Z
dσt in DZ ,

h̃(Z)=











1

H(y)
{A1[z(Z)]+A2[z(Z)]

w[z(Z)]

w[z(Z)]
} if w[z(Z)] 6=0, Z∈DZ ,

0 if w[z(Z)] = 0, Z ∈ DZ , or Z∈D0\DZ ,

ψ̃(Z)=T f̃=− 1

π

∫ ∫

D0

f̃(t)

t−Zdσt, f̃(Z)=
A3[z(Z)]

H(y)
e−φ̃(Z),

in which D0 is as stated before, φ̃(Z), ψ̃(Z) satisfy the estimate similar to

that in (2.13), Z = x + iY = x + iG(y), and Φ̃(Z) is an analytic function

in DZ satisfying the estimate

Cδ [X(Z)Φ̃(Z), DZ ] ≤M2, (2.20)

where X(Z) = |Z − t1|η1 |Z − t2|η2 , here ηj = max(−4γj , 0) + 8δ, j = 1, 2,
γj (j = 1, 2) are as stated in (2.10), and t1 = −1, t2 = 1, δ is a sufficiently
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small positive constant, k = (k0, k1, k2), and M2 = M2(δ, k,H,DZ) is a

non-negative constant..

Proof On the basis of Lemma 2.1, we see that φ̃(Z), ψ̃(Z) in DZ satisfy
the similar estimate as in (2.13). Next it is easy to derive that

Φ̃Z =[wZ−w(A1+A2w/w)/H−A3/H ]e−φ̃(Z) =0 in DZ ,

namely Φ̃(Z) is an analytic function in DZ , which satisfies the boundary
conditions

Re[λ(z(Z))eφ̃(Z)Φ(Z)]=r[z(Z)]−Re[λ(z(Z))eφ̃(Z)ψ̃(Z)] on ∂D∗
Z ,

Im[λ(z0)e
φ̃(Z0)Φ̃(Z0)] = b0 − Im[λ(z0)e

φ̃(Z0)ψ̃(Z0)],
(2.21)

in which z(Z) is the inverse function of Z(z), Z0 = Z(z0), ∂D
∗
Z = ∂DZ\

{−1, 1}, and the index of λ[z(Z)] exp[φ̃(Z)] on ∂DZ is K = 0. Hence
according to the proof of Theorems 1.1 and 1.8, Chapter IV, [87]1), we can
derive that Φ̃(Z) in DZ satisfies the estimate (2.20). This completes the
proof.

Theorem 2.3 Suppose that the equation (2.5) satisfies Condition C.

Then any solution of Problem A for (2.5) can be expressed as

w[z(Z)] = Φ(Z)eφ(Z) + ψ(Z) in DZ , (2.22)

where ψ(Z), φ(Z) possess the form

ψ(Z)=Tf=− 1

π

∫ ∫

D0

f(t)

t−Z dσt, L∞[f(Z)H(y), DZ ] <∞

φ(Z)=Th=− 1

π

∫ ∫

D0

h(t)

t−Z dσt in DZ ,

h(Z)=











1

H(y)
{A1[z(Z)]+A2[z(Z)]

W (Z)

W (Z)
} if W (Z) 6=0, Z ∈ DZ ,

0 if W (Z) = 0, Z ∈ DZ ∪ {D0\DZ},

in which ψ(Z), φ(Z) satisfy the estimate (2.13), W (Z) = w[z(Z)] − ψ(Z),
Z = x+ iY = x+ iG(y), and Φ[z(Z)] is an analytic function in DZ .

Proof Firstly by using the method of parameter extension as stated in
the proof of Theorem 2.5 below, Lemma 3.4, Chapter IV, [86]9), or Theorem
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3.3, Chapter II, [87]1), we can find a solution of equation (2.5) in the form

ψ(Z) = − 1

π

∫ ∫

D0

f(t)

t− Z
dσt, H(y)f(Z) ∈ L∞(DZ).

On the basis of Theorem 2.2, the solution of (2.5) in DZ can be expressed

by ψ(Z) = ψ̃(Z)eφ̃(Z), where

φ̃(Z)=T h̃=− 1

π

∫ ∫

D0

h̃(t)

t−Z dσt in DZ ,

h̃(Z)=











1

H(y)
{A1[z(Z)]+A2[z(Z)]

ψ(Z)

ψ(Z)
} if ψ(Z) 6=0, Z ∈ D0,

0 if ψ(Z) = 0, Z ∈ D0,

ψ̃(Z)=T f̃=− 1

π

∫ ∫

D0

f̃(t)

t−Zdσt, f̃(Z)=A3[z(Z)]e−φ̃(Z),

it is clear that the functions φ̃(Z), ψ̃(Z) satisfy the estimate similar to
(2.13).

Next let w(z) be a solution of Problem A for equation (2.5), it is clear
that W (Z) = Φ(Z)eφ(Z) = w[z(Z)] − ψ(Z) is a solution of the complex
equation

WZ = A1W (Z) +A2W (Z) in DZ ,

where ψ(Z) is as stated in (2.22), and we can verify that the function Φ(Z)
is an analytic function in DZ . Finally applying Theorem 1.3, we can find
an analytic function Φ(Z) in DZ satisfying the boundary conditions

Re[λ(z(Z))eiImφ(Z)Φ(Z)]={r[z(Z)]−Re[λ(z(Z))ψ(Z)]}e−Reφ(Z)

on ∂D∗, Im[λ(z0)e
iImφ(Z0)Φ(Z0)]={b0−Im[λ(z0)ψ(Z0)]}e−Reφ(Z0),

(2.23)
herein Z0 = Z(z0), hence the function w[z(Z)] = Φ(Z)eφ(Z) + ψ(Z) in
(2.22) is just the solution of Problem A in DZ for equation (2.5).

On the basis of Lemma 2.1 and the above discussion, we can obtain the
estimates of solutions of Problem A for equation (2.5), namely

Theorem 2.4 Any solution w[z(Z)] of Problem A for equation (2.5)
satisfies the estimates

Ĉδ [w(z),D]=Cδ [X(Z)w(z(Z)),DZ ]≤M3, Ĉδ[w(z), D]≤M4(k1+k2),
(2.24)
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in which X(Z) = |Z− t1|η1 |Z− t2|η2 , here ηj = max(−4γj , 0)+8δ, j = 1, 2,
γj(j = 1, 2) are as stated in (2.10), and t1 = −1, t2 = 1, δ is a sufficiently

small positive constant, k = (k0, k1, k2), and M3 = M3(δ, k, H,D), M4 =
M4(δ, k0, H,D) are non-negative constants.

Proof Noticing the conditions (2.7), and using Lemma 2.1 and Theorem
2.3, we see that the functions ψ(Z), φ(Z) in (2.22) satisfy the estimates

Cβ [ψ(Z), DZ ] ≤M5, Cβ [φ(Z), DZ ] ≤M5, (2.25)

where β = 2/(m+2)−ε, ε is a sufficiently small positive constant, andM5 =
M5(β, k,H,D) is a non-negative constant. Due to the analytic function
Φ(Z) satisfies the boundary condition (2.23), and from (2.20) and Theorem
2.3, we can get the representation and estimate of the analytic function
Φ(Z) in DZ similar to those in (2.22) and (2.20), thus the first estimate
of (2.24) is derived. Moreover we verify the second estimate in (2.24). If
k = k1+k2 > 0, then the function w∗(z) = u∗(z)+iv∗(z) = u(z)/k+iv(z)/k
is a solution of Problem A for equation

w∗
Z

=g∗(Z), g∗(Z)=
g(Z)

kH(y)
=

1

H(y)
[A1w

∗+A2w∗+
A3

k
] in DZ . (2.26)

By the proof of the first estimate in (2.24), we can derive the estimate of
the solution w∗(z):

Ĉβ [w∗(z), D] ≤M4 = M4(β, k0, H,D). (2.27)

From the above estimate it follows that the second estimate of (2.24) holds
with k > 0. If k = 0, we can choose any positive number ε to replace k = 0.
By using the same proof as before, we have

Ĉβ [w(z), D] ≤M4ε.

Let ε → 0, it is obvious that the second estimate in (2.24) with k = 0 is
derived.

2.3 Solvability of Riemann-Hilbert problem for

degenerate elliptic complex equations

Theorem 2.5 Suppose that equation (2.2) satisfies Condition C. Then

Problem A for (2.5) has a unique solution in D.

Proof We first verify the uniqueness of the solution of Problem A for
system (2.2) or equation (2.5). Let w1(z), w2(z) be any two solutions of
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Problem A for (2.5). It is easy to see that w(z) = w1(z)−w2(z) satisfy the
homogeneous equation and boundary conditions

wZ = [A1w +A2w]/H(y) in DZ ,

Re[λ((Z))w(z(Z))]=0 in ∂D∗, Im[λ(z0)Φ(Z0)]=0.
(2.28)

Due to the solution w[z(Z)] possesses the expression (2.22), but ψ(Z) = 0
in DZ , and the index K = 0 of λ[z(Z)] on ∂DZ , from Theorem 1.1, Chapter
IV, [87]1), it is not difficult to derive that Φ(Z) = 0 in DZ , hence w(z) =
w1(z) − w2(z) = 0 in D.

As for the existence of solutions of Problem A for equation (2.5), we can
prove by using the method of parameter extension. In fact, the complex
equation (2.5) can be rewritten as

wZ = F (Z,w),

F (Z,w)=
1

H(y)
{A1[z(Z)]w+A2[z(Z)]w+A3[z(Z)]} inDZ .

(2.29)

In order to find a solution w(z) of Problem A in D, we can express w(z) in
the form (2.22), and consider the equation with the parameter t ∈ [0, 1]:

wZ − tF (z, w) = S(z) in DZ , (2.30)

in which the function S(z) satisfies the condition

H(y)X(Z)S(z) ∈ L∞(DZ), (2.31)

where X(Z) is as stated in (2.20). This problem is called Problem At.

When t = 0, the complex equation (2.30) becomes the equation

wZ = S(z) in DZ . (2.32)

It is clear that the unique solution of Problem A0, i.e. Problem A for
wZ = S(z) can be found, namely X(Z)w[z(Z)] = Φ(Z) + TXS. Suppose
that when t = t0 (0 ≤ t0 < 1), Problem At0 is solvable, i.e. Problem At0

for (2.30) has a solution w0(z) (w0(z) ∈ Ĉ(D), i.e. X [Z(z)]w0(z) ∈ C(D)).
We can find a neighborhood Tε = {|t− t0| ≤ ε, 0 ≤ t ≤ 1}(0 < ε < 1) of t0
such that for every t ∈ Tε, Problem At is solvable. In fact, Problem At can
be written in the form

wZ − t0F (z, w) = (t0 − t)F (z, w) + S(z) in DZ , (2.33)
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Replacing w0(z) into the right-hand side of (2.33) by a function w0(z) ∈
Ĉ(D), especially, we select w0(z) = 0 and substitute it into the right-
hand side of (2.33), it is obvious that the boundary value problem for such
equation in (2.33) then has a solution w1(z) ∈ Ĉ(D). Using successive
iteration, we obtain a sequence of solutions wn(z) (wn(z) ∈ Ĉ(D), n =
1, 2, ...), which satisfy the equations

wn+1Z−t0F (z, wn+1)=(t−t0)F (z, wn)+S(z) in D,

Re[λ(z)wn+1(z)]=r(z) on ∂D∗, Im[λ(z0)wn+1(z0)]= b0.

From the above formulas, it follows that

[wn+1−wn]Z−t0[F (z, wn+1) − F (z, wn)]

= (t− t0)[F (z, wn) − F (z, wn−1)] in D,

Re[λ(z)(wn+1(z) − wn(z))] = 0 on ∂D∗,

Im[λ(z0)(wn+1(z0) − wn(z0))] = 0.

Noting that

L∞[H(y)X(Z)(F (z, wn)−F (z, wn−1)),DZ ] ≤ 2k0Ĉ[wn−wn−1,DZ ],

and then by Theorem 2.4, we can derive

Ĉ [wn+1 − wn, DZ ] ≤ 2|t− t0|M4Ĉ [wn − wn−1, DZ ],

where the constant M4 = M4(β, k0, H,D) is as stated in (2.24). Choosing
the constant ε so small such that 2εM4 ≤ 1/2 and |t − t0| ≤ ε, it follows
that

Ĉ[wn+1−wn,DZ ]≤2εM4Ĉ[wn−wn−1,DZ ]≤ 1

2
Ĉ[wn−wn−1,DZ ],

and when n,m ≥ N0 + 1 (N0 is a positive integer),

Ĉ[wn+1−wn, DZ ]≤2−N0

∞
∑

j=0

2−jĈ[w1−w0, DZ ]≤2−N0+1Ĉ[w1−w0,DZ ].

Hence {wn(z)} is a Cauchy sequence. According to the completeness of
the Banach space Ĉ(DZ), there exists a function w∗(z) ∈ Ĉ(DZ), so that
Ĉ[wn − w∗, DZ ] → 0 as n → ∞, we can see that w∗(z) is a solution of
Problem At for every t ∈ Tε = {|t − t0| ≤ ε}. Because the constant ε is
independent of t0 (0 ≤ t0 < 1), therefore from the solvability of Problem
At0 when t0 = 0, we can derive the solvability of Problem At when t =
ε, 2ε, ..., [1/ε]ε, 1, where [1/ε] means the integer part of 1/ε. In particular,
when t = 1 and S(z) = 0, Problem A1, i.e. Problem A for (2.5) in D has a
solution w(z).
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3 The Discontinuous Riemann-Hilbert Problem

for Quasilinear Degenerate Elliptic Complex

Equations of First Order

In this section we discuss the discontinuous Riemann-Hilbert Problem for
quasilinear degenerate elliptic system of first order equations in a bounded
simply connected domain. We first give the representation of solutions of
the boundary value problem for the equations, and then prove the existence
and uniqueness of solutions for the problem.

3.1 Formulation of discontinuous Riemann-

Hilbert problem for degenerate elliptic

complex equations

Let D be a simply connected bounded domain in the complex plane C with
the boundary ∂D = Γ ∪ γ, where Γ(⊂ {y > 0}) ∈ C1

α(0 < α < 1) with the
end points z = −1, 1 and γ = (−1, 1) on the x-axis. As stated in Section 2,
there is no harm in assuming that the boundary Γ(∈ C1

α) is a curve with
the form x = −1 + G(y) (−1 ≤ x ≤ 0) and x = 1 − G(y) (0 ≤ x ≤ 1)
near the points z = −1, 1. We consider the quasilinear degenerate elliptic
system of first order equations

{

H(y)ux − vy = a1u+ b1v + c1

H(y)vx + uy = a2u+ b2v + c2
in D, (3.1)

in which H(y) =
√

K(y), Y =G(y) =
∫ y

0 H(t)dt,G′(y) =H(y), K(y) is the
same as stated in (2.1), and aj , bj , cj(j = 1, 2) are functions of (x, y)(∈
D), u, v(∈ R). The following degenerate elliptic system is a special case of
system (3.1) with H(y) = ym/2:







ym/2ux − vy = a1u+ b1v + c1

ym/2vx + uy = a2u+ b2v + c2
in D, (3.2)

where m is a positive constant. According to Section 2, the system (3.1)
can be written in the complex form

wz̃ = F (z, w), F (z, w)

=A1(z, w)w+A2(z, w)w+A3(z, w)=g(Z) in D, i.e.

wZ =[A1w+A2w+A3]/H(y)=g(Z)/H(y) in DZ ,

(3.3)
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where

A1 =
1

4
[a1+ia2−ib1+b2], A2 =

1

4
[a1+ia2+ib1−b2], A3 =

1

2
[c1+ic2],

in which w = u + iv, Z = x + iG(y), DZ is the image domain of D with
respect to the mapping Z = Z(z).

Suppose that equation (3.3) satisfies Condition C, namely

1) Aj(z, w) (j = 1, 2, 3) are measurable in D for all continuous functions
w(z) in D∗ = D̄\{−1, 1}, and satisfy

L∞[Aj , D] ≤ k0, j = 1, 2, L∞[A3, D] ≤ k1 in D. (3.4)

2) For any continuously differentiable functions w1(z), w2(z) in D∗, the
equality

F (z, w1)−F (z, w2)=Ã1(w1−w2)+Ã2(w1−w2) in D (3.5)

holds, where Ãj = Ãj(z, w1, w2) (j = 1, 2) satisfy the conditions

L∞[Ãj , D] ≤ k0, j = 1, 2, (3.6)

in (3.4), (3.6), k0, k1 are non-negative constants. In particular, when (3.3)
is a linear equation, the condition (3.5) obviously holds.

Now we formulate the general discontinuous Riemann-Hilbert boundary
value problem. Let Z ′ = {z1 = −1, ..., zn = 1, ..., zm = z0} be m points on
Γ ∪ γ arranged according to the positive direction successively. Denote by
Γj the curve on Γ from zj−1 to zj , and Γj does not include the end point
zj−1, zj (j = 1, 2, ...,m).

Problem B Find a continuous solution w(z) of (3.3) in D∗ = D\Z ′,
which satisfies the boundary conditions

Re[λ(z)w(z)]=r(z) on ∂D∗={Γ ∪ γ}\Z ′,

Im[λ(z′j)w(z′j)] = bj , j = 1, ..., 2K + 1 = J,
(3.7)

in which λ(z) = Reλ(z) + iImλ(z) 6= 0 on Γ ∪ γ, z′j (6∈ Z ′, j = 1, ..., J)
are distinct points on Γ ∪ γ, bj (j = 1, ..., J) are real constants and
λ(z), r(z), bj (j = 1, ..., J) satisfy the conditions

Cα[λ(z),Γj ] ≤ k0, Cα[Rj(z)r(z),Γj ] ≤ k2, j = 1, ...,m,

Cα[λ(z),γ]≤k0, Cα[r(z), γ]≤k2, |bj | ≤ k2, j = 1, ..., J,
(3.8)
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where Rj(z) = |z−zj−1|βj−1 |z−zj |βj , βj (j = 1, ...,m) are similar to those
in (1.39) with a0 = 1/4, α (0 < α < 1), k0, k2 are non-negative constants,
and the number

K =
1

2
(K1 + · · · +Km) (3.9)

is called the index of Problem B, where

Kj =

[

φj

π

]

+ Jj , Jj = 0 or 1,

eiφj =
λ(zj − 0)

λ(zj + 0)
, γj =

φj

π
−Kj , j = 1, ...,m.

(3.10)

Here we choose the index K ≥ −1/2. From Theorems 3.2 and 3.4 below,
we shall see that Problem B for (3.3) is well-posed.

3.2 Representation and uniqueness of solutions

of discontinuous Riemann-Hilbert problem

for elliptic complex equations

Now we give the representation theorem of solutions for equation (3.3).

Theorem 3.1 Suppose that equation (3.3) satisfies Condition C. Then

any solution of Problem B for (3.3) can be expressed as

w[z(Z)] = [Φ̃(Z) + ψ̃(Z)]eφ̃(Z) = Φ(Z)eφ(Z) + ψ(Z), (3.11)

where

ψ̃(Z)=T f̃=− 1

π

∫ ∫

Dt

f̃(t)

t−Zdσt, f̃(Z)=
A3[z(Z)]

H(y)
e−φ̃(Z),

φ̃(Z)=T h̃=− 1

π

∫ ∫

Dt

h̃(t)

t−Zdσt in DZ ,

h̃(Z)=











1

H(y)
{A1[z(Z)]+A2[z(Z)]

w(z(Z))

w(z((Z))
} if w[z(Z)] 6=0, Z∈DZ ,

0 if w[z(Z)] = 0, Z ∈ DZ ,

ψ(Z)=Tf=− 1

π

∫ ∫

Dt

f(t)

t−Zdσt, L∞[f(Z)H(y), DZ ]≤k3,
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φ(Z)=Th=− 1

π

∫ ∫

Dt

h(t)

t−Z dσt in DZ ,

h(Z)=











1

H(y)
{A1[z(Z)]+A2[z(Z)]

W (Z)

W (Z)
} if W (Z) 6=0, Z∈DZ ,

0 if W (Z)=0, Z∈DZ ,
(3.12)

in which W (Z) = w[z(Z)] − ψ(Z), k3 = k3(k0, k1, k2, H,D) is a non-

negative constant, Z = x + iY = x + iG(y), and Φ(Z) is an analytic

function in DZ satisfying the boundary conditions

Re[λ(z(Z))eφ(Z)Φ(Z)]=r[z(Z)]−Re[λ(z(Z))ψ(Z)] on ∂D∗,

Im[λ(z′j)e
φ(Zj)Φ(Zj)]=bj−Im[λ(z′j)ψ(Zj)], j=1, ..., 2K+1,

(3.13)

where Zj =Z(z′j), j=1, ..., 2K+1, hence the function w[z(Z)]=Φ(Z)eφ(Z)

+ψ(Z) in (3.11) is just the solution of Problem B in DZ for equation (3.3).

Proof Let w(z) be a solution of Problem B for equation (3.3), and be
substituted in the positions of w in (3.3), thus the coefficientsAj (j = 1, 2, 3)
be determined. Moreover according to the method in the proof of Theorem
2.5, we can find the solution ψ(Z) of the linear complex equation

wZ = [A1w +A2w +A3]/H(y) in DZ , (3.14)

and the function ψ(Z) = ψ̃(Z)eφ̃(Z), herein φ̃(Z), ψ̃(Z) are two double inte-
grals as stated in the proof of Theorem 2.3 and satisfy the similar estimate
in (2.13). Moreover the function φ(Z) is determined as stated in (3.12),
and Φ(Z) is an analytic function in DZ satisfying the boundary condition
(3.13). It is clear that w[z(Z)] possesses the representation (3.11).

Theorem 3.2 Suppose that equation (3.3) satisfies Condition C. Then

Problem B for (3.3) has at most one solution in D.

Proof Let w1(z), w2(z) be any two solutions of Problem B for (3.3). It
is easy to see that w(z) = w1(z)−w2(z) satisfy the homogeneous equation

wZ = [Ã1w + Ã2w]/H(y) in DZ , (3.15)

and homogeneous boundary condition of (3.13), i.e.

Re[λ(z(Z))eφ(Z)Φ(Z)] = 0 in ∂DZ ,

Im[λ(z′j)e
φ(Z′

j)Φ(Z ′
j)]=0, j=1, ..., 2K+1,

(3.16)
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where Z ′
j = Z(z′j) (j = 1, ...,m). According to the proof of Theorem 2.5,

we can prove Φ(Z) = 0 in DZ , thus w(z) = w1(z) − w2(z) = 0 in D.

3.3 Estimates and existence of solutions of

Riemann-Hilbert problem for degenerate

elliptic complex equations

Now we shall give the estimates of the solutions of Problem B for (3.3) in
D. We rewrite equation (3.3) in the form

wz̃ =F (z, w), F (z, w)=A1w +A2w +A3, (3.17)

in which Aj (j = 1, 2, 3) are as stated in (3.3).

Theorem 3.3 Let equation (3.3) satisfy Condition C. Then any solution

w(z) of Problem B satisfies the estimates

Ĉδ [w(z), D] = Cδ [X(Z)w(z(Z)), DZ ] ≤M1,

Ĉδ[w(z), D] ≤M2(k1 + k2),
(3.18)

where

X(Z)=

m
∏

j=0

|Z(z)−Z(tj)|ηj , ηj =

{

max(−4γj , βj)+8δ, j=1, n,

max(−γj , βj)+2δ, j=2, ...,m, j 6=n
(3.19)

herein γj (j = 1, ...,m) are as stated in (3.10), and t1 = z1 = −1, ..., tn =
zn = 1, ..., tm = zm, k = (k0, k1, k2), and δ is a sufficiently small positive

constant, and M1 = M1(δ, k,H,D), M2 = M2(δ, k0, H,D) are non-negative

constants.

Proof Taking into account Aj [z, w(z)] ∈ L∞(DZ), j = 1, 2, 3, and ap-
plying (2.25), we get

Cβ [ψ(Z), DZ ] ≤M3, Cβ [φ(Z), DZ ] ≤M3, (3.20)

where φ(z), ψ(z) are the functions as in (3.11), β is as stated in (2.25),
and M3 = M3(β, k,H,D) is a non-negative constant. Moreover due to the
analytic function Φ(z) satisfies the boundary condition (3.13), similarly to
(2.20), we can obtain the estimate

Ĉδ [Φ(z), D] ≤M4 = M4(δ, k,H,D). (3.21)
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Combining (3.20), (3.21), the first estimate in (3.18) is derived.

As for the second estimate in (3.18), which can be verified according to
the proof of Theorem 2.4.

Now we prove the existence of solutions of Problem B for equation (3.3)
by the method of continuity.

Theorem 3.4 Suppose that equation (3.3) satisfies Condition C. Then

the discontinuous Riemann-Hilbert problem (Problem B) for (3.3) has a

solution.

Proof We discuss the complex equation (3.17), i.e.

wZ =F (z, w), F (z, w)=[A1w+A2w+A3]/H(y) in DZ . (3.22)

In order to find a solution w(z) of Problem B in D by the method of conti-
nuity, we consider Problem B for the complex equation with the parameter
t ∈ [0, 1]:

wZ − tF (z, w) = S(z) in DZ , (3.23)

in which the function S(z) satisfies the condition

H(y)X(Z)S(z) ∈ L∞(DZ). (3.24)

This problem is called Problem Bt.

Let T be a point set in the interval [0,1], such that for every t ∈ T ,
Problem Bt for equation (3.23) has a solution w(Z) ∈ Ĉδ(DZ) for every
function S(Z) satisfying the condition (3.24). It is clear that when t = 0,
Problem B0 for wZ = S(Z) has a solution

X(Z)w(Z) = Φ(Z) + TXS, (3.25)

where Φ(Z) is an analytic function in DZ . Hence T is non-empty. If we
can prove that T is both open and closed in [0,1], then we can derive that
T = [0, 1]. In particular, when t = 1 and S(Z) = 0, Problem B1 possesses
a solution, i.e. Problem B for equation (3.22) is solvable.

In order to prove that T is a open set in [0,1], let t0 ∈ T . We rewrite
(3.23) in the form

wZ − t0F (z, w) = (t− t0)F (z, w) + S(z) in DZ , (3.26)

Replacing w0(z)(∈ Ĉ(D)) into the right-hand side of (3.26) by a function
w0(z), especially, we select w0(z) = 0 and substitute it into the right-hand
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side of (3.26), it is obvious that Problem Bt0 for such equation in (3.26)
then has a solution w1(z) (w1(z) ∈ Ĉ(D)). Using successive iteration, we
obtain a sequence of solutions wn(z) (wn(z) ∈ Ĉ(D), n = 1, 2, ...), which
satisfy the equations and the boundary conditions

wn+1Z−t0F (z, wn+1)=(t−t0)F (z, wn)+S(z) in D, (3.27)

Re[λ(z)wn+1(z)]=r(z) on ∂D∗, Im[λ(z′j)wn+1(z
′
j)]=bj , j=1, ..., 2K+1.

(3.28)
From the above formulas, it follows that

[wn+1−wn]Z − t0[F (z, wn+1) − F (z, wn)]

= (t− t0)[F (z, wn) − F (z, wn−1)] in D,

Re[λ(z)(wn+1(z) − wn(z))] = 0 on ∂D∗,

Im[λ(z′j)(wn+1(z
′
j)−wn(z′j))]=0, j=1, ..., 2K+1.

(3.29)

Noting that

L∞[H(y)X(Z)(F (z, wn)−F (z, wn−1)), DZ ]≤2Ĉ[wn−wn−1, DZ ], (3.30)

and according to the proof of Theorem 2.5, we can derive

Ĉ [wn+1 − wn, D] ≤ 2|t− t0|M2Ĉ [wn − wn−1, D], (3.31)

where the constant M2 = M2(δ, k0, H,D) is as stated in (3.18). Choosing
the constant ε so small such that 2εM2 ≤ 1/2 and |t − t0| < ε, it follows
that

Ĉ [wn+1 − wn, D] ≤ 2εM2Ĉ[wn−wn−1, D]≤ 1

2
Ĉ[wn−wn−1, D], (3.32)

and when n,m ≥ N0 + 1 (N0 is a positive integer),

Ĉ [wn+1−wn, D]≤2−N0

∞
∑

j=0

2−jĈ [w1 −w0, D]≤2−N0+1Ĉ [w1 −w0, D].

Hence {wn(z)} is a Cauchy sequence. According to the completeness of
the Banach space Ĉ(D), there exists a function w∗(z) ∈ Ĉ(D), so that
Ĉ[wn −w∗, D] → 0 as n→ ∞. Obviously w∗(z) is a solution of Problem Bt

for every t ∈ Tε = {|t− t0| < ε}. Because the constant ε is independent of
t0 (0 ≤ t0 < 1), therefore from the solvability of Problem Bt0 when t0 = 0,
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we can derive the solvability of Problem Bt for equation (3.23) when t ∈ Tε.
This shows that the set T in [0,1] is open.

Finally we verify that T is closed in [0,1]. Let tn ∈ T (n = 1, 2, ...),
and tn → t0 as n → ∞. We shall prove that Problem Bt0 for equation
(3.23) is solvable. Denote by wn(z) (n = 1, 2, ...) the solutions of Problems
Btn

(tn ∈ T, n = 1, 2, ...) for the corresponding equations (3.23), which can
be expressed by

X(Z)wn[z(Z)] = Φn(Z)eφn(Z) + ψn(Z), n = 1, 2, ...

and satisfy the estimate (3.18). Hence from {wn(z)}, we can choose a subse-
quence {wnk

(z)}, such that X(Z)wnk
[z(Z)] uniformly converges a function

X(Z)w0[z(Z)] in DZ , it is clear that the function w0(z) is just the solution
of Problem Bt0 for equation (3.23) with t = t0. This completes the proof.

4 The Riemann-Hilbert Problem for Degenerate

Elliptic Complex Equations of First Order in

Multiply Connected Domains

This section deals with the Riemann-Hilbert problem for degenerate elliptic
complex equations of first order in multiply connected domains. We first
give the representation of solutions of the boundary value problem for the
equations, and then prove the uniqueness and existence of solutions for the
problem.

4.1 Formulation of Riemann-Hilbert problem for

degenerate elliptic complex equations in

multiply connected domains

Let D be an (N + 1)-connected bounded domain in the upper half-plane
with the boundary Γ = ∪N

j=0Γj ∈ Cα(0 < α < 1), where Γj(j = 1, ..., N)
are located in the domain D0 bounded by Γ0 = ΓN+1, there is no harm
in assuming that Γ0 = Γ′ ∪ γ, herein γ = {−1 < x < 1, y = 0} and
Γ′(∈ {y > 0}) is a curve with the end points z = ±1, and the inner
angles of Γ′ and γ at z = ±1 are equal to π, because otherwise through a
conformal mapping the above requirement can be realized. We consider the
quasilinear degenerate elliptic equation of first order: (3.1) with Condition
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C, its complex form is as follows

wz̃ =F (z, w), F =A1(z, w)w+A2(z, w)w+A3(z, w), i.e.

H(y)wZ = g(Z) in D, A3 =
1

2
[c1 + ic2],

A1 =
1

4
[a1+ia2−ib1+b2], A2 =

1

4
[a1+ia2+ib1−b2],

(4.1)

where the coefficients Aj (j = 1, 2, 3) in (3.1) satisfy

L∞[Aj , D], L∞[Ãj , D] ≤ k0, j = 1, 2, L∞[A3, D] ≤ k1 in D, (4.2)

besides Ãj(j = 1, 2) are as stated in (3.6), and k0, k1 are non-negative
constants. We mention that under Condition C, the above solution of
equation (4.1) in D is a generalized solution, and if Aj ∈ Cα(D), then the
solution of (4.1) is a classical solution.

The Riemann-Hilbert boundary value problem for equation (4.1) may
be formulated as follows:

Problem A Find a continuous solution w(z) of (4.1) in D satisfying the
boundary condition

Re[λ(z)w(z)] = r(z), z ∈ Γ, (4.3)

where λ(z) 6= 0, z ∈ Γ, and λ(z), r(z) satisfy the conditions

Cα[λ(z),Γ] ≤ k0, Cα[r(z),Γ] ≤ k2, (4.4)

in which α (0 < α < 1), k2 are non-negative constants.

The integer

K =
1

2π
∆Γ argλ(z)

is the index of Problem A. When the index K < 0, Problem A may not
be solvable, when K ≥ 0, the solution of Problem A is not necessarily
unique. Hence we consider the well posedness of Problem A with the mod-
ified boundary conditions for the complex equation (4.1) as follows.

Problem B Find a continuous solution w(z) of equation (4.1) satisfying
the boundary condition

Re[λ(z)w(z)] = r(z) + h(z), z ∈ Γ, (4.5)
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where

h(z)=























































0, z ∈ Γ, if K ≥ N,

hj , z ∈ Γj , j = 1, ..., N −K,

0, z ∈ Γj , j = N −K + 1, ..., N + 1

}

if 0≤K<N,

hj , z ∈ Γj , j = 1, ..., N,

h0+Re

−K−1
∑

m=1

(h+
m+ih−m)[ζ(z)]m, z∈Γ0















if K < 0,

(4.6)

in which hj (j = 0, 1, ..., N), h±m (m = 1, ...,−K−1,K < 0) are unknown
real constants to be determined appropriately, ζ = ζ(z) is a conformal
mapping from the bounded domain with the boundary Γ0 onto |ζ| < 1.
In addition, for K ≥ 0 the solution w(z) is assumed to satisfy the point
conditions

Im[λ(aj)w(aj)]=bj , j∈J=







1, ..., 2K −N + 1, if K≥N,

N−K+1, ..., N+1, if 0≤K<N,
(4.7)

where aj ∈ Γj (j = 1, ..., N), aj ∈ Γ0 (j = N+1, ..., 2K−N+1,K ≥ N) are
distinct points, and bj (j ∈ J) are all real constants satisfying the conditions

|bj | ≤ k2, j ∈ J, (4.8)

herein k2 is a nonnegative constant.

4.2 Representation and uniqueness of solutions

of Riemann-Hilbert problem for degenerate

elliptic complex equations

It is easy to see that the complex equation

wz̃ = 0 in D, i.e. wZ = 0 in DZ (4.9)

is a special case of equation (4.1). On the basis of the result in [86]9), we
can find a unique solution of Problem B for equation (4.9) in DZ . Now we
give the representation theorem of solutions for equation (4.1).
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Theorem 4.1 Suppose that the equation (4.1) satisfies Condition C.

Then any solution of Problem B for (4.1) can be expressed as

w[z(Z)] = W (Z) + ψ(Z) = Φ(Z)eφ(Z)+ψ(Z), (4.10)

where Φ(Z), φ(Z), ψ(Z) are as stated in (2.22), W (z) is a solution of equa-

tion

WZ = [A1W +A2W ]/H(y) in DZ , (4.11)

and ψ(Z) is a solution of equation (4.1) in DZ and possesses the form

ψ(Z)=Tf=−1

π

∫ ∫

Dt

f(t)

t−Zdσt in DZ , (4.12)

f(Z) = [A1ψ +A2ψ+A3]/H(y) in DZ , (4.13)

in which Z = x + iY (y) = x + iG(y), and W [Z(z)] in D satisfies the

boundary conditions

Re[λ(z)W (z(Z))]=r(z)+h(z)−Re[λ(z)ψ(Z(z))], z∈Γ,

Im[λ(aj)W (aj)] = bj − Im[λ(aj)ψ(Z(aj))], j ∈ J.
(4.14)

Proof Let w(z) be a solution of Problem B for equation (4.1), and be
substituted in the coefficients of equation (4.1). By using the method in
the proof of Theorem 3.4, we can find a solution ψ(z) of such equation
(4.1), and ψ(z) possesses the form (4.12), (4.13). Moreover we can find the
solution W (z) in D of (4.11) with the boundary condition (4.14), thus

w[z(Z)] = W (Z) + ψ(Z) in D (4.15)

is the solution of Problem B in DZ for equation (4.1), where W (z) =
Φ(z)eφ(z) is as stated in (4.10).

Theorem 4.2 Suppose that equation (4.1) satisfies Condition C. Then

Problem B for (4.1) has at most one solution in D.

Proof Let w1(z), w2(z) be any two solutions of Problem B for (4.1). It is
easy to see that w(z) = w1(z) − w2(z) satisfies the homogeneous equation
and boundary conditions

wz̃ = Ã1w + Ã2w in D, (4.16)

Re[λ(z)w(z)] = 0 on Γ, Im[λ(aj)w(aj)] = 0, j ∈ J. (4.17)
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Noting the function g(Z) in (4.1) with the condition g(Z) ∈ L∞(DZ),
similarly to Theorem 2.5, by using the way as in Theorem 1.2, Chapter I
and Theorem 4.1, Chapter II, [87]1), if the function w(z) 6≡ 0 in D, we can
derive the absurd inequalities

2K + 1 ≤ 2ND +NΓ ≤ 2K, when K ≥ 0,

2K−2N≤2ND+NΓ≤2N−2K−2, when K<0,
(4.18)

where ND, NΓ are denoted the totals of zero points of the solution w(z) in
D and Γ respectively. Hence w(z) = w1(z) − w2(z) = 0 in D. This proves
the uniqueness of solutions of Problem B for (4.1).

4.3 Estimates of solutions of Riemann-Hilbert

problem for degenerate elliptic equations

Now we shall give the estimates of the solutions of Problem B for (4.1) in
D, namely

Theorem 4.3 If equation (4.1) satisfies Condition C, then any solution

w(z) of Problem B satisfies the estimates

Cδ [w(z(Z)), DZ ]≤M1, Cδ [w(z(Z)), DZ ]≤M2(k1+k2), (4.19)

here δ is a sufficiently small positive constant, and M1 = M1(δ, k,H,D),
M2 = M2(δ, k0, H,D) are non-negative constants.

Proof We first prove that if the solution w(z) of Problem B satisfies the
estimate of boundedness, i.e.

C[w(z(Z)), DZ ] ≤M3, (4.20)

where M3 = M3(δ, k,H,D) is a positive constant, then the first estimate of
(4.19) will be derived, because from Lemma 2.1, it follows that F (z, w) ∈
L∞(DZ), hence Cβ [ψ(Z), DZ)] ≤M4 = M4(β, k,H,DZ , M3) < ∞, β is as
stated in (2.13). On basis of the representation (4.10), the functionW (Z) =
w[z(Z)] − ψ(Z) = Φ(Z)eφ(Z) in DZ satisfies the boundary conditions

Re[λ[z(Z)]W (Z)]=r[z(Z)]−Re[λ[z(Z)]ψ(Z)]+h[z(Z)], Z∈∂DZ ,

Im[λ(aj)W [Z(aj)] = bj − Im[λ(aj)ψ[Z(aj)]], j ∈ J,
(4.21)
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where ∂DZ =Z(Γ), hence the analytic function Φ(Z) = W (Z)e−φ(Z) in DZ

satisfies the estimate Cδ [Φ(Z), DZ ] ≤ M5 = M5(δ, k,H,D, M3). Now we
use the reduction to absurdity. Suppose that (4.20) is not true, then there

exist sequences of coefficients {A(m)
l } (l = 1, 2, 3), {λ(m)(z)}, {r(m)(z)} and

{b(m)
j }, which satisfy the same conditions of coefficients as stated in (4.2),

(4.4) and (4.8), such that {A(m)
l } weakly converge to A

(0)
l (l = 1, 2, 3) in

D and {λ(m)(z)}, {r(m)(z)}, {b(m)
j } on Γ uniformly converge to λ(0)(z),

r(0)(z), b
(0)
j (j ∈ J), and the solutions of the corresponding boundary value

problems

w
(m)

z̃
=F (m)(z, w(m)),F (m)(z, w(m))=A

(m)
1 w(m)+A

(m)
2 w(m)+A

(m)
3 inD,

(4.22)

Re[λ(m)(z)w(m)(z)]=r(m)(z) on Γ, Im[λ(m)(aj)w
(m)(aj)]=b

(m)
j , j∈J,

(4.23)
have the solutions w(m)(z), but C[w(m)(z), D] (m = 1, 2, ...) are unbounded,
hence we can choose a subsequence of {w(m)(z)} denote by {w(m)(z)} again,
such that Hm = C[w(m)(z), D] → ∞ as m → ∞, we can assume Hm ≥
max [k1, k2, 1]. It is obvious that ŵ(m)(z) = w(m)(z)/Hm are solutions of
the boundary value problems

ŵ
(m)

z̃
=F (m)(z, ŵ(m)),F (m)(z, ŵ(m))=A

(m)
1 ŵ(m)+A

(m)
2 ŵ(m)+

A
(m)
3

Hm
inD,

(4.24)

Re[λ(m)(z)ŵ(m)(z)]=
r(m)(z)

Hm
onΓ, Im[λ(m)(aj)ŵ

(m)(aj)]=
b
(m)
j

Hm
, j∈J.

(4.25)
It is easy to see that the functions in above boundary value problems satisfy
the conditions

L∞[Al, D]≤k0, l=1, 2, L∞[A3/Hm, D]≤1, Cα[λ(m)(z),Γ]≤k0,

Cα[r(m)(z)/Hm,Γ] ≤ 1, |b(m)
j /Hm| ≤ 1, j ∈ J.

(4.26)

From the representation (4.10), the above solutions can be expressed as

ŵ(m)(z) = Ŵ (m)(Z) + ψ̂(m)(Z),

ψ̂(m)(Z)=− 1

π

∫ ∫

Dt

f̂ (m)(t)

t−Z dσt in DZ ,
(4.27)

noting that L∞[H(y)f̂ (m)(Z), DZ ] ≤ M6 = M6(k0, H,D), we can derive
that

Cδ[ψ̂
(m)(Z), DZ ] ≤M7 = M7(δ, k,H,D). (4.28)
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Due to the functions Ŵ (m)(Z) are the solutions of the equation correspond-

ing to (4.11) in DZ and ŵ(m)(z) = Ŵ (m)(Z)+ψ̂(m)(Z) satisfy the boundary
conditions as in (4.25), we can obtain the estimate

Cδ [Ŵ
(m)(Z), DZ ] ≤M8 = M8(δ, k,H,D). (4.29)

Thus from {ŵ(m)(z)}={Ŵ (m)(Z)+ψ̂(m)(Z)}, we can choose a subsequence

denoted by {ŵ(m)(z)} again, and {ŵ(m)(z)} = {Ŵ (m)(Z) + ψ̂(m)(Z)} uni-
formly converge to ŵ(0)(z), it is clear that ŵ(0)(z) is a solution of the
homogeneous problem of Problem B, on the basis of Theorem 4.2, the so-
lution w̃(0)(z) = 0 in D, however, from C[ŵ(m)(z), D] = 1, we can derive
that there exists a point z∗ ∈ D, such that ŵ(0)(z∗) 6= 0, it is impossible.
This shows that (4.20) is true. By using the method from (4.20) to (4.28),
(4.29), we can obtain the first estimate in (4.19). Moreover we can verify
the second estimate in (4.19).

4.4 Existence of solutions of Riemann-Hilbert

problem for degenerate elliptic equations

In this section, we prove the existence of solutions of ProblemB for equation
(4.1).

Theorem 4.4 Let equation (4.1) satisfy Condition C. Then the Riemann-

Hilbert problem (Problem B) for (4.1) in the multiply connected domain D
has a unique solution.

Proof In order to find a solution w(z) of Problem B for equation (4.1)
in D by the Leray-Schauder theorem, we consider the equation (4.1) with
the parameter t ∈ [0, 1]:

wz̃ = tF (z, w), F (z, w)=G(Z)=A1w+A2w+A3 in DZ , (4.30)

and introduce a bounded open set BM of the Banach space B = Cδ(DZ),
whose elements are functions w(z) satisfying the condition

w(z) ∈ Cδ(D), Cδ [w(z(Z)), DZ ] < M9 = 1 +M1, (4.31)

where δ, M1 are constants as stated in (4.19). We choose an arbitrary
function W (z) ∈ BM and substitute it in the position of w in F (z, w). By
Theorem 4.1, a solution w(z) = Φ(Z) + Ψ(Z) = W (Z) +T (tF ) of Problem
B for the complex equation

wz̃ = tF (z,W ) (4.32)
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can be found. Noting that tF [z(Z),W (z(Z))] ∈ L∞(DZ), the above solu-
tion of Problem B for (4.32) is unique. Denote by w(z) = T [W, t] (0 ≤ t ≤
1) the mapping from W (z) to w(z). From Theorem 4.3, we know that if
w(z) is a solution w(z) of Problem B for the equation

wz̃ = tF (z, w) in DZ , (4.33)

then the function w(z) satisfies the estimate

Cδ [w,DZ)] < M9. (4.34)

Set B0 = BM × [0, 1]. Now we verify the three conditions of the Leray-
Schauder theorem:

1. For every t ∈ [0, 1], T [W, t] continuously maps the Banach space B
into itself, and is completely continuous on BM . In fact, arbitrarily select
a sequence Wn(z) in BM , n = 0, 1, 2, ..., such that Cδ[Wn −W0, DZ ] → 0
as n → ∞. By Condition C, we see that L∞[F (z,Wn) − F (z,W0), D] → 0
as n → ∞. Moreover, from wn = T [Wn, t], w0 = T [W0, t], it is easy to see
that wn −w0 is a solution of Problem B for the following complex equation

(wn − w0)z̃ = t[F (z,Wn) − F (z,W0)] in D, (4.35)

and then we can obtain the estimate

Cδ [wn − w0, D] ≤ 2k0C[Wn(z) −W0(z), D]. (4.36)

Hence Cδ [wn − w0, D] → 0 as n → ∞. In addition for Wn(z) ∈ BM , n =
1, 2, ..., we have wn = T [Wn, t], wm = T [Wm, t], Wn,Wm ∈ BM , and then

(wn − wm)z̃ = t[F (z,Wn) − F (z,Wm)] in D, (4.37)

where L∞[F (z,Wn) − F (z,Wm), DZ ] ≤ 2k0M9, hence from (4.19), we can
obtain the estimate

Cδ[wn − wm, DZ ] ≤ 2M2k0M9. (4.38)

Thus there exists a function w0(z) ∈ BM , from {wn(z)} we can choose a
subsequence {wnk

(z)} such that Cδ[wnk
− w0, DZ ] → 0 as k → ∞. This

shows that w = T [W, t] is completely continuous in BM . Similarly we
can also prove that for W (z) ∈ BM , T [W, t) is uniformly continuous with
respect to t ∈ [0, 1].

2. For t = 0, it is evident that w = T [W, 0] = Φ(Z) ∈ BM .
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3. From the estimate (4.19), we see that w = T [W, t] (0 ≤ t ≤ 1) does
not have a solution w(z) on the boundary ∂BM = BM\BM .

Hence by the Leray-Schauder theorem, there exists a function w(z) ∈
BM such that w(z) = T [w(z), t], and the function w(z) ∈ Cδ(DZ) is just a
solution of Problem B for the complex equation (4.1).

By a similar way as in the proof of Theorem 4.8, Chapter II, [87]1), from
Theorem 4.4 the following result can be derived.

Theorem 4.5 Under the same conditions as in Theorem 4.4, the follow-

ing statements hold.

(1) If the index K ≥ N , then Problem A for (4.1) is solvable.

(2) If 0 ≤ K < N , then the total number of solvability conditions for

Problem A does not exceed N −K.

(3) If K < 0, then Problem A has N − 2K − 1 solvability conditions.

In latter chapters the notations Mj = Mj(p0, δ, k,D), M ′
j = M ′

j(p0, δ,
k,D) (j is a positive integer) mean all non-negative constants dependent
on p0, δ, k,D.
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CHAPTER II

ELLIPTIC COMPLEX EQUATIONS

OF SECOND ORDER

This chapter mainly deals with the mixed boundary value problem and
oblique derivative problem for several classes of linear and quasilinear
elliptic equations of second order with parabolic degeneracy. We first reduce
the boundary value problems for the degenerate elliptic equations of second
order to the corresponding boundary value problems for elliptic complex
equations of first order with singular coefficients, give the representation
and a priori estimates of solutions for the above boundary value problems,
and then the uniqueness and existence of solutions of the problems for
second order equations can be proved.

1 The Discontinuous Oblique Derivative Problem

for Uniformly Elliptic Complex Equations

In this section, we first introduce the discontinuous oblique derivative prob-
lem for linear and nonlinear uniformly elliptic equations of second order.
Afterwards various properties of solutions for the equations are given, which
include the extremum principle, representation theorem and a priori esti-
mates of solutions for the above boundary value problem, and then the
uniqueness and existence of solutions of the above problem are proved.

1.1 Formulation of discontinuous oblique derivative

problem for elliptic equations

Let D be the upper half-unit disk with the boundary ∂D = Γ ∪ γ, where
Γ = {|z| = 1, Im z > 0} and γ = {−1 < x < 1, y = 0}. We consider the
quasilinear uniformly elliptic equation of second order

auxx + 2buxy + cuyy + dux + euy + fu = g in D, (1.1)

in which a, b, c, d, e, f, g are given functions of (x, y) ∈ D and u, ux, uy ∈
R. Under certain conditions, equation (1.1) can be transformed into the

41
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complex form

uzz̄ =F (z, u, uz, uzz), F =Re[Quzz+A1uz]+A2u+A3,

Wz̄ =F (z, u,W,Wz), F =Re[QWz+A1W ]+A2u+A3,
in D, (1.2)

where Q = Q(z, u, uz), Aj = Aj(z, u, uz) (j = 1, 2, 3), W (z) = uz, and

z=x+iy, uz =
1

2
[ux−iuy] = uz̄, uzz̄ =

1

4
[uxx+uyy],

Q =
−a+ c− 2bi

a+ c
, A1(z) =

−d− ei

a+ c
,

A2 =
−f

2(a+ c)
, A3(z) =

g

2(a+ c)
,

and the uniformly elliptic condition

∆ = ac− b2 ≥ ∆0 > 0, a > 0 in D̄

is reduced to the inequality

|Q(z, u, uz)| ≤ q0 < 1 in D̄,

in which ∆0, q0 are non-negative constants. For the nonlinear uniformly
elliptic equation of second order

Φ(x, y, u, ux, uy, uxx, uxy, uyy) = 0 in D,

under certain conditions, we can transform it into the complex equation in
the form (1.2), but in which Q = Q(z, u, uz, uzz), Aj = Aj(z, u, uz) (j =
1, 2, 3) (see [86]9), [87]1)). In order to the latter usage, we assume that the
nonlinear complex equation (1.2) satisfies the conditions, namely Condi-

tion C

1) Q(z, u, w, V ), Aj(z, u, w) (j = 1, 2, 3) are continuous in u ∈ R, w ∈ C

for almost every point z ∈ D and V ∈ C, and Q = 0, Aj = 0 (j = 1, 2, 3)
for z 6∈ D.

2) The above functions are measurable in z ∈ D for all continuously
differentiable function u(z) in D∗ = D̄\Z, and satisfy

Lp[Aj(z, u, uz), D̄] ≤ k0, j = 1, 2,

Lp[A3(z, u, zz), D̄] ≤ k1, A2(z, u, uz) ≥ 0 in D,
(1.3)
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in which p (> 2), k0, k1 are non-negative constants, and Z = {−1, 1}.

3) Equation (1.2) satisfies the uniform ellipticity condition, namely for
any number u ∈ R, w ∈ C, the inequality

|Q(z, u, uz, V )| ≤ q0, i.e. |F (z, u, uz, V1) − F (z, u, uz, V2)| ≤ q0, (1.4)

for almost every point z ∈ D and u, uz, V1, V2 holds, where q0(< 1) is a
non-negative constant.

If equation (1.1) in D is linear uniformly elliptic, and the coefficients
a, b, c, d, e, f, g satisfy some stronger condition in D, then equation (1.1)
can be transformed into the simpler equation. By the result in [81]1),
[86]9), [87]1), we can find a homeomorphic solution ζ(z) of the Beltrami
equation

ζz̄ − q(z)ζz = 0, q(z) =
Q(z)

1 +
√

1 − |Q(z)|2
in D̄,

which quasiconformally maps the domain D onto a domain G, if D is an
N + 1-connected domain with the boundary Γ ∈ C2

µ(0 < µ < 1), then the
domain G may be an N + 1-connected circular domain. If the coefficients
a, b, c ∈ W 1

p (D), p > 2, then Q(z), q(z) ∈ W 1
p (D), and then ζ(z) ∈ W 2

p (D)
and its inverse function z(ζ) ∈ W 2

p (G). Thus through the function U(ζ) =
u[z(ζ)], the equation (1.2) can be reduced to the canonical form

Uζζ̄ − Re[B1(ζ)Uζ ] −B2(ζ)U = B3(ζ) in Ḡ, (1.5)

in which

B1(ζ) =
1

A
[−2ζzz̄ +Qζzz +Qζz̄z̄ +A1ζz +A1ζz̄],

B2(ζ)=
A2

A
, B3(ζ)=

A3

A
, A=[1+|q|2−2Re(Qq̄)]|ζz |

2.

It is clear that if f ≤ 0 in D̄, then A2(z) ≥ 0 in D̄ and B2(ζ) ≥ 0 in Ḡ.
Under the condition, we can find the solutions ψ(ζ), Ψ(ζ) of equation (1.5)
and homogeneous equation

Uζζ̄ − Re[B1(ζ)Uζ ] −B2(ζ)U = 0 in Ḡ

with the boundary conditions ψ(ζ) = 0, Ψ(ζ) = 1 on the boundary ∂G
respectively (see Theorem 1.1 below), thus if the function U(ζ) is a solution
of equation (1.5), then V (ζ) = [U(ζ) − ψ(ζ)]/Ψ(ζ) is a solution of the
equation

Vζζ̄ − Re[C1(ζ)Vζ ] = 0 in Ḡ, (1.6)
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where
C1(ζ) = −2(lnΨ)ζ̄ +B1.

When C1(ζ) = 0 in Ḡ, then the equation is just the complex form of
harmonic equation, i.e. the Laplace equation

Vζζ̄ = 0, i.e.
1

4
(Vξξ + Vηη) = 0 in Ḡ,

in which ζ = ξ + iη (see [86]9)).

The discontinuous oblique derivative boundary value problem for equa-
tion (1.2) may be formulated as follows:

Problem P Find a continuously differentiable solution u(z) of (1.2) in
D∗ = D̄\Z, which is continuous in D and satisfies the boundary conditions

1

2

∂u

∂ν
=Re[λ(z)uz]=r(z), z∈Γ∗=∂D\Z, u(−1)=b0, u(1)=b1, (1.7)

where Z = {−1, 1} is the set of discontinuous points of λ(z) on Γ∗, ν is
a given vector at every point on Γ∗, λ(z) = a(x) + ib(x) = cos(ν, x) −
i cos(ν, y), cos(ν, n) ≥ 0 on Γ∗, here n is the outward normal vector at
every point on Γ∗, b0, b1 are real constants, and λ(z), r(z), b0, b1 satisfy the
conditions

Cα[λ(z),Γ∗] ≤ k0, Cα[r(z),Γ∗] ≤ k2, |b0|, |b1| ≤ k2. (1.8)

Herein α (1/2 < α < 1), k0, k2 are non-negative constants. Problem P
with A3(z) = 0 in D, r(z) = 0 on Γ, b0 = b1 = 0 is called Problem P0.
The index of Problem P is K, where K is defined as in (1.18), Chapter
I, but m = 2, z1 = −1, z2 = 1, here we choose K = 0 and can require
−1/2 ≤ γj < 1/2 (j = 1, 2), because otherwise it is sufficient to multiply
the solutionW (z) of the complex equation (1.2) and the boundary condition
(1.7)(W (z) = uz) by the function X0(z) = z or X0(z) = (z−1/2)(z+1/2),
similarly to (2.39) and (2.40) below, the index K̂ of X0(z)λ(z) on ∂D
should be increased by 1/2 and 1 respectively, if K̂ = 1/2, except the point
conditions u(−1)=b0, u(1)=b1, we can add another point condition on ∂D,
for instance u(0) = 0 such that the above boundary value problem is well-
posed. We mention that if cos(ν, n) ≡ 0 on Γ, then the condition u(1) = b1
can be cancelled. In fact, if cos(ν, n) ≡ 0 on Γ, from the boundary condition
(1.7), we can determine the value u(1) by the value u(−1), namely

u(1)=2Re

∫ 1

−1

uzdz+u(−1)=2

∫ S

0

Re[z′(s)uz]ds+b0=2

∫ S

0

r(z)ds+b0,
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in which λ(z) = z′(s) on Γ, z(s) is a parameter expression of arc length s of
Γ with the condition z(−1) = 0, and S is the length of Γ, and if ux = r(x)

on γ, then u(x) =
∫ x

−1 uxdx+ b0, u(1) =
∫ 1

−1 r(x)dx+ b0 = b1. If A2(z) = 0
in D, the last point condition in (1.7) can be replaced by

Im[λ(z)uz]|z=z0
= b2, (1.9)

where z0 is a fixed point on Γ\{−1, 1}, and we do not need the assumption
cos(ν, n) ≥ 0 on Γ, where b2 is a real constant. Then the boundary value
problem for (1.2) will be called Problem Q. Later on we shall only discuss
the case of K = 0, and the other case can be similarly discussed.

1.2 The representation theorem of discontinuous

oblique derivative problem for elliptic equations

We first introduce a theorem.

Theorem 1.1 Suppose that equation (1.2) satisfies Condition C. Then

there exist two solutions ψ(z),Ψ(z) of the Dirichlet problem (Problem D)
of the linear case of (1.2) and its related homogeneous equation

uzz̄ − Re[Quzz +A1uz] −A2u = 0 in D, (1.10)

satisfying the boundary conditions

ψ(z) = 0, Ψ(z) = 1 on Γ′ = ∂D (1.11)

respectively, and ψ(z),Ψ(z) satisfy the estimates

C1
β [ψ(z), D̄] ≤M1, C

1
β [Ψ(z), D̄] ≤M2,

Lp0
[ψzz̄, D̄] ≤M3, Lp0

[Ψzz̄, D̄] ≤M3,Ψ ≥M4 > 0 in D,
(1.12)

where β (0 < β ≤ min(α, 1 − p0/2)/2, p0(2 < p0 ≤ p), Mj = Mj(q0, p0, β,
k0, k1, D) (j = 1, 2, 3, 4) are non-negative constants.

Proof We first assume that the coefficients Q = Aj = 0 (j = 1, 2, 3) of
(1.2) in the ε-neighborhood of z = −1, 1, i.e. Dε = {|z± 1| < ε, Im z ≥ 0},
where ε = 1/m, m is a positive integer. Introduce the transformation and
its inversion

ζ(z) = −i
z2 + 2iz + 1

z2 − 2iz + 1
, z(ζ) =

1

ζ + i
[1 + iζ −

√

2(1− ζ2)]. (1.13)
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The function ζ(z) maps D onto G = {|ζ| < 1}, such that the boundary
points −1, 0, 1 are mapped onto the points −1,−i, 1 respectively. Through
the transformation ζ = ζ(z), equation (1.2) is reduced to the equation

uζζ̄ = |z′(ζ)|2{Re[Quζζ/(z
′(ζ))2

+(A1/z
′(ζ)−Qz′′(ζ)/(z′(ζ))3)uζ ]+A2u+A3} in G.

(1.14)

It is clear that equation (1.14) in Ḡ satisfies conditions similar to Condition
C. Hence equation (1.14) and its related homogeneous equation

uζζ̄ = |z′(ζ)|2{Re[Quζζ/(z
′(ζ))2

+(A1/z
′(ζ)−Qz′′(ζ)/(z′(ζ))3)uζ ]+A2u} in G

(1.15)

possess the solutions ψ(ζ), Ψ(ζ) satisfying the boundary conditions

ψ(ζ) = 0, Ψ(ζ) = 1 on L = ζ(Γ′),

and ψ[ζ(z)],Ψ[ζ(z)] in D are the solutions of Problem D of (1.2),(1.10)
satisfying the boundary condition (1.11) respectively, and ψ(z), Ψ(z) satisfy
the estimate (1.12), but the constants Mj = Mj(q0, p0, β, k0, k1, D, ε) (j =
2, 3, 4) (see [86]9),[87]1)). Now we consider

ψ̃(z) =

{

ψ(z) in D,

−ψ(z̄) in D̃ = {|z| < 1, Imz < 0}.
(1.16)

It is not difficult to see that ψ̃(z) in ∆ = {|z| < 1} is a solution of the
elliptic equation

uzz̄ − Re[Q̃uzz + Ã1uz] − Ã2u = Ã3 in ∆, (1.17)

where the coefficients are as follows

Q̃=

{

Q(z),

Q(z̄)
Ã1 =

{

A1(z),

A1(z̄),
Ã2 =

{

A2(z),

A2(z̄),
Ã3 =

{

A3(z)

−A3(z̄)
in

{

D

D̃

}

,

where D̃ is the symmetrical domain of D with respect to the real axis.
It is clear that the above coefficients in ∆ satisfy conditions similar to
those from Condition C. Obviously the solution ψ̃(z) satisfies the boundary
condition ψ̃(z) = 0 on ∂∆ = {|z| = 1}. Denote by ψ̃m(z) the solution of
equation (1.2) with Q = Aj = 0 (j = 1, 2, 3) in the ε = 1/m-neighborhood

of z = −1, 1, we can derive that the function ψ̃m(z) in ∆ satisfies estimates
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similar to ψ(z) in (1.12), where the constants Mj(j = 2, 3) are independent

of ε = 1/m. Thus we can choose a subsequence of {ψ̃m(z)}, which uniformly
converges to ψ∗(z), and ψ∗(z) is just a solution of ProblemD for the original
equation (1.2) in D. Noting that the solution Ψ(z) = ψ(z) + 1 of Problem
D for equation (1.10) is equivalent to the solution ψ(z) of Problem D for
the equation

uzz̄ − Re[Quzz +A1uz] −A2u = A2 in D (1.18)

with the boundary condition ψ(z) = 0 on Γ′, by using the same way, we
can prove that there exists a solution Ψ(z) of Problem D for (1.10) with the
boundary condition Ψ(z) = 1 on Γ′, and the solution satisfies the estimates
in (1.12).

Theorem 1.2 Suppose that equation (1.2) satisfies Condition C, and u(z)
is a solution of Problem P for (1.2). Then u(z) can expressed as

u(z)=U(z)Ψ(z)+ψ(z), U(z)=2Re

∫ z

z1

w(z)dz+b0, w(z)=Φ[ζ(z)]eφ(z), (1.19)

where z1 = −1, ψ(z),Ψ(z) are as stated in Theorem 1.1 satisfying the

estimate (1.12), ζ(z) is a homeomorphism in D̄, which quasiconformally

maps D onto the unit disk G= {|ζ| < 1} with the boundary L, where

ζ(1) = 1, ζ(i) = i, ζ(−1) = −1, Φ(ζ) is an analytic function in G, φ(z), ζ(z)
and its inverse function z(ζ) satisfy the estimates

Cβ [φ(z), D̄] ≤ k3, Cβ [ζ(z), D̄] ≤ k3, Cβ [z(ζ), Ḡ] ≤ k3,

Lp0
[|φz̄ | + |φz|, D̄] ≤ k3, Lp0

[|χz̄| + |χz |, D̄] ≤ k4,
(1.20)

in which χ(z) is as stated in (1.27), Chapter I, β = min(α, 1 − 2/p0)
/2, p0 (2 < p0 ≤ p), kj = kj(q0, p0, k0, k1, D) (j = 3, 4) are non-negative

constants.

Proof We substitute the solution u(z) of Problem P into the coefficients
of equation (1.2). It is clear that (1.2) in this case can be seen as a linear
equation. Firstly, on the basis of Theorem 1.1, there exist two solutions
ψ(z),Ψ(z) of above ProblemD of (1.2) and its homogeneous equation (1.10)
satisfying the estimate (1.12). Thus the function

U(z) = [u(z) − ψ(z)]/Ψ(z) in D, (1.21)

is a solution of the equation

Uzz̄ − Re[QUzz +AUz] = 0, A = A1 − 2(ln Ψ)z̄ + 2Q(lnΨ)z in D, (1.22)
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and w(z) = Uz is a solution of the first order equation

wz̄ =
1

2
[Qwz +Qw̄z̄ +Aw +Aw̄] in D (1.23)

satisfying the boundary condition

1

2
[
∂U

∂ν
+ (ln Ψ)νU ] = r(z) −Re[λ(z)ψz] on Γ∗, i.e.

Re[λ(z)Uz+(lnΨ)νU/2]=r(z)−Re[λ(z)ψz] on Γ∗.

(1.24)

By Lemma 1.3 below, we see that (ln Ψ)ν > 0 on Γ∗, and similarly to
Theorem 1.1 in Chapter I, the last formula in (1.19) can be derived, and
φ(z), ζ(z) and its inverse function z(ζ), χ(z) satisfy the estimates (1.20).

Now we consider the linear homogeneous equation

uzz̄ − Re[Quzz +A1(z)uz] −A2(z)u = 0 in D, (1.25)

and give a lemma.

Lemma 1.3 Let the equation (1.25) in D satisfy Condition C, and

u(z) be a continuously differentiable solution of (1.25) in D. If M =
maxz∈D u(z) ≥ 0, then there exists a point z0 ∈ ∂D, such that u(z0) = M .

If z0 ∈ Γ∗, and u(z) < u(z0) in D̄\{z0}, then

∂u

∂l
= lim

z(∈l)→z0

u(z0) − u(z)

|z − z0|
> 0, (1.26)

where z (∈ D) approaches z0 along a direction l, such that cos(l, n) > 0,
here n is the outward normal vector at z0 of Γ∗.

Proof From Theorem 2.2, Chapter III, [87]1), we see that the solution
u(z) inD attains its non-negative maximumM at a point z0 ∈ ∂D. There is
no harm in assuming that z0 is a boundary point of ∆ = {|z| < R}, because
we can choose a subdomain (⊂ D) with the smooth boundary and the
boundary point z0, and then make a conformal mapping, this requirement
can be realized. By Theorem 1.1, we find a continuously differentiable
solution Ψ(z) of (1.25) in ∆ satisfying the boundary condition: Ψ(z) =
1, z ∈ ∂∆ = {|z| = R}, and can derive that 0 < Ψ(z) ≤ 1, z ∈ ∆. Due to
V (z) = u(z)/Ψ(z) is a solution of the following equation

LV = Vzz̄ − Re[Q(z)Vzz +A(z)Vz ] = 0,

A(z)=−2(ln Ψ)z̄+2Q(lnΨ)z+A1(z) in ∆,
(1.27)
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it is clear that V (z) < V (z0), z ∈ ∆, and V (z) attains the maximum at the
point z0. Afterwards, we find a continuously differentiable solution Ṽ (z) of
(1.27) in ∆̃ = {R/2 ≤ |z| ≤ R} satisfying the boundary condition

Ṽ (z) = 0, z ∈ ∂∆; Ṽ (z) = 1, |z| = R/2.

It is easy to see that ∂Ṽ /∂s = 2Re[izṼz]/R if |z| = R, ∂Ṽ /∂s =
−4Re[izṼz]/R if |z| = R/2, and

∂Ṽ

∂n
=2

Re[zṼz]

R
, z∈∂∆,

∂Ṽ

∂n
=−4

Re[zṼz]

R
, |z|=

R

2
,

where s, n are the tangent vector and outward normal vector on the bound-
ary ∂∆̃. Noting that W (z) = Ṽz satisfies the equation

Wz̄ − Re[Q(z)Wz +A(z)W ] = 0, z ∈ ∆̃,

and the boundary condition Re[izW (z)] = 0, z ∈ ∂∆̃, and the index of iz
on the boundary ∂∆̃ equals to 0, hence W (z) has no zero point on ∂∆, thus
∂Ṽ /∂n = 2Re[zW (z)/R] < 0, z ∈ ∂∆. The auxiliary function

V̂ (z) = V (z) − V (z0) + εṼ (z), z ∈ ∆̃,

by selecting a sufficiently small positive number ε, such that V̂ (z) < 0 on
|z| = R/2, obviously satisfies V̂ (z) ≤ 0, z ∈ ∂∆. Due to LV̂ = 0, z ∈ ∆̃,
on the basis of the maximum principle, we have

V̂ (z)≤0, z∈∂∆, i.e. V (z0)−V (z) ≥−ε[Ṽ (z0)−Ṽ (z)], z∈∆̃.

Thus at the point z = z0 we have

∂V

∂n
≥ −ε

∂Ṽ

∂n
> 0,

∂u

∂n
= Ψ

∂V

∂n
+ V

∂Ψ

∂n
≥ −ε

∂Ṽ

∂n
+ V

∂Ψ

∂n
> 0.

Moreover, from the conditions cos(l, n) > 0, ∂u/∂n > 0, ∂u/∂s = 0 at the
point z0, where s is the tangent vector at z0, it follows the inequality

∂u

∂l
= cos(l, n)

∂u

∂n
+ cos(l, s)

∂u

∂s
> 0. (1.28)

Theorem 1.4 If equation (1.2) satisfies Condition C and for any uj(z) ∈
C1(D∗), j = 1, 2, uzz ∈ C, the following equality holds:

F (z, u1, u1z, u1zz)−F (z, u2, u2z, u2zz)=−Re[Q̃uzz+Ã1uz]−Ã2u,
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where Lp[Ãj , D̄] < ∞, j = 1, 2, then the solution u(z) of Problem P is

unique.

Proof Suppose that there exist two solutions u1(z), u2(z) of Problem
P for (1.2), we see that u(z) = u1(z) − u2(z) satisfies the homogeneous
equation and boundary conditions

uzz̄ = Re[Q̃uzz +Ã1uz] +Ã2u in D,

1

2

∂u

∂ν
=0, z∈Γ∗, u(−1)=0, u(1)=0.

(1.29)

If the maximum M = maxD̄ u(z) > 0, it is clear that the maximum point
z∗ 6= −1 and 1. On the basis of Lemma 1.3, the maximum of u(z) cannot
attain on Γ∗, because if its maximum M attains at a point z∗ ∈ Γ∗ and
cos(ν, n) > 0 at z∗, from Lemma 1.3, we have ∂u/∂ν > 0 at z∗, this
contradicts the boundary condition in (1.29); if cos(ν, n) = 0 at z∗, denote
by Γ̃ the longest curve of Γ including the point z∗, so that cos(ν, n) = 0
and u(z) = M on Γ̃, then there exists a point z′ ∈ Γ\Γ̃, such that at z′,
cos(ν, n) > 0, ∂u/∂n > 0, cos(ν, s) > 0 (< 0), ∂u/∂s ≥ 0 (≤ 0), hence (1.28)
at z′ holds, it is impossible. This shows z∗ 6∈ Γ. Hence maxD u(z) = 0.
By the similar method, we can prove minD u(z) = 0. Therefore u(z) =

0, u1(z) = u2(z) in D.

Theorem 1.5 Suppose that equation (1.2) satisfies Condition C. Then

the solution u(z) of Problem P for (1.2) satisfies the estimates

Ĉδ [u(z), D̄]=Cβ [u(z), D̄]+Cδ[X(z)uz, D̄]≤M5,

Ĉδ[u(z), D̄] ≤M6(k1 + k2),
(1.30)

where β=min(α, 1−2/p0)/2, X(z)= |z+1|η1|z−1|η2 , ηj =max(−2γj , 0)+4δ,
j = 1, 2, γj (j = 1, 2) are real constants as stated in (1.17), Chapter

I and δ (0 < δ < min(β, τ)) is a sufficiently small positive constant,

and M5 = M5(q0, p0, β, δ, k,D), M6 = M6(q0, p0, β, δ, k0, D) are two non-

negative constants.

Proof We first verify that any solution u(z) of Problem P for (1.2) sat-
isfies the estimate

Ĉ [u,D]=C[u(z), D̄]+C[X(z)uz, D̄]≤M7 =M7(q0, p0, α, k,D). (1.31)

Otherwise, if the above inequality is not true, there exist sequences of
coefficients: {Qm}, {Am

j } (j = 1, 2, 3), {λm}, {rm}, {bmj }(j = 1, 2) sat-
isfying the same conditions of Q,Aj(j = 1, 2, 3), λ, r, bj(j = 1, 2), and
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{Qm}, {Am
j }(j = 1, 2, 3) weakly converge in D to Q0, A0

j (j = 1, 2, 3), and

{λm}, {rm}, {bmj }(j = 1, 2) uniformly converge on Γ∗ to λ0, r0, b0j (j =
1, 2) respectively. Let um is a solution of Problem P for (1.2) corre-
sponding to {Qm}, {Am

j } (j = 1, 2, 3), {λm}, {rm}, {bmj }(j = 1, 2), but

Ĉ[um(z), D] = Hm → ∞ as m → ∞. There is no harm in assuming that
Hm ≥ max[1, k1, k2]. Let Um = um/Hm. It is clear that Um(z) is a solution
of the boundary value problem

Um
zz̄ − Re[QmUm

zz +Am
1 U

m
z ] −Am

2 U
m =

Am
3

Hm
,

1

2

∂Um

∂νm
=
rm(z)

Hm
, z ∈ Γ∗, Um(−1) =

bm0
Hm

, Um(1) =
bm1
Hm

.

From the conditions in the theorem, we have

Lp[A
m
3 /Hm, D̄] ≤ 1, Cα[λm,Γj ] ≤ k0,

Cα[rm(z)/Hm,Γ
∗] ≤ 1, |bmj /Hm| ≤ 1, j = 1, 2.

According to the method in the proof of Theorem 1.3, Chapter I, and
denoting

wm(z) = Um
z , U

m(z) = 2Re

∫ z

−1

wm(z)dz +
bm0
Hm

,

we can obtain that Um(z) satisfies the estimate

Cδ [U
m(z), D̄] + Cδ [X(z)Um

z , D̄] ≤M8, (1.32)

in which M8 = M8 (q0, p0, δ, α, k,D), δ (> 0) are non-negative con-
stants. Hence from {Um(z)} and {X(z)Um

z }, we can choose subsequences
{Umk(z)} and {X(z)Umk

z }, which uniformly converge to U 0(z) andX(z)U0
z

in D̄ respectively, and U0(z) is a solution of the following boundary value
problem

U0
zz̄ = Re[Q0U0

zz +A0
1uz] +A0

2U
0 in D,

∂U0

∂ν
= 0 on Γ∗, U0(−1)=0, U0(1)=0.

By the result in Theorem 1.4, we see that the solution U 0(z) = 0. However,
from Ĉ[Um, D̄] = 1, the inequality Ĉ [U0, D̄] > 0 can be derived. Hence the
estimate (1.31) is true. Moreover, by using the method from Ĉ[Um, D̄] = 1
to (1.32), we can prove the first estimate in (1.30). The second estimate in
(1.30) can be derived from the first one.
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1.3 Existence of solutions of discontinuous oblique

derivative problem for elliptic equations in

upper half-unit disk

Theorem 1.6 If equation (1.2) satisfies Condition C, then Problem P

for (1.2) is solvable.

Proof Noting that the index K = 0, we introduce the boundary value
problem (Problem Pt) for the linear elliptic equation with a parameter
t(0 ≤ t ≤ 1):

Lu=uzz̄−Re[Quzz+A1(z)uz]=G(z, u) +A(z), G(z, u)= tA2(z)u (1.33)

for any A(z) ∈ Lp0
(D̄) and the boundary condition (1.7). It is evident that

when t = 1, A(z) = A3(z), Problem Pt is just Problem P. When t = 0, the
equation in (1.33) is

Lu=uzz̄−Re[Quzz+A1uz]=A(z), i.e. wz̄−Re[Qwz+A1w]=A(z), (1.34)

where w = uz. By Theorem 1.7 below, we see that Problem P for the first
equation in (1.34) has a unique solution u0(z), which is just a solution of
Problem P for equation (1.33) with t = 0. Suppose that when t = t0 (0 ≤
t0 < 1), Problem Pt0 is solvable, i.e. Problem Pt for (1.33) has a unique
solution u(z) such that X(z)uz ∈ Cδ(D̄). We can find a neighborhood
Tε = {|t − t0| < ε, 0 ≤ t ≤ 1, ε > 0} of t0, such that for every t ∈ Tε,
Problem Pt is solvable. In fact, Problem Pt can be written in the form

Lu− t0G(z, u) = (t− t0)G(z, u) +A(z), z ∈ D (1.35)

and (1.7). Replacing u(z) in the right-hand side of (1.35) by a function
u0(z) with the condition X(z)u0z ∈ Cδ(D̄), especially, by u0(z) = 0, it is
obvious that the boundary value problem (1.35), (1.7) then has a unique
solution u1(z) satisfying the condition X(z)u1z ∈ Cδ(D̄). Using successive
iteration, we obtain a sequence of solutions: {un(z)} satisfying the condi-
tions X(z)unz ∈ Cδ(D̄)(n = 1, 2, ...) and

Lun+1 − t0G(z, un+1) = (t− t0)G(z, un) +A(z), z ∈ D,

Re[λ(z)un+1z]=r(z), z∈Γ, un+1(−1)=b0, un+1(1)=b1, n=1, 2, ....

From the above formulas, it follows that
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L(un+1 − un)z̄ − t0 [G(z, un+1) −G(z, un)]

= (t− t0)[G(z, un) −G(z, un−1)], z ∈ D,

Re[λ(z)(un+1z − unz)] = 0, z ∈ Γ,

un+1(−1) −un(−1)=0, un+1(1) −un(1)=0.

(1.36)

Noting that

Lp[(t− t0)(G(z, un)−G(z, un−1)), D̄] ≤ |t− t0|k0Ĉδ [un −un−1, D̄], (1.37)

where Ĉδ [un−un−1,D̄] =Cβ [un−un−1,D̄]+Cδ[X(z)(unz−un−1z),D̄], and
applying Theorem 1.5, we get

Ĉδ [un+1 − un, D̄]≤|t−t0|k0M6Ĉδ [un − un−1, D̄]. (1.38)

Choosing the constant ε so small that 2εk0M6 < 1, it follows that

Ĉδ [un+1 − un, D̄] ≤ Ĉδ [un − un−1, D̄]/2, (1.39)

and when n,m ≥ N0 + 1 (N0 is a positive integer),

Ĉδ [un+1−un, D̄]≤2−N0

∞
∑

j=0

2−jĈδ [u1−u0, D̄]

≤2−N0+1Ĉδ [u1 − u0, D̄].

(1.40)

Hence {un(z)} is a Cauchy sequence. According to the completeness of
the Banach space Ĉδ(D̄), there exists a function u∗(z) ∈ Ĉδ(D̄), so that
Ĉδ [un − u∗, D̄] → 0 for n → ∞. From (1.40), we can see that u∗(z) is
a solution of Problem Pt for every t ∈ Tε = {|t − t0| ≤ ε}. Because the
constant ε is independent of t0 (0 ≤ t0 < 1), therefore from the solvability
of Problem Pt when t = 0, we can derive the solvability of Problem Pt when
t = ε, 2ε, ..., [1/ε] ε, 1. In particular, when t = 1 and A(z) = A3(z), Problem
P1 for the linear case of equation (1.2) is solvable.

Next, we discuss the nonlinear equation (1.2) satisfying Condition C,
but we first assume that the coefficients Q = 0, Aj(j = 1, 2, 3) = 0 in
Dm = {z ∈ D̄, dist(z,Γ′) < 1/m}, here m (≥ 2) is a positive integer,
namely consider

uzz̄ = Re[Qmuzz +Am
1 uz] +Am

2 u+Am
3 in D, (1.41)
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where

Qm =

{

Q(z, u, uz),

0,
Am

j =

{

Aj(z, u, uz)

0
in







D̃m =D\Dm

Dm







, j=1, 2, 3.

Now, we introduce a bounded, closed and convex set BM in the Banach
space B = Ĉδ(D̄), any element of which satisfies the inequality

Ĉδ [u(z), D̄] ≤M5, (1.42)

where M5 is a non-negative constant as stated in (1.30). We are free to
choose an arbitrary function U(z) ∈ BM and insert it into the coefficients
of equation (1.41). It is clear that the equation can be seen as a linear
equation, hence there exists a unique solution u(z) of Problem P , and by
Theorem 1.5, we see u(z) ∈ BM . Denote by u(z) = S[U(z)] the mapping
from U(z) ∈ BM to u(z), obviously u(z) = S[U(z)] maps BM onto a com-
pact subset of itself. It remains to verify that u(z) = S[U(z)] continuously
maps the set BM onto a compact subset. In fact, we arbitrarily select a
sequence of functions: {Un(z)}, such that Ĉδ [Un(z) − U0(z), D̄] → 0 as
n → ∞. Setting un(z) = S[Un(z)], and subtracting u0(z) = S[U0(z)] from
un(z) = S[Un(z)], we obtain the equation for ũn = un(z) − u0(z):

ũnz̄−Re[Qm(z, Un, Unz)ũnzz+Am
1 (z, Un, Unz)ũnz]−A

m
2 (z, Un, Unz)ũn

=Cn(z, Un, U0, u0), Cn =Ãm
3 −Re[Q̃mu0zz+Ãm

1 u0z]−Ã
m
2 u0,

(1.43)
in which Q̃m = Qm(z, Un, Unz) − Qm(z, U0, U0z), Ã

m
j = Am

j (z, Un, Unz) −
Am

j (z, U0, U0z), j = 1, 2, 3, and the solution ũn(z) satisfies the homogeneous
boundary conditions

Re[λ(z)uz] = 0, z ∈ Γ∗ = Γ\Z, u(−1) = 0, u(1) = 0. (1.44)

Noting that the function Cn = 0 in Dm, according to the method in the
formula (2.43), Chapter II, [87]1), we can prove that

Lp0
[Cn, D̄] → 0 as n→ ∞.

On the basis of the second estimate in (1.30), we obtain

Ĉδ [un(z) − u0(z), D̄] ≤M6Lp0
[Cn, D̄], (1.45)

thus Ĉδ [un(z) − u0(z), D̄] → 0 as n → ∞. This shows that u(z) = S[U(z)]
in the set BM is a continuous mapping. Hence by the Schauder fixed-point
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theorem, there exists a function u(z) ∈ BM , such that u(z) = S[u(z)], and
the function u(z) is just a solution of Problem P for the nonlinear equation
(1.41).

Finally we cancel the conditions: the coefficients Q = 0, Aj = 0 (j =
1, 2, 3) in Dm = {z, dist(z,Γ′) < 1/m}. Denote by um(z) a solution of
Problem P for equation (1.41). By Theorem 1.5, we see that the solu-
tion satisfies the estimate (1.30). Hence from the sequence of solutions:
um(z),m = 2, 3, ..., we can choose a subsequence {umk(z)}, for convenience
denote {umk(z)} by {um(z)} again, which uniformly converges to a func-
tion u0(z) in D̄, and u0(z) satisfies the boundary condition (1.7) of Problem
P . At last we need to verify that the function u0(z) is a solution of equa-
tion (1.2). Construct a twice continuously differentiable function gn(z) as
follows

gn(z) =

{

1 z ∈ D̃n =D̄\Dn,

0, z ∈ D2n,
0 ≤ gn(z) ≤ 1 in Dn\D2n, (1.46)

where n(≥ 2) is a positive integer. It is not difficult to see that the function
um

n (z) = gn(z)um(z) is a solution of the following Dirichlet boundary value
problem

um
nzz̄ − Re[Qmum

nzz] = Cm
n in D, (1.47)

um
n (z) = 0 on Γ∗, (1.48)

where

Cm
n = gn[Re(Am

1 u
m
z ) +Am

2 u
m +Am

3 ]

+um[gnzz̄−Re(Qmgnzz)]+2Re[gnzu
m
z̄ −Qmgnzu

m
z ].

(1.49)

By using the method in the proof of Theorem 1.5, we can obtain the esti-
mates of um

n (z) = um(z) in D̃n, namely

C1
β [um

n , D̃n] ≤M9, ||u
m
n ||W 2

p0
(D̃n) ≤M10, (1.50)

where β = min(α, 1−2/p0)/2, 2< p0 ≤ p,Mj =Mj(q0, p0, α, k0, k1,M
′
n, gn,

Dn), j = 9, 10, here M ′
n = max1≤m<∞C1,0[um, D̃2n]. Hence from {um

n (z)},
we can choose a subsequence {unm(z)}, such that {unm(z)}, {unmz(z)}
uniformly converge to u0(z), u0z(z) and {unmzz(z)}, {unmzz̄(z)} weakly
converge to u0zz(z), u0zz̄(z) in D̃n, respectively. For instance, we take n =
2, um

2 (z) = um(z) in D̃2, {u
m
2 (z)} has a subsequence {um2(z)} in D̃2, the

limit function of which is u0(z) in D̃2. Next, we take n = 3, from {um
3 (z)}

we can select a subsequence {um3(z)} in D̃3, the limit function is u0(z) in
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D̃3. Similarly, from {um
n (z)}(n > 3), we can choose a subsequence {umn(z)}

in D̃n and the limit of which is u0(z) in D̃n. Finally from {um
n (z)} in

D̃n, we choose the diagonal sequence {umm(z)} (m = 2, 3, 4, ...), such that
{umm(z)}, {ummz(z)} uniformly converge to u0(z), u0z(z) and {ummzz(z)},
{ummzz̄(z)} weakly converge to u0zz(z), u0zz̄(z) in any closed subset of D
respectively, the limit function u(z) = u0(z) is just a solution of equation
(1.2) in D.

Theorem 1.7 If equation (1.2) with A2(z) = 0 satisfies Condition C,

then Problems Q and P for (1.2) have a unique solution.

Proof According to the proof of Theorem 1.3 in Chapter I, we choose
D′ = D,n = m = 2, z1 = −1, z2 = 1 and K = 0, the second linear equation
in (1.34) with A(z) = A3(z) has a unique solution w0(z), and the function

u0(z) = 2 Re

∫ z

−1

w0(z)dz + b0 (1.51)

is a solution of Problem Q for the first linear equation in (1.34). If u0(1) =
b′1 = b1, then the solution is just a solution of Problem P for the linear
equation (1.2) with A2(z) = 0. Otherwise, u0(1) = b′1 6= b1, we find a
solution u1(z) of Problem Q with the boundary conditions

Re[λ(z)u1z] = 0 on Γ, Im[λ(z)u1z]|z=0 = 1, u1(−1) = 0.

On the basis of Theorem 1.4, it is clear that u1(1) 6= 0, hence there exists a
real constant d 6= 0, such that b1 = b′1 + du1(1), thus u(z) = u0(z) + du1(z)
is just a solution of Problem P for the linear equation (1.2) with A2(z) = 0.
As for the nonlinear equation (1.2) with A2 = 0, the existence of solutions
of Problem Q and Problem P can be proved by the way as stated in the
proof of last theorem.

1.4 The discontinuous oblique derivative problem

for elliptic equations in general domains

In this subsection, let D′ be a general simply connected domain, whose
boundary Γ′ = Γ′

1 ∪ Γ′
2, herein Γ′

1,Γ
′
2 ∈ C2

α(1/2 < α < 1) have two in-
tersection points z′, z′′ with the inner angles α1π, α2π (0 < α1, α2 < 1),
respectively. We discuss the nonlinear uniformly elliptic equation

uzz̄ =F (z, u, uz, uzz), F =Re[Quzz+A1uz]+A2u+A3, z ∈ D′, (1.52)
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in which F (z, u, uz, uzz) satisfy Condition C in D′. There are m points
Z = {z1 = z′ ..., zn = z′′, ..., zm} on Γ′ arranged according to the positive
direction successively. Denote by Γj the curve on Γ′ from zj−1 to zj , j =
1, 2, ...,m, z0 = zm, and Γj(j = 1, 2, ...,m) does not include the end points.

Problem P ′ The discontinuous oblique derivative boundary value prob-
lem for (1.52) is to find a continuous solution w(z) in D∗ = D′\Z satisfying
the boundary condition:

1

2

∂u

∂ν
=Re[λ(z)uz]=r(z), z∈Γ∗=Γ′\Z, u(zj)=bj , j=0, 1, ..., 2K+1, (1.53)

where cos(ν, n) ≥ 0, λ(z), r(z) are given functions satisfying

Cα[λ(z),Γj ]≤k0, Cα[Rj(z)r(z),Γj ]≤k2, |bj |≤k2, j=0, 1, ..., 2K+1, (1.54)

in which α (1/2 < α < 1), k0, k2 are non-negative constants, Rj(z)
= |z − zj−1|

βj−1 |z − zj |
βj , and assume that (βj + γj)/β < 1, β =

α0 min(α, 1 − 2/p0), βj (< 1, j = 1, ...,m) are non-negative constant, and
α0 = min(α1, α2). Problem P ′ with A3(z) = 0 in D, r(z) = 0 on Γ′ is
called Problem P ′

0. Similarly to Subsection 1.1, if cos(ν, n) 6≡ 0 on each
of Γj(j = 1, ...,m), we can choose −1/2 ≤ γj < 1/2 (j = 1, ...,m) and the
index K ≥ 0 of Problem P ′, which are defined as that in Section 1, Chapter
I. If A2 = 0 in D, the point conditions in (1.53) can be replaced by

u(z0)=b0, Im[λ(z)uz]|z=z′

j
=bj , j=1, ..., 2K + 1. (1.55)

Here z′j(6∈ Z, j = 1, ..., 2K + 1) ∈ Γ′ are distinct points and the condition
cos(ν, n) ≥ 0 on Γ′ can be cancelled. This boundary value problem is called
Problem Q′.

Applying a similar method as before, we can prove the following theorem.

Theorem 1.8 Let equation (1.52) in D′ satisfy Condition C similar to

before. Then Problem P ′ and Problem Q′ for (1.52) are solvable, and the

solution u(z) can be expressed by (1.19), but where β = α0 min(α, 1−2/p0).
Moreover, if Q = 0 in D′, then the solution u(z) of equation (1.52) possesses

the form in (1.19), where w(z) = 2Ψ(z)Re
∫ z

z0

Φ(z)eφ(z)dz + ψ(z) and u(z)
satisfies the estimate

Ĉδ [u,D′]=Cδ [u(z), D′]+Cδ[X(z)w(z), D′]≤M11, (1.56)

in which M11 = M11(p0, δ, k,D
′) is a non-negative constant, and X(z) is

given as

X(z)=

m
∏

j=2,j 6=n

|z−zj|
ηj |z−z1|

η1/α1 |z−zn|
ηn/α2 , (1.57)
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where ηj = 2δ if γj ≥ 0 and ηj = −γj + 2δ if γj < 0 (1 ≤ j ≤ m). Besides

the solution of Problem P ′ and Problem Q′ for (1.52) are unique, if the

following condition holds: For any real functions uj(z) ∈ C1(D∗), Vj(z) ∈
Lp0

(D∗)(j = 1, 2), the equality

F (z, u1, u1z, V1) − F (z, u1, u1z, V2) = Re[Q̃(V1 − V2)

+Ã1(u1 − u2)z ] + Ã2(u1 − u2) in D′,

holds, where |Q̃| ≤ q0 in D′, Ã1, Ã2 ∈ Lp0
(D′).

Proof We first consider the case of A2 = 0 in (1.52). It is clear that
Problem Q′ for (1.52) with A2 = 0 is equivalent to Problem A′ for the
complex equation

wz̄ = Re[Qwz + A1w] +A3 (1.58)

with the boundary conditions

Re[λ(z)w(z)]=r(z), z∈Γ∗, Im[λ(z′j)w(z′j)]=bj ,

j = 1, ..., 2K + 1,
(1.59)

and the relation

u(z) = 2Re

∫ z

z0

w(z)dz + b1 in D′. (1.60)

From Theorem 1.3, Chapter I, we see that Problem A′ for (1.58) has a
solution w(z), and u(z) in (1.60) is the solution of ProblemQ′ for (1.52) with
A2 = 0. Next let u0(z) be a solution of Problem Q′ for the linear equation
(1.52) with A2 = 0, if u0(z) satisfies the point conditions in (1.53), then
the solution is also a solution of Problem P ′ for the equation. Otherwise
we can find 2K + 1 solutions uk(z) (k = 1, ..., 2K + 1) of Problem Q′ for
the homogeneous equation of (1.52) satisfying the boundary conditions

Re[λ(z)ukz]=0, z∈Γ∗, Im[λ(z)ukz ]|z=z′

j
=δjk,

j = 1, ..., 2K + 1, un(z0) = 0,

and 2K + 1 real constants dk (k = 1, ..., 2K + 1), such that

u(z) = u0(z) +

2K+1
∑

k=1

dkwk(z)

is a solution of Problem P ′ for (1.52) with A2 = 0. Moreover by using
the method of parameter extension and the Schauder fixed-point theorem,
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which are similar to the proof of Theorem 1.6, we can find a solution of
Problem P ′ for the general equation (1.52). Besides we can also prove the
other part of the theorem (see [86]33),[92]6)).

2 The Mixed Boundary Value Problem for Degenerate

Elliptic Equations of Second Order

Many authors posed and discussed some boundary value problems, mainly
the Dirichlet problem and mixed boundary value problem for second or-
der elliptic equations with parabolic degeneracy, for instance [22], [23]1),
[65], [82] and so on. In this section we mainly discuss the mixed boundary
value problem for the degenerate elliptic equations of second order. We first
give a priori estimates of solutions of the boundary value problem for the
equations, and then by using the above estimates of solutions and the com-
pactness principle, the existence of solutions for the above mixed boundary
value problem is proved, which will be used to solving Tricomi problem
for second order equations of mixed type. By using the similar method, we
can discuss some oblique derivative problem for the above elliptic equations
(see Section 3 below).

2.1 Formulation of mixed boundary value problem

for degenerate elliptic equations of second order

Let D be a simply connected bounded domain in the complex plane C with
the boundary ∂D = Γ∪γ, where Γ (∈ C2

µ, 0 < µ < 1) is a curve in the upper-
half plane with the end points z = −1, 1, and γ = {−1 < x < 1, y = 0},
later on we sometimes simply write γ = (−1, 1). We consider the linear
elliptic equation of second order with parabolic degenerate line

Lu=K(y)uxx+uyy+a(x, y)ux+b(x, y)uy+c(x, y)u=−d(x, y) in D. (2.1)

Denote H(y) =
√

K(y), K(y) = ymh(y), m is a positive number and h(y)
is a continuously differentiable positive function in D. Suppose that the
coefficients of (2.1) satisfy Condition C, namely

L∞[a,D], L∞[b,D], L∞[c,D]≤k0, L∞[d,D] ≤ k1, c ≤ 0 in D. (2.2)

If the above conditions are replaced by

Cα[a,D], Cα[b,D], Cα[c,D]≤k0, Cα[d,D] ≤ k1, c ≤ 0 in D, (2.3)
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in which α (0 < α < 1), k0, k1 are non-negative constants, then the condi-
tions will be called Condition C ′. It is clear that the solution of equation
(2.1) with Condition C is the generalized solution, and the solution of equa-
tion (2.1) with Condition C ′ is the classical solution in D.

If the function K(y) = ym, H(y) = ym/2, here m is as stated before,
then

G(y) =

∫ y

0

H(t)dy =
2

m+ 2
y(m+2)/2 in D,

and the inverse function of Y = G(y) is

y=G−1(Y )=

(

m+2

2

)2/(m+2)

Y 2/(m+2) =JY 2/(m+2) in D.

Denote

W (z)=U+iV=[H(y)ux−iuy]/2=uz̃ =H(y)[ux−iuY ]/2=H(y)uZ ,

W¯̃z = [H(y)Wx + iWy]/2 = H(y)[Wx + iWY ]/2 = H(y)WZ ,
(2.4)

where Z = x+ iY = x+ iG(y), G′(y) = H(y), we can get

K(y)uxx+uyy =H [Hux−iuy]x+i[Hux−iuy]y−iHyux

= 2{H [U+iV ]x+i[U+iV ]y}−iHyux =4Wz̃−i[Hy/H ]Hux

= 4H(y)WZ−i[Hy/H ]Hux=−[aux+buy+cu+d], i.e.

WZ = {i [Hy/H(y)]H(y)ux−[aux+buy+cu+d]}/4H(y)

= {[iHy/H−a/H ](W+W )−ib(W−W )−cu−d}/4H(y)

= [A1(z)W+A2(z)W+A3(z)u+A4(z)]/H(y)=g(Z)/H(y),

(2.5)

where

A1(z) =
1

4
[
iHy

H
−

a

H
− ib], A3(z) = −

c

4
,

A2(z) =
1

4
[
iHy

H
−

a

H
+ ib], A4(z) = −

d

4
.

Obviously the complex equation

Wz̃ = 0 in D, i.e. WZ = 0 In DZ , (2.6)

is a special case of equation (2.5).
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The mixed boundary value problem for equation (2.1) may be formulated
as follows:

Problem M Find a real continuous solution u(z) of (2.1) in D, where
ux, uy are continuous in D∗ = D\T , and satisfy the boundary conditions

u(z) = φ(x) on Γ, uy = r(x) on γ, (2.7)

where T = {a1, a2} (a1 = t1 = −1, a2 = t2 = 1), and the known functions
φ(z), r(x) satisfy the conditions

C2
α[φ(z),Γ] ≤ k1, C

1
α[r(x), γ] ≤ k1. (2.8)

Problem M with the conditions d(z) = 0, z ∈ D̄, φ(z) = 0 on Γ and
r(z) = 0 on γ will be called Problem M0.

Now we give some explanations about the domain DZ . As stated in
Section 2, Chapter I, denote by t1 = −1, t2 = 1 the corner points of D, and
if the inner angle αjπ ofD at the point z = tj(1 ≤ j ≤ 2) is greater than π/2
and not greater than π, i.e. the slopes ∂y/∂x of the boundary Γ at z = t1, t2
are satisfied the conditions −∞ < ∂y/∂x ≤ 0, 0 ≤ ∂y/∂x <∞ respectively,
then ∂Y/∂x = (∂Y/∂y)(∂y/∂x) = H(y)∂y/∂x = 0 at Z = tj (j = 1, 2), i.e.
the inner angles of DZ are equal to π at Z = tj (j = 1, 2). If the slopes
of the boundary Γ at z = t1, t2 are satisfied the conditions 0 ≤ ∂y/∂x <
∞, −∞ < ∂y/∂x ≤ 0 respectively, then ∂Y/∂x = (∂Y/∂y)(∂y/∂x) =
H(y)∂y/∂x = 0 at Z = tj(j = 1, 2), i.e. the inner angles of DZ are equal to
0 at Z = tj (j = 1, 2). Besides we can also discuss the case of other slopes.
1. We first consider the case: the inner angles of D at z = t1 = −1, t2 = 1
are satisfied the conditions αjπ (1/2 < αj ≤ 1, j = 1, 2). In this case, from
the mixed boundary condition (2.7), if φ = φ(x) on Γ near z = ±1, we
can find the derivative according to the parameter s = Rez = x on Γ, and
obtain

us =uxxs+uyys =φ′(x)xs, i.e. H(y)ux+H(y)uyyx

= H(y)φ′(x) on Γ near x = −1,

us =uxxs+uyys =φ′(x)xs, i.e. H(y)ux+H(y)uyyx

= H(y)φ′(x) on Γ near x = 1,

(2.9)

then the complex form of (2.9) can be written as

Re[λ(z)(U+iV )]=Re[λ(z)(H(y)ux−iuy)]/2=R(z) on Γ ∪ γ, (2.10)

where −yx|x=−1 = −dy/dx|x=−1, yx|x=1 =dy/dx|x=1 are positive numbers,
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H(0)yx|x=±1 =0, H(y)yx→0 as z(∈ Γ) → ±1, and

λ(z)=















1−iH(y)yx,

1−iH(y)yx,

i,

R(z)=















R1(z) on Γ near z=−1,

R2(z) on Γ near z = 1,

−r(x)/2 = R3(x) on γ,

where R1(z) =H(y)φ′(x)/2, R2(z) =H(y)φ′(x)/2. Denote t1 =−1, t2 = 1,
we have

eiφ1 =
λ(t1−0)

λ(t1+0)
=e−πi−πi/2 =e−3πi/2, γ1 =

−3π/2

π
−K1=−

1

2
,K1 =−1,

eiφ2 =
λ(t2−0)

λ(t2+0)
= eπi/2−πi = e−πi/2, γ2 = −

π/2

π
−K2 = −

1

2
,K2 = 0,

(2.11)
hence the index of λ(z) on Γ ∪ γ is K=(K1+K2)/2=−1/2.

2. Next the inner angle of D at z = −1 is α1π (0 ≤ α1 < 1/2), and the
inner angle of D at z = 1 is α2π (0 ≤ α2 < 1/2). In this case, the mixed
boundary conditions can be written as in (2.7)-(2.10), and we can compute
the numbers

eiφ1 =
λ(t1−0)

λ(t1+0)
=e0πi−πi/2 =e−πi/2, γ1 =

−π/2

π
−K1=

1

2
, K1 =−1,

eiφ2 =
λ(t2−0)

λ(t2 + 0)
= eπi/2−0πi = eπi/2, γ2 =

π/2

π
−K2 =

1

2
,K2 = 0,

hence the index of λ(z) on Γ ∪ γ is K = (K1+K2)/2 =−1/2. If we con-
sider φ = φ(s) on Γ, noting ds =

√

(dx)2 + (dy)2 =
√

1 + (dy/dx)2|dx| =
√

1 + (dx/dy)2|dy|, it suffices to replace the above function H(y)φ′(x) by

H(y)
√

1 + (dy/dx)2φ′(s).

3. The inner angles of D at z = t1 = −1, t2 = 1 are equal to π/2
and whose slopes equal αj/H(y) (0 < |αj | < ∞, j = 1, 2). In this case,
the mixed boundary conditions are as stated in (2.7), and we have (2.9),
(2.10), where H(y)∂y/∂x|z=−1 = α1, H(y)dy/dx|x=1 = α2, and the func-
tions λ(z), R(z) are as follows

λ(z)=















1−iα1,

1−iα2,

i,

R(z)=















H(y)φ′(x)/2 on Γ near z = −1,

H(y)φ′(x)/2 on Γ near z = 1,

−r(x)/2 = R3(x) on γ,

moreover we have
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eiφ1 =
λ(t1−0)

λ(t1+0)
=e−i tan−1 α1−πi/2,−

1

2
≤γ1 =−

tan−1 α1 + π/2

π

−K1 =
1

2
−

tan−1 α1

π
≤

1

2
, K1 = −1, α1 ≥ 0,

eiφ2 =
λ(t2−0)

λ(t2+0)
=eπi/2−i tan−1(−α2),−

1

2
≤ γ2 =

π/2 − tan−1(−α2)

π

−K2 =
1

2
−

tan−1(−α2)

π
≤

1

2
, K2 = 0, α2 ≤ 0,

and if α1 ≤ 0, then the above number − tan−1 α1 should be replaced by
−π+tan−1(−α1), and if α2 ≥ 0, then the above number tan−1(−α2) should
be replaced by π − tan−1 α2, here tan−1 αl is the main value of Tan−1αl

satisfying the condition 0 ≤ tan−1 αl ≤ π/2 (1 ≤ l ≤ 2), hence the index of
λ(z) on Γ ∪ γ is K=(K1+K2)/2=−1/2.

4. Finally the inner angles of D at z = t1 = −1, t2 = 1 are equal to π/2,
and limz(∈Γ)→tj

xy/H(y) = 0 (j = 1, 2), which includes xy = 0 and H2(y)
near Z = tj(j = 1, 2). In this case, the mixed boundary condition is as
follows:

u(z) = φ(z) on Γ, uy = r(x) on γ, (2.12)

where φ(z), r(x) satisfy the conditions

C2
α[φ(z),Γ] ≤ k2, C

1
α[r(x), γ] ≤ k2, (2.13)

in which α (0 < α < 1), k2 are non-negative constants. If φ(z) = φ(y) on Γ
near z = ±1, we find the derivative for (2.12) according to the parameter
s = Imz = y on Γ, and obtain

us =uxxy+uy =H(y)uxxy/H(y)+uy =φ′(y), i.e.

H(y)uxxy/H(y) + uy =φ′(y) on Γ near x = −1,

us =uxxy+uy =H(y)uxxy/H(y)+uy =φ′(y), i.e.

−H(y)uxxy/H(y)−uy =−φ′(y) on Γ near x=1,

then the complex form of the above formula can be written as

Re[λ(z)(U+iV )]=Re[λ(z)(H(y)ux−iuy)]/2=R(z) on Γ ∪ γ,
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in which

λ(z)=















xy/H(y)−i,

−xy/H(y)+i,

i,

R(z)=















φ′(y)/2 on Γ at z = −1,

−φ′(y)/2 on Γ at z = 1,

−r(x)/2 = R3(x) on γ.

Denote z = t1 =−1, t2=1, we have

eiφ1 =
λ(t1−0)

λ(t1+0)
=e−πi/2−0πi =e−πi/2, γ1 =

−π/2

π
−K1=−

1

2
,K1 = 0,

eiφ2 =
λ(t2−0)

λ(t2+0)
=e0πi−πi/2 =e−πi/2, γ2 =

−πi/2

π
−K2=−

1

2
, K2 = 0,

(2.14)
where we consider

Re[λ(x)W (z)] = 0, λ(x) = 1 on γ,

hence the index of λ(z) on Γ ∪ γ is K = (K1 +K2)/2 = 0. If we choose
γ1 = 1/2, γ2 = −1/2, K1 = −1,K2 = 0, then K = −1/2. If we consider
the boundary condition

Re[λ(x)(U + iV )] = R(x), λ(x) = i = eiπ/2 on γ,

then the corresponding numbers γ1 = γ2 = 0, and K1 = −1, K2 = 0, K =
−1/2. Later on the index K = 0 or −1/2 will be chosen according to our
requirement.

We can assume that the boundary the Γ of the domain D is a smooth
curve with the form x−G(y) = −1, x+G(y) = 1 near the points z = −1, 1
respectively as stated in Chapter I. Actually we can discuss any other case,
for instance the boundary Γ is a smooth curve with the form x − G̃(y) =
−1, x+ G̃(y) = 1 are two curves vertical to the axis Imz = 0 at z = −1, 1
respectively, which can be seen as in the last part of Section 5 below. But
more simply we can use the method of conformal mappings as follows.

Later on we can give the estimate of solutions of Problem M in the
neighborhood of every corner point Z = tj (1 ≤ j ≤ 2) of DZ separately.
Because for equation (2.5) we can give a conformal mapping ζ = ζ(Z),
which maps the domain DZ onto Dζ such that the line segment γ = (−1, 1)
on the real axis and boundary points −1, 1 are mapped onto themselves
respectively, and the boundary ∂Dζ\γ (∈ C1

α) is a curve with the form

Re ζ = ∓1± G̃(Imζ) including the line segments Reζ = ∓1 near the points
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ζ = ∓1 respectively. Denote by Z = Z(ζ) the inverse function of ζ = ζ(Z),
thus equation (2.5) is reduced to

Wζ = g[Z(ζ)]Z ′(ζ)/H(y), i.e.

Wζ =[A1(z)w+A2(z)w+A3(z)]Z ′(ζ)/H(y) in Dζ .
(2.15)

It is not difficult to see that if the inner angle of the boundary ∂Dζ in
z−plane at z = −1 or 1 is greater that π/2, then Z ′(ζ) has a zero point
of order α1 ≤ 1 at the point; and if the inner angle of D is less than π/2,
then in general Z ′(ζ) has a pole of order α2 ≤ 1 at the point. Through
the above conformal mapping ζ = ζ(Z), the index K of λ[Z(ζ)] on ∂Dζ

is unchanged. In this case we can choose an appropriate function X(ζ) as
stated below, and multiply it on the both sides of equation (2.15), thus the
equation (2.15) is transformed into the form

[X(ζ)W ]ζ = X(ζ)g[Z(ζ)]Z ′(ζ)/H(y), i.e.

[X(ζ)W ]ζ =X(ζ)[A1(z)w+A2(z)w+A3(z)]Z ′(ζ)/H(y) in Dζ ,
(2.16)

the index of the boundary condition of the new function X(Z)W (Z) maybe
increase, but we can add some point conditions such that the solution of
Problem M is unique. Hence later on we can only consider equation (2.5)
(or (2.16)), and suppose that these equations satisfy Condition C in DZ

(or Dζ) and the boundary ΓZ (or Γζ) of the domain DZ (or Dζ) including
the line segments ReZ = tj (or Reζ = tj) (j = 1, 2) near the points Z = tj
(or ζ = tj) (j = 1, 2).

In addition there is no harm in assuming that u(z) = 0 on Γ in (2.10),
because otherwise we can find a twice continuously differentiable function
in D, for instance a harmonic function u0(z) in D satisfying the boundary
conditions u0(z) = φ(z) on Γ, denote

v(z) = u(z) − u0(z),

then the function v(z) is a solution of the equation

Lv=K(y)vxx+vyy+a(x, y)vx + b(x, y)vy

+ c(x, y)v = F (x, y), F = −d− Lu0 in D
(2.17)

satisfying the boundary conditions

v(z) = 0 on Γ, vy = r(x) − u0y on γ, i.e.

Re[λ(z)vz̃ ] = R(z) on Γ ∪ γ, v(−1) = 0,
(2.18)
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in which R(z) = 0 on Γ, and λ(z) is as stated before. In next subsection,
we only discuss the boundary value problem with the boundary condition
Re[λ(z)vz̃ ]=Re[λ(z)W (z)]=0 on Γ.

2.2 Representation of solutions of mixed boundary

value problem for degenerate elliptic equations

The boundary value problem for equation (2.5) with the boundary condition
(2.10) (W (z) = uz̃) and the relation (2.20) below will be called Problem A.
On the basis of the result in [86]9) and the way in the proof in Theorems
1.4 and 1.6, we can find a unique solution of Problem A for equation (2.6)
in D.

Now, we give the representation of solutions for the mixed boundary
value problem (Problem M) for equation (2.1) in D. For this, we first
introduce the Riemann-Hilbert problem (Problem A) for equation (2.5) in
D with the boundary conditions

Re[λ(z)(U + jV )] = R(z) on Γ ∪ γ, u(−1) = φ(−1) = b1, (2.19)

in which λ(z) = a(z) + jb(z) is as stated before, R(z) = 0 on Γ, λ(z) = i
on γ.

The representation of solutions of Problem M for equation (2.1) is as
follows.

Theorem 2.1 Under Condition C, any solution u(z) of Problem M for

equation (2.1) in D can be expressed as follows

u(z)=u(x)−2

∫ y

0

V (z)dy=2Re

∫ z

−1

[
ReW

H(y)
+iImW ]dz+b0 in D,

W (z) = Φ(Z) + Ψ(Z) = Φ̂(Z) + Ψ̂(Z) in DZ ,

Ψ(Z)=2ReTf, Ψ̂(Z) = 2iImTf, Tf = −
1

π

∫ ∫

Dt

f(t)

t−Z
dσt,

(2.20)

where Φ(Z), Φ̂(Z) are analytic functions in DZ , and

f(Z)=
g(Z)

H(y)
=

1

H(y)
[A1(z)W+A2(z)W+A3(z)u+A4(z)] in DZ ,

herein Z = x+ iG(y).
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Proof It is clear that

[Tf ]Z = f(Z), [Tf ]Z = 0, [Φ(Z)]Z = 0, [Φ̂(Z)]Z = 0 in D, (2.21)

the above formulas show that Tf, Φ(Z), Φ̂(Z) are analytic functions in D,
hence we have the representation (2.20) of solutions for equation (2.1).

Now we prove the uniqueness of solutions of Problem M for equation
(2.1).

Theorem 2.2 Suppose that equation (2.1) satisfies Condition C. Then

Problem M for (2.1) has at most one solution in D.

Proof Let u1(z), u2(z) be any two solutions of Problem M for (2.1). It
is easy to see that u(z) = u1(z) − u2(z) and W (z) = uz̃ satisfy the homo-
geneous equation and boundary conditions

uz̃z̃ = A1uz̃ +A2uz̃ +A3u in D,

u(z) = 0 on Γ, uy = 0 on γ.
(2.22)

We shall verify that the above solution u(z) ≡ 0 in D. If the maximum
M = maxD u(z) > 0, it is clear that the maximum point z∗ 6∈ D\γ, here γ =
(−1, 1). If the maximum M attains at a point z∗ = x∗ ∈ γ, from Lemma
2.3 below, we can derive that ux(x∗) = 0, uy(x∗) < 0, this contradicts the
equality in (2.22) on γ. Hence maxD u(z) = 0. By the similar way, we can

prove minD u(z) = 0. Thus u(z) = 0, u1(z) = u2(z) in D. This completes
the proof.

Lemma 2.3 Suppose that equation (2.1) satisfies Condition C and Lu ≥
0 (or Lu ≤ 0) in D, if the solution u(z) ∈ C2(D) ∩ C(D) of (2.1) at-

tains its positive maximum (or negative minimum) at a point x0 ∈ γ, and

maxΓ u(z) < u(x0) (or minΓ u(z) > u(x0)) on Γ, then

lim
y→0

∂u(x0, y)

∂y
< 0 (or lim

y→0

∂u(x0, y)

∂y
> 0). (2.23)

Proof Assume that the first inequality is not true, namely

lim
y→0

∂u(x0, y)

∂y
= M ′ ≥ 0.

Obviously M ′ = 0. Denote M = u(x0), B = maxD̄ |b(z)| and by d the
diameter of D. Thus there exists a small positive constant ε < M such
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that maxΓ u(z) ≤M − ε. Making a function

v(z) = εu(z)/(MeBd − εeBy),

we have

v(z)≤
ε(M − ε)

MeBd−εeBd
<

εM

MeBd−ε
on Γ, v(x)≤v(x0)=

εM

MeBd−ε
on γ.

Noting that Lu ≥ 0, the function v(x, y) satisfies the inequality

K(y)vxx + vyy + a(x, y)vx + b̃(x, y)vy + c̃(x, y)v ≥ 0 in D, (2.24)

where b̃ = b−2εBeBy/(MeBd−εeBy), c̃(x, y) = c−ε(B+b)BeBy /(MeBd−
εeBy) ≤ 0 in D. According to the above assumption, we get

lim
y→0

∂v(x0, y)

∂y
=

ε2BM

(MeBd − ε)2
> 0.

Hence v(x, y) attains its maximum in D, but from (2.24), it is impossible.
This proves the first inequality in (2.23). Similarly the second inequality in
(2.23) can be proved.

2.3 Estimates and existence of solutions of mixed

problem for degenerate elliptic equations

We first consider the uniformly elliptic equation of second order

Kn(y)uxx+uyy+a(x, y)ux+b(x, y)uy+c(x, y)u+d(x, y)=0 in D, (2.25)

where Kn(y) = K(y + 1/n), Hn(y) =
√

Kn(y), K(y) is as stated in (2.1),
n is a positive integer, and equation (2.25) can be satisfied the conditions
similar to Condition C. Denote

Wn(z)=[Hn(y)ux−iuy]/2=uz̃,Wnz̃ =[Hn(y)Wnx+iWny]/2 in D,
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where Z = x + iY, Y = Gn(y) =
∫ y

0
Hn(t)dt, G′

n(y) = Hn(y). Similarly to
(2.4), (2.5), we can derive

Kn(y)uxx+uyy =Hn[Hnux−iuy]x+i[Hnux−iuy]y

−iHnyux = 4Wnz̃ − i[Hny/Hn]Hnux = 4Hn(y)WnZ

−i[Hny/Hn]Hnux = −[aux + buy + cu+ d], i.e.

WnZ ={i[Hny/Hn(y)]Hn(y)ux−[aux+buy+cu+d]}/4Hn(y)

= [An
1 (z)Wn+An

2 (z)Wn+An
3 (z)u+An

4 (z)]/Hn =gn(Z)/Hn in DZ ,
(2.26)

where DZ is the image domain of D with respect to the mapping Z = Z(z).

In the meantime, we consider the corresponding boundary value problem
(Problems Mn) for equation (2.25) with the boundary conditions

Re[λ(z)unz̃] = Rn(z) on Γ ∪ γ, un(−1) = b1, (2.27)

in which λ(z) = a(z) + ib(z) on Γ and λ(x) = 1, Rn(x) = 0 or λ(x) =
i, Rn(x) = −r(x)/2 on γ. It is clear that Problem Mn is equivalent to the
boundary value problem (Problem An), i.e. equation (2.26), the boundary
conditions

Re[λ(z)Wn(z)] = Rn(z) on Γ ∪ γ, un(−1) = b1, (2.28)

and the relation

un(z)=un(x)−2

∫ y

0

ImWn(z)dy=2Re

∫ z

−1

[
ReWn

Hn(y)
+iImWn]dz in D. (2.29)

On the basis of Theorem 1.8, we see that Problem An for (2.26) has a
solution [Wn(z), un(z)] satisfying the estimate

Ĉδ [Wn(z),D]=Cδ [X0(Z)(ReWn/Hn+iImWn),DZ ]+Cδ[un(z),D]≤M0,
(2.30)

where X0(Z) = (Z−t1)
η1(Z−t2)

η2 , ηj = 2τ if γj ≥ 0, and ηj = −2γj +
2τ if γj < 0, τ, δ(< τ) are sufficiently small positive constants, here we
choose a branch of multi-valued function X0(Z) such that argX0(x) = 0
on γ, and M0 = M0(δ, k,H,D, n) is a non-negative constant dependent on
δ, k,H,D, n, and k = (k0, k1, k2). Obviously X0(Z)Wn[z(Z)] satisfies the
complex equation

[X0(Z)Wn]Z = X0(Z)[An
1 (z)Wn +An

2Wn

+An
3 (z)u+An

4 (z)]/Hn =X0(Z)gn(Z)/Hn in DZ ,
(2.31)
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and the boundary conditions

Re[Λ(Z)X0(Z)Wn(z)]= |X0(Z)|Rn(z) on Γ ∪ γ, un(−1)=b1. (2.32)

Noting that

eiφ̃j =
Λ(tj − 0)

Λ(tj + 0)
=
λ(tj − 0)

λ(tj + 0)

ei arg X0(tj−0)

ei arg X0(tj+0)

= ei(φj+ηjπ/2), τj =
φ̃j

π
−Kj , j = 1, 2,

(2.33)

hence τj = γj + τ if γj ≥ 0, and τj = τ if γj < 0 about Λ[z(Z)] =
λ[z(Z)]ei arg X0(Z), which are corresponding to γj (j = 1, 2).

Next we consider the equation

Kn
1 (y)uxx+K2(y)uyy+âux+b̂uy+ĉu+d̂ = 0 in D, (2.34)

in which K2(y) = ym2 ,Kn
1 (y) = K2(y)K(y+1/n), â = K2(y)a, b̂ = K2(y)b,

ĉ = K2(y)c, d̂ = K2(y)d, herein m2(< 1) is a small positive number. Now
we shall give the estimates of solutions of Problem Mn for (2.34) in DZ .
Similarly to (2.5) and (5.11) below, we see that Problem M is equivalent
to Problem An for the complex equation

WZ =[A1(z)W+A2W+A3(z)u+A4(z)]/H1(y) in DZ ,

A1 =
1

4
[−

â

H1
+
iH2H1y

H1
−i

b̂

H2
+iH2y], A3 = −

ĉ

4
,

A2 =
1

4
[−

â

H1
+
iH2H1y

H1
+i

b̂

H2
−iH2y], A4 = −

d̂

4
,

(2.35)

with the boundary condition

Re[λ(z)W (z)]=R(x) on Γ ∪ γ, u(−1) = b1, (2.36)

and the relation

u(z)=u(x)−2

∫ y

0

V (z)dy=2Re

∫ z

−1

[
ReW

H1(y)
+i

ImW

H2(y)
]dz +b1 in D, (2.37)

where H1(y) = ym2/2
√

K1(y + 1/n), H2(y) = ym2/2.

Now we consider the boundary Γ including the line segments Rez = ±1
near z = ±1 respectively and Re[λ(x)W (z)] = 0, λ(x) = 1 on γ, hence



Chapter II Elliptic Complex Equations of Second Order 71

γ1 = γ2 = −1/2, K = 0 as stated in (2.14). Introduce a function

X(Z) =

2
∏

j=1

(Z − tj)
ηj , (2.38)

where t1 = a1 = −1, t2 = a2 = 1, and ηj = 1 (j = 1, 2). Obviously
X(Z)W [z(Z)] satisfies the complex equation

[X(Z)W ]Z = X(Z)[A1(z)W +A2(z)W

+A3(z)u+A4(z)]/H(y)=X(Z)g(Z)/H1(y) in DZ ,
(2.39)

and the boundary conditions

Re[λ̂(z)X(Z)W (z)]= |X(Z)|R(z) on Γ∪γ, u(aj)=bj , j=1, 2, (2.40)

where R(z) = 0 on Γ, b1 = φ(−1), b2 = φ(1) are real constants, as stated
before we can assume that R(z) = 0 on Γ and b1 = b2 = 0. It is easy to see
that

eiφ̃j =
λ̂(tj − 0)

λ̂(tj + 0)
=
λ(tj − 0)

λ(tj + 0)

ei arg X(tj−0)

ei arg X(tj+0)

= ei(φj+ηjπ/2), τj =
φ̃j

π
−K̃j , j = 1, 2,

(2.41)

here τj (j = 1, 2) corresponding to λ̂[z(Z)] = λ[z(Z)]ei arg X(Z) are equal

to 0, K̃1 = 0, K̃2 = 0, and the index K̃ = 0. Hence we have two point
conditions in (2.40), which is similar to the manner as stated in Section 1.

Theorem 2.4 Let equation (2.1) satisfy Condition C. Then any solution

of Problem An for (2.35) − (2.40) satisfies the estimate

Ĉδ [W (z), D]=Cδ [X(Z)(ReW/H1+iImW/H2), DZ ]

+Cδ[u(z), D] ≤M1, Ĉδ [W (z), D] ≤M2(k1 + k2),
(2.42)

in which X(Z) is as stated in (2.38), and δ is a sufficiently small positive

constant, M1 = M1(δ, k,H,D), M2 = M2(δ, k0, H,D) are non-negative

constants, and H = (H1, H2), k = (k0, k1, k2).

Proof We first assume that any solution [W (z), u(z)] of Problem An

satisfies the estimate

Ĉ[W (z), D]=C[X(Z)(ReW/H1+iImW/H2), DZ ]+C[u(z), D]≤M3, (2.43)
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in which M3 is a non-negative constant. Substituting the solution
[W (z), u(z)] into equation (2.35) and noting ReX(Z)W (Z) = 0 on γ, b1 =
b2 = 0, we can extend the function X(Z)W [z(Z)] onto the symmetrical
domain D̃Z of DZ with respect to the real axis ImZ = 0, namely set

W̃ (Z) =

{

X(Z)W [z(Z)] in DZ ,

−X(Z)W [z(Z)] in D̃Z ,

which satisfies the boundary conditions

Re[λ̃(Z)W̃ (Z)]=R̃(Z) on Γ∪Γ̃,

λ̃(Z)=







λ̂[z(Z)],

λ̂[z(Z)],
R̃(Z)=

{

|X(Z)|R[z(Z)] on Γ,

−|X(Z)|R[z(Z)] on Γ̃,

where Γ̃ is the symmetrical curve of Γ about ImZ = 0. It is clear
that the corresponding function u(z) in (2.37) can be extended to the
function ũ(Z), where ũ(Z) = u[z(Z)] in DZ and ũ(Z) = −u[z(Z)] in
D̃Z . Noting Condition C and the condition (2.43), the function f̃(Z) =

X(Z)g(Z)/H(y) in DZ and f̃(Z) = −X(Z)g(Z)/H(y) in D̃Z satisfies the
condition L∞[yτ f̃(Z), D′

Z ] ≤ M4, in which D′
Z = DZ ∪ D̃Z ∪ γ, τ =

max(1 − m1/2 − m2/2, 1 − m2, 0), M4 = M4(δ, k,H,D,M3) is a positive
constant. By using the result in Lemma 2.1, Chapter I, we can see that the
function Ψ̃(Z) = 2iImT f̃ = 2iIm(−1/π)

∫∫

Dt
[f̃(t)/(t−Z)]dσt satisfies the

estimates

Cβ [Ψ̃(Z), DZ ∪ D̃Z ] ≤M5, Ψ̃(Z) − Ψ̃(tj) = O(|Z − tj |
βj ), 1 ≤ j ≤ 2,

in which f̃(Z)=X(Z)f(Z)/H(y), β = (2−m2)/(2+m1−m2)−2δ = βj (1 ≤
j ≤ 2), δ is a constant as stated in (2.42), and M5 = M5(δ, k,H,D,M3) is
a positive constant. On the basis of Theorem 2.1, the solution W̃ (Z) can
be expressed as W̃ (Z) = Φ̃(Z) + Ψ̃(Z), Ψ̃(Z) = 2iImT f̃ , where Φ̃(Z) is an
analytic function in DZ satisfying the boundary conditions

Re[λ̃(Z)Φ̃(Z)]=R̃(Z)−Re[λ̃(Z)Ψ̃(Z)]=R̂(Z) on Γ, u(aj)=0, j=1, 2.

Obviously ReΨ̃(Z) = 0, ReW̃ (Z) = ReΦ̃(Z) in DZ , ReW̃ (x) = ReΦ̃(x)
= X(x)H1(y)ux(x)/2 on γ, there is no harm in assuming that Ψ̃(tj) = 0,

otherwise it suffices to replace Ψ̃(Z) by Ψ̃(Z)− Ψ̃(tj), where the bounded-

ness of Ψ̃(tj) (1 ≤ j ≤ 2) is as stated before. For giving the estimates of

Φ̃(Z) in DZ∩{|Z±1| > ε(> 0)}, from the integral expression of solutions of
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the discontinuous Riemann-Hilbert problem for analytic functions, we can
write the representation of the solution Φ̃(Z) of Problem An for analytic
functions, namely

Φ̃[Z(ζ)] =
X1(ζ)

2πi

[

∫

∂Dt

(t+ ζ)λ̃[Z(t)]R̂[Z(t)]dt

(t− ζ)tX1(t)
+ ic∗

ζ1 + ζ

ζ1 − ζ

]

,

c∗=c0
ζ1−ζ

ζ1+ζ
if K̃=0, and c∗= i

∫

∂Dt

λ̃[Z(t)]R̂[Z(t)]dt

tX1(t)
, if K̃=−

1

2
,

(see [86]11),[87]), where X1(ζ) = Π2
j=1(ζ − tj)

τj , τj (j = 1, 2) are as stated
before, Z = Z(ζ) is the conformal mapping from the unit disk Dζ = {|ζ| <
1} onto the domain DZ , such that the three points ζ = −1, i, 1 are mapped
onto Z = −1, Z0(∈ Γ\{−1, 1}), 1 respectively, and ζ1 is a point on |ζ| = 1,
if K̃ = 0, then the real constant c0 is determined by last one point condition
in the boundary condition. According to the result in [87]1), we see that the
function Φ̃(Z) determined by the above integral in DZ ∩{|Z±1| > ε(> 0)}
is Hölder continuous.

For giving the estimates of X(Z)ux, X(Z)uy in D̃j = Dj ∩ DZ (Dj =
{|Z − tj | < ε(> 0)}), j = 1 or 2 separately, we can locally handle the

problem in Dj (1 ≤ j ≤ 2). We first reduce the function λ̃(Z) = 1 on

Γ′ = Γ ∪ Γ̃ near Z = tj (1 ≤ j ≤ 2). It is sufficient to find an analytic
function S(Z) in Dj ∩D

′
Z satisfying the boundary conditions

ReS(Z)=− arg λ̃(Z) on Γ′ = Γ ∪ Γ̃ near tj , ImS(tj)=0,

and the estimate

Cδ[S(Z), Dj ∩D
′
Z ] ≤M6 = M6(δ, k,H,D,M3) <∞,

then the function ejS(Z)W̃ (Z) is satisfied the boundary condition

Re[eiS(Z)W̃ (Z)]=0 on Γ′ = Γ ∪ Γ̃ near Z= tj (1 ≤ j ≤ 2).

Moreover we symmetrically extend the function W̃ (Z) in D′
Z onto the sym-

metrical domain D∗
Z with respect to ReZ = tj (1 ≤ j ≤ 2), namely let

Ŵ (Z) =







eiS(Z)W̃ (Z) in D′
Z ,

−eiS(Z∗)W̃ (Z∗) in D∗
Z ,

here Z∗ = −(Z−tj) + tj . Actually by the above condition, we may choose
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S(Z) = π/2 when t1 = −1 and S(Z) = −π/2 when t2 = 1, and can get

Cδ [Φ̃(Z), Dε] ≤M7, Cδ[X(Z)ux, Dε] ≤M7, Cδ[X(Z)uy, Dε] ≤M7,

Cδ [ux, D
′
ε] ≤M8, Cδ [uy, D

′
ε] ≤M8,

(2.44)
in which Dε =DZ ∩ {dist(Z, γ) ≥ ε}, D′

ε =DZ ∩ {dist(Z,Γ ∪ Γ̃) ≥ ε}, ε
is arbitrary small positive constant, M7 =M7(δ, k,H,Dε,M3),M8 = M8(δ,
k,H,D′

ε,M3) are non-negative constants. In fact the first three estimates
in (2.44) can be derived by the above integral representation of Φ̃(Z).
In addition from (2.20) and (2.43), W (Z) = [H1(y)ux − iH2(y)uy]/2 =

Φ∗(Z) +Ψ∗(Z) = Φ̂∗(Z) + Ψ̂∗(Z) in DZ , the integral Ψ̂∗(Z) = 2iImTg/H1

over D′
ε is bounded and Hölder continuous in D′

ε, Φ̂∗(Z) in DZ is an an-
alytic function. Noting that ReW (Z) = ReΦ̂∗(Z) = H1(y)ux/2 = 0 on
D′

ε ∩ {Y = 0}, we can extend the function Φ̂∗(Z) from D′
ε onto the sym-

metrical domain D̃′
ε about the real axis ImZ = 0, the extended function

is denoted by Φ̂∗(Z) again, obviously ReΦ̂∗(Z) is a harmonic function in
DZ , thus ReΦ̂∗(Z) = ReW (Z) = H1(y)ux/2 = Y F , here F in D′

ε is Hölder
continuous, and then ux = O(y(2−m2)/2) in D′

ε. Similarly we can derive the
estimate of uy. Hence the last two estimates in (2.44) are true.

Moreover as stated in (2.20), the solution Ŵ (Z) can be also expressed
as Ŵ (Z) = Φ(Z) +Ψ(Z) = Φ̂(Z) +Ψ̂(Z) in D̂′

Z = {D′
Z ∪D∗

Z}∩{Y > 0} as

stated in (2.20), and the corresponding functions Ψ(Z), Ψ̂(Z) in D̂′
Z are also

Hölder continuous, ImΨ(Z) = 0, ReΨ̂(Z) = 0 in D̂′
Z , and Φ∗(Z) = Φ(Z) or

Φ∗(Z) = Φ̂(Z) as an analytic function can be extended in D̂j = Dj ∩ D̂
′
Z

satisfying the boundary conditions in the form

Re[Φ∗(Z)]=R̂(Z) on Γ′ = Γ ∪ Γ̃, u(aj)=0, j=1, 2,

because in the above case λ̃(Z) = 1 on ∂D′
Z near Z = tj (1 ≤ j ≤ 2).

Noting that the analytic function Φ∗(Z) in Dj = {|Z − tj | < ε(> 0)}

satisfies the condition Φ∗(Z) = O(|Z − tj |) near Z = tj in D̂j , it is clear

that ImΦ(Z) = ImŴ (Z) and ReΦ̂(Z) = ReŴ (Z) extended are harmonic
functions in D̂′

Z , and ReΦ̂(Z), ImΦ(Z) can be expressed as

2ReΦ̂(Z) =

∞
∑

j,k=0

c
(1)
jk X

jY k, 2ImΦ(Z) =

∞
∑

j,k=0

c
(2)
jk X

jY k

in Dj , here X = x− tj , and we use equation (2.34) and denote

H2(y)=
√

K2(y), H1(y)=
√

Kn
1 (y), W (Z)=[H1(y)ux−iH2(y)uy]/2.
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Denote X(Z)eiS(z) = X̃ + iỸ , where X(Z) is as stated in (2.38). Noting
that

2ReΦ̂(Z)=X̃H1(y)ux+Ỹ H2(y)uy =0

2ImΦ(Z)= Ỹ H1(y)ux−X̃H2(y)uy =0
on ImZ = Y = 0,

we have

2ReΦ̂(Z)=2ReX(Z)Ŵ (Z)=X̃H1ux+Ỹ H2uy =Y F1,

2ImΦ(Z)=2ImX(Z)Ŵ (Z)= Ỹ H1ux−X̃H2uy =Y F2

in D̃j = Dj ∩DZ , where F1, F2 are continuous in Dj (1 ≤ j ≤ 2). From the
system of algebraic equations, we can solve ux, uy as follows

ux = Y H2(y)(X̃F1 + Ỹ F2)/H1(y)H2(y)|X(Z)|2,

uy = Y H1(y)(Ỹ F1 − X̃F2)/H1(y)H2(y)|X(Z)|2, i.e.

X(Z)H1(y)ux = Y (X̃F1 + Ỹ F2)/X(Z),

X(Z)H2(y)uy = Y (Ỹ F1 − X̃F2)/X(Z),

and then

X(Z)ux = O(y(2−m2)/2), X(Z)uy = O(y(2−m2)/2)

can be derived. Thus

Cδ[X(Z)ux, D̃j ]≤M9, Cδ[X(Z)uy, D̃j ]≤M9, 1 ≤ j ≤ 2, (2.45)

in which X(Z), δ are as stated in (2.42), and M9 =M9(δ, k,H,D,M3) is
a non-negative constant. Hence the first estimate in (2.42) is derived, but
the constant M1 is dependent on M3.

Finally we use the reduction to absurdity, suppose that (2.43) is not

true, then there exist sequences of coefficients {A
(m)
j (z)} (j = 1, 2, 3, 4),

{λ(m)(z)}, {R(m)(z)} and {b
(m)
j }(j = 1, 2), which satisfy the same condi-

tions of coefficients of (2.35), (2.36), which are corresponding to those as

in (2.2), (2.8), such that {A
(m)
j (z)}, {λ(m)(z)}, {R(m)(z)}, {b

(m)
j }(j = 1, 2)

in D, Γ, γ weakly converge or uniformly converge to A
(0)
j (z) (j = 1, 2, 3, 4),

λ(0)(z), R(0)(z) and b
(0)
j (j = 1, 2), and the solutions of the corresponding



76 Elliptic, Hyperbolic and Mixed Complex Equations

boundary value problem

W
(m)

z̃
=F (m)(z, u(m),W (m)), F (m)(z, u(m),W (m))

= A
(m)
1 W (m)+A

(m)
2 W (m)+A

(m)
3 u(m)+A

(m)
4 in D,

Re[λ(m)(z)W (z)]=R(m)(z) on Γ ∪ γ, u(m)(aj)=b
(m)
j , j=1, 2,

and

u(m)(z) = u(m)(x) − 2

∫ y

0

V (m)

H2(y)
dy

= 2Re

∫ z

−1

[
ReW (m)

H1(y)
+i

ImW (m)

H2(y)
]dz+b

(m)
1 in D

have the solutions [W (m)(z), u(m)(z)], but Ĉ [W (m)(z), D] (m = 1, 2, ...) are
unbounded, hence we can choose a subsequence of [W (m)(z), u(m)(z)] de-
noted by [W (m)(z), u(m)(z)] again, such that hm = Ĉ[W (m)(z), D] → ∞
as m → ∞, we can assume hm ≥ max[k1, k2, 1]. It is obvious that
[W̃ (m)(z), ũ(m)(z)m] = [W (m)(z)/hm, u

(m)(z)/hm] are solutions of the
boundary value problems

W̃
(m)

z̃
= F̃ (m)(z, ũ(m), W̃ (m)), F̃ (m)(z, ũ(m), W̃ (m))

=A
(m)
1 W̃ (m)+A

(m)
2 W̃ (m)+A

(m)
3 ũ(m)+A

(m)
4 /hm in DZ ,

Re[λ(m)(z)W̃ (m)(z)]=
R(m)(z)

hm
on Γ∪γ,ũ(m)(aj)=

b
(m)
j

hm
, j=1, 2,

(2.46)
and

ũ(m)(z) =
u(m)(x)

hm
− 2

∫ y

0

Ṽ (m)

H2(y)
dy

=2Re

∫ z

−1

[
ReW̃ (m)

H1(y)
+i

ImW̃ (m)

H2(y)
]dz+

b
(m)
1

hm
in D.

We can see that the functions in above boundary value problems satisfy
the conditions

L∞[H1ReA1/H2,D], L∞[y1−m2/2(Im(A1±A2),D]≤k3,

L∞[A3, D]≤k3, L∞[A4/hm, D] ≤ 1,

Cα[λ(m)(z),Γ] ≤ k3, Cα[r(m)(x)/hm, γ] ≤ 1,

|b
(m)
j /hm| ≤ 1, j = 1, 2,
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where k3 = k3(δ, k,H,D) is a positive constant. From the representation
(2.20), the above solutions can be expressed as

ũ(m)(z)=
u(m)(x)

hm
−2

∫ y

0

Ṽ (m)dy

= 2Re

∫ z

−1

[
ReW̃ (m)

H1(y)
+i

ImW̃ (m)

H2(y)
]dz+

b
(m)
1

hm
in D,

W̃ (m)(Z)=Φ̃(m)(Z)+Ψ̃(m)(Z),

Ψ̃(m)(Z)=−Re
2

π

∫ ∫

DZ

[

f̃ (m)(t)

t−Z

]

dσt in DZ ,

in which f̃ (m)(Z) = f (m)(Z)/H1(y). Similarly to the proof of (2.43) to
(2.45), and notice that yτf (m)(Z) = yτX(Z)g(m)(Z) ∈ L∞(DZ), we can
verify that

Cβ [2ReT (f̃ (m)(Z)), DZ ] ≤M10,

Re[T (f̃ (m)(Z))−T (f̃ (m)(Z))|Z=tj
]=O(|Z−tj |

βj ), j=1, 2,

in which β, βj (j = 1, 2) are as before, M10 = M10(δ, k,H,D) is a non-
negative constant, and we can obtain the estimate

Ĉδ [W̃
(m)(Z), DZ ] ≤M11 = M11(δ, k,H,D).

Hence from the sequence {X(Z)[ReW̃ (m)(z)/H1(y)+ iImW̃ (m)(z)/H2(y)]}
and the corresponding sequence {ũ(m)(z)}, we can choose the subsequences
denoted by {X(Z) [ReW̃ (m)(z)/H1(y) + iImW̃ (m)(z)/H2(y)]}, {ũ

(m)(z)}
again, which in the closed domain D uniformly converge to the functions
X(Z) [ReW̃ (0)(z)/H1(y)+ iImW̃ (0)(z)/H2(y)], ũ

(0)(z) respectively, it is ob-
vious that [W̃ (0)(z), ũ(0)(z)] is a solution of the homogeneous problem of
Problem An, namely which satisfies the homogeneous equation of (2.35)
and the homogeneous boundary conditions of (2.40). On the basis of The-
orem 2.2, the solution W̃ (0)(z) = 0, ũ(0)(z) = 0 in D, however, from
Ĉ[W̃ (m)(z), D] = 1, we can derive that there exists a point z∗ ∈ D, such
that Ĉ [W̃ (0)(z∗), D] = 1, it is impossible. This shows the first estimate in
(2.42) is true. Moreover it is not difficult to verify the second estimate in
(2.42).

Theorem 2.5 Suppose that equation (2.1) satisfy Condition C. Then

there exists a solution of Problem M for equation (2.1).
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Proof From the estimates of solutions un(z) of Problem Mn for equation
(2.34), we can choose a subsequence of {un(z)}, which uniformly converges
to u∗(z) in D, and u∗(z) is just a solution of Problem M for equation (2.1).

Next we consider second order quasilinear elliptic equation with
parabolic degeneracy

K(y)uxx+uyy+aux+buy+cu+d=0 in D, (2.47)

where K(y) are as stated in (2.1), and a, b, c, d are real functions of z(∈
D), u, ux, uy (∈ R), its complex form is the following complex equation of
second order

uz̃z̃ − iHyux/4 = F (z, u, uz), F = Re[B1uz̃] +B2u+B3 inD, (2.48)

where Bj = Bj(z, u, uz) (j = 1, 2, 3) and

uz̃ =[H(y)ux−iuy]/2, uz̃z̃ = [H(y)(uz̃)x+i(uz̃)y]/2= iHyux/4

+[K(y)uxx+uyy]/4, B1=−a/2H−ib/2, B2=−c/4, B3=−d/4 in D.

Suppose that equation (2.47) satisfies the following conditions, namely
Condition C

1) For any continuously differentiable function u(z) in D, Bj(z, u, uz)
(j = 1, 2, 3) are measurable in D and satisfy

L∞[HReB1,D], L∞[ImB1,D], L∞[B2,D]≤k0,

L∞[B3, D] ≤ k1, B2 ≥ 0 in D.
(2.49)

2) For any continuously differentiable functions u1(z), u2(z) in D∗ =
D\{−1, 1}, the equality

F (z, u1, u1z)−F (z, u2, u2z)=Re[B̃1(u1−u2)z ]+B̃2(u1−u2) in D

holds, where B̃j = B̃j(z, u1, u2) (j = 1, 2) satisfy the conditions

L∞[HReB̃1, D] ≤ k0, L∞[ImB̃1, D] ≤ k0, L∞[B̃2, D] ≤ k0, (2.50)

in (2.49), (2.50), k0, k1 are non-negative constants. In particular, when
(2.47) is a linear equation, the condition (2.50) obviously holds. Moreover
we formulate the discontinuous mixed boundary value problem for equation
(2.47) as follows.
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Problem M ′ Find a real continuous solution u(z) of (2.1) in D, where
ux, uy are continuous in D∗ = D\T , and satisfy the boundary conditions

u(z) = φ(x) on Γ, uy = r(x) on γ∗ = γ\T, (2.51)

where T = {a1, ..., an}, aj(j = 1, 2, ..., n, a1 = −1 < a2 < ... < an = 1) are
real numbers, γj = (aj−1, aj) (j = 2, ..., n) on the x−axis, and the known
functions φ(z), r(x) satisfy the conditions

C2
α[φ(z),Γ] ≤ k1, C

1
α[r(x), γj ] ≤ k1, j = 2, ..., n. (2.52)

Problem M ′ with the conditions d(z) = 0, z ∈ D̄, φ(z) = 0 on Γ and
r(z) = 0 on γ∗ will be called Problem M ′

0.

By using the similar method, we have the numbers γj (j=1, ..., n), which
are defined by

eiφ1 =
λ(t1−0)

λ(t1+0)
=e−πi/2−0πi =e−πi/2, γ1 =

−π/2

π
−K1=−

1

2
,K1 =0,

eiφj =
λ(tj−0)

λ(tj +0)
=e0πi−0πi =e0πi, γj =

0π

π
−Kj =0,Kj =0, j=2, ..., n−1,

eiφn =
λ(tn−0)

λ(tn+0)
=e0πi−πi/2 =e−πi/2, γn =−

π/2

π
−Kn =−

1

2
,Kn =0,

(2.53)
hence the index of λ(z) on Γ ∪ γ is K = (K1 + · · · +Kn)/2 = 0, where
λ(tl + 0) = λ(tl+1 − 0) = ei0π, l = 1, 2, ..., n − 1, because we consider
Re[λ(z)W (z)] = 0, λ(x) = 1 on γ∗. Now the function X(Z) in (2.38) is
replaced by X(Z) = Πn

j=1(Z−tj)
ηj , ηj = 1 (j = 1, ..., n), and then multiply

the complex equation (2.35) by the function X(Z) and obtain the complex
equation about the function W̃ (Z) = X(Z)W (z) in the form (2.39) and the
boundary condition possesses the form (2.40), it is not difficult to see that
the index K̃ = (n− 2)/2 of λ̃(z) = X(Z)λ(z) on ∂D, because we have the
numbers γ̃j = 0, K̃j = 0, j = 1, n, and γ̃j = 0, K̃j = 1, j = 2, ..., n− 1. In
the proof of Theorem 2.4, the above conditions about j = 1, 2 are replaced
by those about j = 1, ..., n, and the point conditions u(aj) = bj (j = 1, 2)
should be replaced by u(aj) = bj (j = 1, ..., n) respectively, where we can
choose bj = 0 (j = 2, ..., n− 1), then the following theorem can be similarly
proved.

Theorem 2.6 Let equation (2.47) satisfy Condition C ′. Then the mixed

problem (Problem M ′) for (2.47) with the boundary condition (2.51) has a

unique solution.
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Finally we mention that the coefficients K(y) in equation (2.1) can be
replaced by functions K(x, y) with some conditions, for instance K(x, y) =
|y|mh(x, y), h(x, y) is a continuously differentiable positive function. Be-
sides in [23]1), G. C. Dong investigated the unique solvability of mixed
boundary value problem for linear degenerate elliptic equations of second
order with the boundary conditions u(z) = φ(z) on Γ, uy = ψ(x) on
γ, but he assumes that equation (2.1) is homogeneous, the coefficients
of equation (2.1) are smooth enough and a(x, y) satisfies the condition
a(x, y) = o(ym/2−1+ε) as y → 0, m ≥ 2, ε is a sufficiently small positive
constant. Under the above conditions, he gave the estimates of solutions of
the above problem, namely |y|m/2+ε|ux|, |uy| in the domainD are bounded.
In this section we consider the equation (2.1) is non-homogeneous and only
assume that the coefficients of (2.1) are bounded for almost every point
in D, and gave the estimate (2.42) of solutions of the mixed problem for
equation (2.1), which shows that the derivatives ux, uy of the solution u(z)
in D\{|z ± 1| < ε(> 0)} are bounded and Hölder continuous.

3 The Oblique Derivative Problem for Second Order

Elliptic Equations with Nonsmooth Degenerate Line

In [72]1),2), the authors posed and discussed some boundary value prob-
lems of second order mixed equations with nonsmooth degenerate line, but
the coefficients of equations have strong restrictions. The present section
deals with the oblique derivative problem for elliptic equations with non-
smooth degenerate line, where the coefficients satisfy weaker conditions.
We first state the formulation of the problem for the equations, give the
representation and estimates of solutions for the boundary value problem,
and then prove the existence of solutions for the above problem by the
Leray-Schauder theorem.

3.1 Formulation of oblique derivative problem

for degenerate elliptic equations

Let D be a simply connected bounded domain in the complex plane C

with the boundary ∂D = Γ ∪ γ, where Γ(⊂ {y > 0}) ∈ C2
µ (0 < µ < 1) is

a curve with the end points z = h1, h2, and γ = {h1 < x < h2, y = 0},
here −h1, h2 are positive constants. There is no harm in assuming that the
boundary Γ of the domain D is a smooth curve, which possesses the form
G̃2(x) − G̃1(y) = −1 and G̃2(x) + G̃1(y) = 1 including the line segments
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Rez = hj (j = 1, 2) near the points z = hj (j = 1, 2) and the line segment

Imz = y0 near z = iy0 respectively, here G̃1(y), G̃2(x) are similar to G̃(y)
as stated in Section 2, iy0 is the intersection of Γ and the imaginary axis:
{Rez = 0}.

We first consider the linear elliptic equation with nonsmooth degenerate
line

Lu = K1(y)uxx + |K2(x)|uyy + a(x, y)ux

+b(x, y)uy + c(x, y)u = −d(x, y) in D.
(3.1)

DenoteH1(y)=
√

K1(y),K1(0)=0, H2(x)=
√

|K2(x)|, K2(0) = 0, K1(y) =
ym1h1(y),K2(x) = |x|m2h2(x), m1,m2 are positive numbers, h1(y), h2(x)
are continuously differentiable positive functions in D. Suppose that the
coefficients of (3.1) satisfy the following conditions, namely Condition C:

L∞[η,D] ≤ k0, η = a, b, c, L∞[d,D] ≤ k1, c ≤ 0 in D,

η|x|−m2/2 = O(1) as z = x+ iy → 0, η = a, b, c, d,
(3.2)

where k0, k1 are non-negative constants. If H1(y) = yml/2, H2(x) =
|x|m2/2, m1,m2 are positive numbers, thus

Y = G1(y) =

∫ y

0

H1(t)dt =
2

m1 + 2
y(m1+2)/2 in D,

X=G2(x)=

∫ x

0

H2(t)dt=±
2

m2 + 2
|x|(m2+2)/2 in D±,

(3.3)

here D1 =D ∩ {x<0},D2 =D ∩ {x>0}, and their inverse functions are

y=G−1
1 (Y )=

(

m1+2

2

)2/(m1+2)

Y 2/(m1+2) =J1Y
2/(m1+2),

x=±|G−1
2 (X)|=±

(

m2+2

2

)

2/(m2+2)|X |2/(m2+2) =±J2|X |2/(m2+2).

(3.4)

The oblique derivative boundary value problem for equation (3.1) may
be formulated as follows:

Problem P Find a continuous solution u(z) of (3.1) in D̄, where ux, uy
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are continuous in D∗ = D\{h1, 0, h2}, and satisfy the boundary conditions

1

2

∂u

∂ν
=

1

H(x, y)
Re[λ(z)uz̃]=Re[Λ(z)uz]=r(z) on Γ∪γ∗, u(h1)=b0,

u(h2)=b1, or
1

H(x, y)
Im[λ(z)uz̃]|z=z1

=Im[Λ(z)uz̃]|z=z1
=b1,

(3.5)
in which z1 is a fixed point on Γ\{h1, h2}, ν is a given vector at every
point z ∈ Γ∪ γ, uz̃ = [H1(y)ux − iH2(x)uy ]/2, Λ(z) = cos(ν, x)− i cos(ν, y)
and λ(z) = Reλ(z) + iImλ(z), H(x, y) = H1(y) or H2(x), for instance
λ(z) = i,H(x, y) = H2(x) if z ∈ γ∗, γ∗ = {h1 < x < 0, y = 0} ∪ {0 < x <
h2, y = 0}, b0, b1 are real constants, and r(z), b0, b1 satisfy the conditions

C1
α[λ(z),Γ] ≤ k0, C

1
α[r(z),Γ] ≤ k2,

C1
α[r(z),γ∗]≤k2, cos(ν, n) ≥ 0 on Γ, |b0|, |b1| ≤ k2,

(3.6)

in which n is the outward normal vector at every point on Γ, α (0 <
α < 1), k0, k2 are non-negative constants. Problem P with the conditions
A3(z) = 0, z ∈ D̄, r(z) = 0, z ∈ Γ ∪ γ∗ and b0 = b1 = 0 will be called
Problem P0. The number

K =
1

2
(K1 +K2 +K3) (3.7)

is called the index of Problem P and Problem P0, where

Kj =

[

φj

π

]

+Jj , Jj =0 or 1, eiφj =
λ(tj−0)

λ(tj +0)
, γj =

φj

π
−Kj, j=1, 2, 3, (3.8)

in which t1 = h1, t2 = h2, t3 = 0. For Problem P , in general the index
K = 0 on the boundary ∂D of D can be chosen. It is clear that γ3 =
0, we can require that −1/2 ≤ γj < 1/2 (j = 1, 2), especially for the
Neumann boundary condition on Γ, we have γ1 = γ2 = −1/2, because
λ(t1 − 0) = e−πi and λ(t2 + 0) = eπi and consider Re[λ(x)W (x)] = R(x) =
H2(x)r(x), λ(x) = i on γ∗. Besides similarly to Sections 1 and 2, it suffices
to multiply the complex equation (3.13) below by the function X0(Z) = Z

or X0(Z) = Z(Z − 1)(Z + 1), then the index of the function λ̂[z(Z)] =
λ[z(Z)]X0(Z) on ∂DZ in the boundary condition is K̂ = 0 or 1/2. More
simply if we rewrite the boundary condition on γ in an appropriate form,
the above requirement can be realized, for instance setting that θ(x) =
argλ(h1 − 0) + [argλ(h2 + 0) − argλ(h1 − 0)](x − h1)/(h2 − h1), for the
function λ(x) = eiθ(x) and Re[λ(x)W (x)] = − sin θ(x)H2(x)r(x)/2 on γ∗,
we have γ1 = γ2 = γ3 = 0 and K = 0. When cos(ν, n) ≡ 0 on Γ, then we
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can chooseK = 0 or −1/2. If K = −1/2, then the condition u(h2) = b1 can
be cancelled. In fact, if cos(ν, n) ≡ 0 on Γ, from the boundary condition
(3.5), we can determine the value u(h2) by the value u(h1), namely

u(h2)=2Re

∫ h2

h1

uzdz+b0 =2

∫ S

0

Re[z′(s)uz ]ds+b0=2

∫ S

0

r(z)ds+b0, (3.9)

in which Λ(z) = z′(s) on Γ, z(s) is a parameter expression of arc length s
of Γ with the condition z(0) = h1, and S is the length of the curve Γ. In
this section, we can choose the case K = 0, the other cases can be similarly
discussed. We mention that when the last condition in (3.5) is chosen, it
needs to assume c = 0 in equation (3.1). For the similar cases in (3.50),
(5.5) below, we need to give the similar assumption, which can be handled
by using the method in the proofs of Theorems 1.7 and 1.8.

For the boundary condition of the mixed problem (Problem M):

u(z) = φ(x) on Γ, uy(x) = r(x) on γ∗, (3.10)

where C2
α[φ(x),Γ] ≤ k2, C

1
α[r(x), γ∗] ≤ k2. We find the derivative for (3.10)

according to the parameter s = Im z = y on Γ, and obtain

us =uxxy+uy =H̃1(y)ux+H2(x)uy/H2(x)=φ
′(y), i.e.

H̃1(y)H2(x)ux+H2(x)uy =H2(x)φ
′(y) on Γ near x=h1,

us =uxxy+uy =−H̃1(y)ux +H2(x)uy/H2(x)=φ
′(y), i.e.

H̃1(y)H2(x)ux−H2(x)uy =−H2(x)φ
′(y) on Γ near x=h2,

H1(y)ux −H2(x)uy(x) = −H2(x)r(x) on γ∗,

(3.11)

where H̃(y) = G̃′(y), it is clear that the complex form of (3.11) is as follows

Re[λ(z)(U + iV )] = Re[λ(z)(H1(y)ux − iH2(x)uy)]/2

= R(x) on Γ ∪ γ, u(h1) = b0,

in which H1(y) = G′
1(y), H2(x) = G′

2(x), b0 = φ(h1), and

λ(z)=















−i,

i,

i,

R(z)=















H2(x)φ
′(y)/2 on Γ at z=h1,

−H2(x)φ
′(y)/2 on Γ at z=h2,

−H2(x)r(x)/2 on γ∗.
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We have

eiφ1 =
λ(t1 − 0)

λ(t1 + 0)
=e−πi/2−πi/2 =e−πi, γ1 =

−π

π
−K1=0, K1 =−1,

eiφ2 =
λ(t2 − 0)

λ(t2 + 0)
= eπi/2−πi/2 = e0πi, γ2 =

0π

π
−K2 = 0, K2 = 0,

eiφ3 =
λ(t3 − 0)

λ(t3 + 0)
= eπi/2−πi/2 = e0πi, γ3 =

0π

π
−K3 = 0, K3 = 0,

hence the index of λ(z) on Γ ∪ γ∗ is K = (K1 + K2 + K3)/2 = −1/2.
Besides if the boundary condition uy = r(x) on γ∗ is replaced by

ReW (z) = Re[λ(x)W (x)] = H1(y)ux/2 = 0, λ(x) = 1 = ei0π on γ∗, then
γ1 = 1/2, γ2 = −1/2, γ3 = 0, and K1 = −1,K2 = K3 = 0,K = −1/2.
If we choose γ1 = γ2 = −1/2, γ3 = 0,K1 = K2 = K3 = 0, then the
index K = 0, in this case, we can add one point condition u(0) = 0 or
u(h2) = φ(h2) = b1 in the boundary condition. Similarly to Section 2, we
can reduce the above boundary condition to the homogeneous boundary
condition on Γ, i.e. R(z) = 0 on Γ in (3.5), and b0 = b1 = 0.

3.2 Representation of solutions of oblique derivative

problem for elliptic equations

In this section, we first write the complex form of equation (3.1).

W (z)=U+iV =
1

2
[H1(y)ux−iH2(x)uy]=uz̃, H1(y)H2(x)WZ

=
H1(y)H2(x)

2
[WX + iWY ] =

1

2
[H1(y)Wx + iH2(x)Wy ] = Wz̃ ,

(3.12)

we have

K1(y)uxx+|K2(x)|uyy =H1(y)[H1(y)ux−iH2(x)uy ]x

+iH2(x)[H1(y)ux−iH2(x)uy ]y−iH2(x)H1yux+iH1(y)H2xuy

= 4Wz̃ − iH2(x)H1yux+iH1(y)H2xuy = 2{H1[U + iV ]x

+iH2[U+iV ]y}−i[H2H1y/H1]H1ux+i[H1H2x/H2]H2uy
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=4H1(y)H2(x)WZ−i[H2H1y/H1]H1ux+i[H1H2x/H2]H2uy

= −[aux+buy+cu+d], i.e. H1(y)H2(x)WZ =H1H2[WX +iWY ]/2

={[iH2H1y/H1 − a/H1](W+W )−i[iH1H2x/H2 + b/H2](W−W )

−[cu+d]}/4 = {[iH2H1y/H1−a/H1+H1H2x/H2−ib/H2]W

+[iH2H1y/H1−a/H1−H1H2x/H2+ib/H2]W−cu−d]}/4

= A1(z)W +A2(z)W +A3(z)u+ A4(z) = g(Z) in DZ ,
(3.13)

in which 2U =W+W =H1(y)ux, 2V =−i(W−W )=−H2(x)uy, DZ is the
image domain ofD with respect to the mapping Z = G2(x)+iG1(y) = Z(z).
If g(Z) satisfies the condition

|x|τ2yτ1X(Z)g(Z) ∈ L∞(DZ), (3.14)

in which τj = max(1 −mj/2, 0) (j = 1, 2), from Lemma 2.1, Chapter I, we
see that the integral satisfies

Tg = −
1

2π

∫ ∫

Dt

f(t)

t− Z
dσt ∈ Cβ(DZ), (3.15)

in which Z = Z(z) is the mapping from D to DZ , f(Z)=X(Z)g(Z)/H1H2,
β = min{l=1,2}[2/(ml+2),ml/(ml+2)]−ε, ε is a sufficiently small positive
constant, and X(Z) is as stated in (3.26) below, which is chosen such that
the condition (3.14) is satisfied.

It is obvious that a special case of (3.13) is the complex equation

WZ = 0 in DZ . (3.16)

The boundary value problem for equation (3.13) with the boundary condi-
tion (3.5) (W (z) = H1(y)H2(x)uZ = uz̃) and the relation (3.18) below will
be called Problem A.

Now, we prove that there exists a solution of the Riemann-Hilbert prob-
lem (Problem A) for equation (3.16) in D with the boundary conditions

Re[λ(z)W (Z(z))]=H1(y)r(z) = R(z) on Γ, u(h1)=b0,

Re[λ(z)W (Z(z))]=r(x) = R(x) on γ, u(h2)=b1,
(3.17)
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where λ(z) = a(z) + jb(z) on Γ ∪ γ, b0, b1 are two real constants. Taking
the index of λ(z) is K = 0 into account, hence the boundary value problem
(3.16), (3.17) has a unique solution W (Z) in DZ . By the property of solu-
tions of the above Problem A (see [86]9), [87]1)), we see that the function
X(Z)W (Z) ∈ Cδ(DZ), where X(Z), δ are as stated in (3.26), (3.27) below.

Now we state and verify the representation of solutions of Problem P
for equation (3.1).

Theorem 3.1 Under Condition C, any solution u(z) of Problem P for

equation (3.1) in D can be expressed as follows

u(z)=u(x)−2

∫ y

0

V (z)

H2(x)
dy=2Re

∫ z

h1

[

Rew

H1(y)
+i

Imw

H2(x)

]

dz+b0 inD,

(3.18)
and

w[z(Z)] = Φ(Z) + Ψ(Z) = Φ̂(Z) + Ψ̂(Z) in DZ ,

Ψ(Z)=Tf+Tf=2ReTf, Ψ̂(Z)=Tf−Tf=2iImTf,

Tf = −
1

π

∫ ∫

Dt

f(t)

t− Z
dσt in DZ ,

(3.19)

where Φ(Z), Φ̂(Z) are analytic functions in DZ , herein Z = G1(y)+iG2(x),
f(Z) = g(Z)/H1H2.

Proof Noting that

[Tf ]Z = f(Z), [Tf ]Z = 0, [Φ(Z)]Z = 0, [Φ̂(Z)]Z = 0 in DZ . (3.20)

From (3.13) we see that equation (3.1) in D can be reduced to the formula
(3.19). This shows that the formulas in (3.18), (3.19) are true.

In the following we prove the uniqueness of solutions of Problem P for
(3.1).

Theorem 3.2 Suppose that equation (3.1) satisfies Condition C. Then

Problem P for (3.1) has at most one solution in D.

Proof Let u1(z), u2(z) be any two solutions of Problem P for (3.1). It is
easy to see that u(z) = u1(z)−u2(z) and w(z) = H1H2uZ = uz̃ satisfy the
homogeneous equation and boundary conditions

K1(y)uxx + |K2(x)|uyy + aux + buy + cu = 0, i.e.

wZ = [A1w +A2w +A3u]/H1H2 in DZ ,
(3.21)
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∂u

∂ν
=

1

2H(x, y)
Re[λ(z)w(z)]=0, z∈Γ∪γ, u(h1)=0, u(h2)=0, (3.22)

where λ(x) = i, x ∈ γ∗ = (h1, 0) ∪ (0, h2) on x−axis.

Now we verify that the above solution u(z) ≡ 0 in D. If the maximum
M = maxD u(z) > 0, it is clear that the maximum point z∗ 6∈ (D∪{h1, h2}).
If the maximum M attains at a point z∗ ∈ Γ and cos(ν, n) > 0 at z∗, we get
∂u/∂ν > 0 at z∗, this contradicts the formula of (3.22) on Γ; if cos(ν, n) = 0
at z∗, denote by Γ′ the longest curve of Γ including the point z∗, so that
cos(ν, n) = 0 and u(z) = M on Γ′, then there exists a point z′ ∈ Γ\Γ′, such
that at z′, cos(ν, n) > 0, ∂u/∂n > 0, cos(ν, s) > 0 (< 0), ∂u/∂s ≥ 0 (≤ 0),
hence

∂u

∂ν
= cos(ν, n)

∂u

∂n
+ cos(ν, s)

∂u

∂s
> 0 at z′

holds, where s is the tangent vector of Γ at z′ ∈ Γ, it is impossible. This
shows z∗ 6∈ Γ. If u(z) attains its maximum at a point z∗ = x∗ ∈ γ∗, by
Lemma 2.3, we can derive that ux(x∗) = 0, uy(x

∗) < 0, this contradicts
the equality in (3.22) on γ∗. If u(z) attains its maximum at a point z∗ =
iy∗ ∈ L = D ∩ {Rez = 0}, by using the method in the proof of Theorem
3.3 below, we can add a point condition u(0) = 0. Because in this case, the
above solution u(z) can be expressed as in (3.19), where

W (Z)=Φ(Z)+Ψ(Z) in U(iy∗),

Ψ(Z)=2ReTf, Tf=−
1

π

∫ ∫

U(iy∗)

g(t)

H1H2(t−Z)
dσt,

where U(iy∗) =D ∩ {|Z−iY∗|<ε,X > 0}, iY∗ = Z(iy∗), ε is a sufficiently
small positive constant, Ψ(Z) ∈ Cβ(U(iy∗)), β = min(2,m2)/(2 +m2)− ε,
and Φ(Z) is an analytic function in U(iy∗). Noting that ImΨ(Z) = 0
in U(iy∗), ImΦ(Z) = ImW (Z) = −H2(x)uy/2 is a harmonic function in
U(iy∗), and ImΦ(Z) = −H2(x)uy/2 = 0 on L, we can extend Φ(Z) onto the
symmetrical set of U(iy∗) with respect to ReZ = 0, hence ImΦ(Z) = XF
in U(iy∗), here F is continuous in U(iy∗), thus uy/2 = O(|X |2/(2+m2)) in
U(iy∗), this shows that uy = 0 in U(iy∗), and then u(iy) = M > 0 on
L. From this we can extend that u(z) = M on L, however u(0) = 0, this
contradiction proves that u(z) cannot attain the positive maximum in L.
Thus maxD u(z) = 0. By the similar method, we can prove minD u(z) = 0.

Therefore u(z) = 0, u1(z) = u2(z) in D. This completes the proof.
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3.3 Estimates of solutions of oblique derivative

problem for elliptic equations

In the following we shall give the estimates of the solutions of Problem P
for (3.1) in DZ . It is not difficult to see that Problem P is equivalent to
Problem A for the complex equation

WZ =
1

H1H2
[A1(z)W+A2(z)W+A3(z)u+A4(z)] in DZ , (3.23)

A1 =
iH2H1y

4H1
+
H1H2x

4H2
−

a

4H1
−

ib

4H2
, A3 =

−c

4
,

A2 =
iH2H1y

4H1
−
H1H2x

4H2
−

a

4H1
+

ib

4H2
, A4 =

−d

4
,

(3.24)

with the boundary condition and the relation

u(z)=u(x)−2

∫ y

0

V (z)

H2(x)
dy=2Re

∫ z

h1

[

ReW

H1(y)
+i

ImW

H2(x)

]

dz+ b0 in D. (3.25)

Moreover we can find a twice continuously differentiable function u0(z)
in D, for instance we can find a harmonic function in D satisfying the
above boundary condition (3.5) on Γ, u0(h1) = b0 and u0(h2) = b1, denote
v(z) = u(z) − u0(z), then the function v(z) is a solution of the equation

Lv=K1(y)vxx+|K2(x)|vyy +a(x, y)vx + b(x, y)vy

+ c(x, y)v = F (x, y), F = −d− Lu0 in D

and W (Z) = vz̃ satisfies the complex equation in the form (3.23) and the
boundary condition

Re[λ(z)W (z)]=R(z)=0 on Γ, Re[λ(z)W (z)]=R(x) on γ,

u(h1) = 0, u(h2) = 0 or Im[λ(z)W (z)]|z=z1
= 0.

Hence we shall discuss the case later on.

Introduce a function

X(Z) =

4
∏

j=1

(Z − tj)
ηj , (3.26)
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where t1 = G2(h1) = −1, t2 = G2(h2) = 1, t3 = 0, t4 = iY0 = iG1(y0),
ηj = 1 − 2γj if γj ≥ 0, and ηj = −2γj if γj < 0, η3 = 1, η4 = 0, here
γj (j = 1, 2) are as stated in (3.8), and a branch of multi-valued function
X(Z) such that argX(x) = 0 on γ is chosen. Obviously that X(Z)W [z(Z)]
satisfies the complex equation

[X(Z)W ]Z = X(Z)[A1W +A2W

+A3u+A4]/H1H2 = X(Z)g(Z)/H1H2 in DZ ,

and the boundary conditions

Re[λ̂(z)X(Z)W (z)]= |X(Z)|R(z) on Γ∪γ∗,

u(hj) = bj , j = 1, 2, u(0) = 0,

where |X(x)|R(x) = 0 on γ∗. It is easy to see that

eiφ̂j =
λ̂(tj − 0)

λ̂(tj + 0)
=
λ(tj − 0)ei arg X(tj−0)

λ(tj + 0)ei arg X(tj+0)

= ei(φj+ηjπ/2), τj =
φ̂j

π
− K̂j , j = 1, 2,

hence the numbers τj (j = 1, 2) about λ̂[z(Z)] = λ[z(Z)]ei arg X(Z) are equal
to 1/2 if γj ≥ 0, or equal to 0 if γj < 0 (1 ≤ j ≤ 2), τ3 = τ4 = 0, which

are corresponding to the numbers γj (j = 1, 2, 3) in (3.8). and K̂1 = K̂2 =

0, K̂3 = 1, K̂4 = 0, K̂ = 1/2, hence we add one point condition u(0) = 0.

Theorem 3.3 Let equation (3.1) satisfy Condition C. Then any solution
of Problem A for (3.23) satisfies the estimates

Ĉδ [W (z),D]=Cδ [X(Z)(ReW/H1+iImW/H2),D]+Cδ[u(z),D]≤M1,

Ĉδ [W (z), D] ≤M2(k1 + k2),
(3.27)

where X(Z) is as stated in (3.26), δ is a sufficiently small positive constant,
M1 = M1(δ, k,H,D), M2 = M2(δ, k0, H,D) are non-negative constants,
H = (H1, H2), and k = (k0, k1, k2).

Proof We first assume that any solution [W (z), u(z)] of Problem A
satisfies the estimate of boundedness

Ĉ[W (z), D]=C[X(Z)(ReW/H1+iImW/H2), DZ ]+C[u(z), D]≤M3, (3.28)

in which M3 is a non-negative constant. Now, substituting the solution
[W (z), u(z)] into equation (3.23) and noting ReW (Z) = 0 on γ, b0 = 0, we



90 Elliptic, Hyperbolic and Mixed Complex Equations

can extend the function X(Z)W [z(Z)] onto the symmetrical domain D̃Z of
DZ with respect to the real axis ImZ = 0, namely set

W̃ (Z) =

{

X(Z)W [z(Z)] in DZ ,

−X(Z)W [z(Z)] in D̃Z ,

which satisfies the boundary conditions

Re[λ̃(Z)W̃ (Z)] = 0 on Γ ∪ Γ̃ ∪ γ,

λ̃(Z)=















λ̂(z(Z)),

λ̂(z(Z)),

1,

R∗(Z)=











|X(Z)|R[z(Z)] on Γ,

−|X(Z)|R[z(Z)] on Γ̃,

0 on γ = (h1, h2),

where Γ̃ is the symmetrical curve of Γ about ImZ = 0. It is clear that
the corresponding function u(z) in (3.18) can be extended to the function
ũ(Z), where ũ(Z) = u[z(Z)] in DZ and ũ(Z) = −u[z(Z)] in D̃Z . Noting
Condition C and the condition (3.28), we see that the function f̃(Z) =

X(Z)g(Z)/H1H2 in DZ and f̃(Z) = −X(Z)g(Z)/H1H2 in D̃Z satisfies the
condition

L∞[|x|τ2 |y|τ1 f̃(Z), D′
Z ] ≤M4,

where D′
Z = DZ ∪ D̃Z ∪ γ, τj = max(1 −mj/2, 0), j = 1, 2, M4 = M4(δ,

k,H,D,M3) is a positive constant. On the basis of Lemma 2.1, Chapter I,
we can verify that the function Ψ̃(Z) = 2iImT f̃ = −2iIm(1/π)

∫∫

Dt
[f̃(t)/(t−

Z)]dσt satisfies the estimates

Cβ [Ψ̃(Z), DZ ] ≤M5, Ψ̃(Z) − Ψ̃(tj) = O(|Z − tj |
βj ), 1 ≤ j ≤ 2,

in which f̃(Z) = X(Z)f(Z)/H1H2, β = min(2,m1)/(m1+2)−2δ = βj (1 ≤
j ≤ 2), δ is a constant as stated in (3.27), and M5 = M5(δ, k,H,D,M3) is
a positive constant. On the basis of Theorem 3.1, the solution W̃ (Z) can
be expressed as W̃ (Z) = Φ̃(Z) + Ψ̃(Z), where Φ̃(Z) is an analytic function
in DZ satisfying the boundary conditions

Re[λ̃(Z)Φ̃(Z)] = R∗(Z) − Re[λ̃(Z)Ψ̃(Z)]

=R̂(Z) on Γ∪γ, u(h1)=0, u(h2)=0, u(0)=0.

Obviously ReΨ̃(Z) = 0, ReW̃ (z) = ReΦ̃(Z) in DZ and ReΦ̃(x) =
ReW̃ (x) = X(x)H1(0)ux(x)/2 = 0 on γ, there is no harm in assuming
that Ψ̃(tj) = 0, otherwise it suffices to replace Ψ̃(Z) by Ψ̃(Z) − Ψ̃(tj), be-

cause W̃ (tj), Ψ̃(tj)(1 ≤ j ≤ 2) are bounded. For giving the estimates of



Chapter II Elliptic Complex Equations of Second Order 91

Φ̃(Z) in the neighborhood Dj = {|Z − tj | < ε(> 0)} of tj (1 ≤ j ≤ 2) in
DZ , from the integral expression of solutions of the discontinuous Riemann-
Hilbert problem for analytic functions, we can write the representation of
the solution Φ̃(Z) of Problem A for analytic functions, namely

Φ̃[Z(ζ)] =
X0(ζ)

2πi

[

∫

∂Dt

(t+ ζ)λ̃[Z(t)]R̂[Z(t)]dt

(t− ζ)tX0(t)
+Q(z)

]

,

Q(z)= i

[K̃]
∑

k=0

(ckζ
k+ckζ

−k)+























0, when 2K̃ is even,

ic∗
ζ1+ζ

ζ1−ζ
, c∗= i

∫

∂Dt

λ̃n[Z(t)]R̂[Z(t)]dt

X0(t)t
,

when 2K̃ is odd,

(see Chapter III, [86]33) and Chapter IV, [87]1)), where X0(ζ)=Π4
j=1(ζ−

tl)
τl , τl (l = 1, 2, 3, 4) are as stated before, Z = Z(ζ) is the conformal

mapping from the unit disk Dζ = {|ζ| < 1} onto the domain DZ such that
the three points ζ = −1, i, 1 are mapped onto Z = −1, Z0(∈ Γ\{−1, 1}), 1
respectively, and ζ1 is a point on |ζ| = 1, if K̃ = 1/2, then the constants
c0, c1 are determined by last two point conditions in the boundary condition.
According to the result in [86]33),[87]1), we see that the function Φ̃(Z)
determined by the above integral in DZ ∩ {|Z ± 1| > ε(> 0)} is Hölder
continuous.

1. For giving the estimates of X(Z)ux, X(Z)ux in the neighborhood
D̃j = Dj ∩DZ of tj (j = 1, 2) separately, similarly to the proof of Theorem
2.4, we can locally handle the problem in Dj (1 ≤ j ≤ 2), and replace

X(Z) in (3.26) by the function Xj(Z) = (Z − tj)
ηj = X̃ + iỸ (1 ≤ j ≤ 1).

We first reduce the boundary condition such that λ̃(z) = 1 on Γ ∪ Γ̃ near
Z = tj (1 ≤ j ≤ 2). In fact we find an analytic function S(Z) in Dj ∪D

′
Z

satisfying the boundary conditions

ReS(Z)=− arg λ̃(Z) on Γ′ = Γ ∪ Γ̃ near tj , ImS(tj)=0,

and the estimate

Cδ[S(Z), Dj ∩D
′
Z ] ≤M6 = M6(δ, k,H,D,M3) <∞,

then the function ejS(Z)W̃ (Z) satisfies the boundary condition

Re[eiS(Z)W̃ (Z)] = 0 on Γ ∪ Γ̃ near Z = tj (1 ≤ j ≤ 2).
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Next we symmetrically extend the function W̃ (Z) in D′
Z onto the symmet-

rical domain D∗
Z with respect to ReZ = tj (1 ≤ j ≤ 2), namely let

Ŵ (Z) =







eiS(Z)W̃ (Z) in D′
Z ,

−eiS(Z∗)W̃ (Z∗) in D∗
Z ,

where Z∗ = −(Z − tj)+tj , later on we shall omit the secondary part eiS(Z),
and can get

Cδ [Φ̃(Z), Dε] ≤M7, Cδ [Xj(Z)ux, Dε] ≤M7, Cδ[Xj(Z)uy, Dε] ≤M7,

Cδ[ux, D
′
ε] ≤M8, Cδ [uy, D

′
ε] ≤M8,

(3.29)
in which Dε =DZ ∩{dist(Z, γ) ≥ ε}, D′

ε =DZ ∩{dist(Z,Γ∪ Γ̃∪{0}) ≥ ε}, ε
is arbitrary small positive constant, M7 =M7(δ, k,H,Dε,M3),M8 = M8(δ,
k,H,D′

ε,M3) are non-negative constants. In fact the first three estimates in
(3.29) can be derived by the above integral representation of Φ̃(Z). More-
over there is no harm in assuming that uy = 0 on γ in (3.5), because we
can find a harmonic function u0(z) in D satisfying the boundary conditions
u0y = r(x) on γ, which is twice continuously differentiable in D, thus the
function v(z) = u(z) − u0(z) satisfies the boundary condition vy = 0 on γ,
from (3.19) and (3.28), W (Z) = [H1(y)ux − iH2(x)uy ]/2 = Φ∗(Z) + Ψ∗(Z)
in DZ , the integral Ψ∗(Z) = 2iImTg/H1 over D′

ε is bounded and Hölder
continuous in D′

ε, Φ∗(Z) in DZ is an analytic function. Noting that
ReW (Z) = ReΦ̂∗(Z) = H1(y)ux/2 = 0 in D′

ε ∩ {Y = 0}, we can extend
the function Φ∗(Z) from D′

ε onto the symmetrical domain D̃′
ε about the

real axis ImZ = 0, the extended function is denoted by Φ∗(Z) again, obvi-
ously ReΦ∗(Z) is a harmonic function in DZ , thus ReΦ∗(Z) = ReW (Z) =
H1(y)ux/2 = Y F1 herein F1 is a Hölder continuous in D′

ε, and then
ux = O(Y 2/(2+m1)F1) in D′

ε. Moreover the estimate of uy can be derived
as stated in Section 2. This shows that the last two estimates in (3.29) are
true.

Now we can use the way as stated in Section 2, the solution Xj(Z)W (Z)

can be also expressed as Xj(Z)W (Z) = Φ(Z) + Ψ(Z) = Φ̂(Z) + Ψ̂(Z) in

D̂′
Z = D̂Z ∩ {Y > 0}, where D̂Z = D′

Z ∪ D∗
Z , Xj(Z) = (Z − tj)

ηj =

X̃ + iỸ (1 ≤ j ≤ 2), Ψ(Z), Ψ̂(Z) in D̂′
Z are Hölder continuous, ImΨ(Z) =

0, ReΨ̂(Z) = 0 in D̂′
Z , Φ∗(Z) = Φ(Z) and Φ∗(Z) = Φ̂(Z) are analytic

functions in D̂′
Z satisfying the boundary conditions in the form

Re[λ̃(Z)Φ∗(Z)]=0 on Γ∪Γ̃, u(h1) = 0, u(h2) = 0, u(0) = 0.
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From the boundary condition and H1(y)ux/2 = 0 on D̂Z ∩{Y = 0}, we see
that he function Φ∗(Z) in Dj = {|Z − tj | < ε(> 0)} is analytic, and
Φ∗(tj) = 0, hence Φ∗(Z) = O(|Z − tj |) near Z = tj , it is clear that

ImΦ(Z) = ImXj(Z)W (Z) and ReΦ̂(Z) = ReXj(Z)W (Z) extended are

harmonic functions in D̂′
Z , and ReΦ̂(Z), ImΦ(Z) can be expressed as

2ReΦ̂(Z) =

∞
∑

j,k=0

c
(1)
jk X

jY k, 2ImΦ(Z) =

∞
∑

j,k=0

c
(2)
jk X

jY k

in Dj , herein X = x− tj . Noting that

2ReΦ̂(Z)=X̃H1(y)ux+Ỹ H2(x)uy =0 on ImY =0,

2ImΦ(Z) = Ỹ H1(y)ux − X̃H2(x)uy = 0 at Z = tj ,

we have
2ReΦ̂(Z) = X̃H1ux + Ỹ H2uy = Y F1,

2ImΦ(Z)= Ỹ H1ux−X̃H2uy = |Z−tj|F2

in D̃j = Dj ∩DZ , where F1, F2 are continuous functions in Dj . From the
system of algebraic equations, we can solve ux, uy as follows

ux = H2(Y X̃F1 + |Z − tj |Ỹ F2)/H1H2|X(Z)|2,

uy = H1(Y Ỹ F1−|Z − tj |X̃F2)/H1H2|X(Z)|2, i.e.

X(Z)H1ux =(Y X̃F1+|Z−tj|Ỹ F2)/X(Z)=O(|Y |),

X(Z)H2uy =(Y Ỹ F1−|Z−tj|X̃F2)/X(Z)=O(|Z −tj |), i.e.

X(Z)ux =O(|Y |2/(2+m1)), X(Z)uy =O(|Z−tj |), 1≤j≤2,

thus we have

Cδ [Xj(Z)ux, D̃j ] ≤M9, Cδ [Xj(Z)uy, D̃j ] ≤M9, i.e.

Cδ [X(Z)ux, D̃j ]≤M10, Cδ [X(Z)uy, D̃j ]≤M10, 1≤j≤2,
(3.30)

where Mj =Mj(δ, k,H,D,M3) (j = 9, 10) are non-negative constants.

2. For giving the estimate of X(Z)ux, X(Z)uy in the neighborhood D3

of Z = t3 = 0, we choose X3(Z) = Z = X + iY to replace the function
X(Z) in (3.26). In this case, as stated in (3.19), the solution X3(Z)W (Z)
can be also expressed asX3(Z)W (Z) = Φ(Z)+Ψ(Z) = Φ̂(Z)+Ψ̂(Z), where
Ψ(Z), Ψ̂(Z) in DZ are Hölder continuous, and Φ∗(Z) = Φ(Z) and Φ∗(Z) =
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Φ̂(Z) are analytic functions in DZ satisfying the boundary conditions in
the form

Re[λ̃(z)Φ∗(Z)] = R̂(z) on Γ ∪ γ, u(h1) = 0,

u(h2)=0, u(0) = 0 or Im[λ̂(Z)Φ∗[Z(z)]|z=zj
=b′′j , j = 1, 2,

where R̂(Z) = 0 on Γ∪γ, b′′j = |X [Z(zj)]|H1(Imzj)bj , zj(∈ Γ\{h1, h2}, j =
1, 2) are two points. For t3 = 0, we have Φ∗(Z) = O(|Z|), Φ′∗(Z) = O(1)
near Z = t3 = 0, it is clear that ReΦ∗(Z), ImΦ∗(Z) extended are harmonic
functions in D′

Z = DZ ∪ D̃Z ∪ γ, and ReΦ∗(Z), ImΦ∗(Z) can be expressed
as

ReΦ∗(Z) =

∞
∑

j,k=0

c
(1)
jk X

jY k, ImΦ∗(Z) =

∞
∑

j,k=0

c
(2)
jk X

jY k in D3.

Noting that

ReΦ̂(Z) = XH1(y)ux + Y H2(x)uy = 0

on ImZ = 0 and ReZ = X = 0,

ImΦ(Z) = Y H1(y)ux −XH2(x)uy = 0 at Z = tj ,

we have

ReΦ̂(Z)=XH1ux+YH2uy =XY

∞
∑

j,k=1

c
(1)
jk X

jY k−1 =XY F1,

ImΦ(Z)=Y H1ux−XH2uy = |Z − tj |F2 in D3.

From the system of algebraic equations, we can solve ux, uy as follows

ux = Y H2(|Z − tj |F2 +X2F1)/H1H2|Z|
2,

uy = XH1(Y
2F1 − |Z − tj |F2)/H1H2|Z|

2, i.e.

Zux = Y (|Z − tj |F2 +X2F1)/ZH1 = O(|Y |2/(2+m1)),

Zuy = X(Y 2F1 − |Z − tj |F2)/ZH2 = O(|X |2/(2+m2)).

Now we explain that from the above estimates and the last condition in
(3.2), we can obtain Ψ̂(z), Ψ(Z) ∈ Cβ(DZ), here β = minl=1,2(2,ml)/(2+
ml) − 2δ. Moreover we can derive that ux, uy satisfy the estimates

Cδ[X3(Z)ux, D̃3] ≤M11, Cδ [X3(Z)uy, D̃3] ≤M11,
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and then

Cδ [X(Z)ux, D̃3] ≤M12, Cδ [X(Z)uy, D̃3] ≤M12, (3.31)

in which X(Z), δ are as stated in (3.26), (3.27), and Mj = Mj(δ, k,H,
D,M3) (j = 11, 12) are non-negative constants.

3. Now we shall give the estimate in the neighborhood D4 of t4 = iY0 =
iY (y0). As stated before there is no harm in assuming that the intersec-
tional angle between Γ and Rez = 0 is equal to π/2 and Γ includes the
line segment Imz = 0 near z = iy0. We can extend the domain DZ onto
the symmetric domain D̃Z . In this case, the problem in D4 is discussed as
the inner part of the domain extended. Similarly to the case 1, the corre-
sponding analytic function Φ(Z) satisfies the Hölder continuous condition,
and then the function ux, uy in D4 is also Hölder continuous. Thus we can
derive the estimate in D4 similar to (3.31).

Next we use the reduction to absurdity, suppose that (3.28) is not true,

then there exist sequences of coefficients {A
(m)
j } (j = 1, 2, 3, 4), {λ(m)},

{r(m)} and {b
(m)
j } (j = 0, 1), which satisfy the same conditions of coeffi-

cients as stated in (3.2), (3.6), such that {A
(m)
j } (j = 1, 2, 3, 4), {λ(m)},

{r(m)}, {b
(m)
j } (j = 0, 1) in D, Γ, γ∗ weakly converge or uniformly con-

verge to A
(0)
j (j = 1, 2, 3, 4), λ(0), r(0) respectively, and b

(0)
j (j = 0, 1), and

the solutions of the corresponding boundary value problems

W
(m)

Z
=F (m)(z, u(m),W (m)), F (m)(z, u(m),W (m))

= A
(m)
1 W (m) +A

(m)
2 W (m) +A

(m)
3 u(m) +A

(m)
4 in D,

Re[λ(m)(z)W (z)] = R(m)(z) on Γ ∪ γ∗,

u(m)(h1) = b
(m)
0 , u(m)(h2) = b

(m)
1 , or

Im[λ(m)(z)W (z)]|z=z1
= b

′(m)
1 ,

and

u(m)(z) = u(m)(x) − 2

∫ y

0

V (m)

H2(x)
dy

= 2Re

∫ z

h1

[

ReW (m)

H1(y)
+ i

ImW (m)

H2(x)

]

dz + b
(m)
0 inD

have the solutions [W (m)(z), u(m)(z)], but Ĉ [W (m)(z), D] (m = 1, 2, ...) are
unbounded, hence we can choose a subsequence of [W (m)(z), u(m)(z)] de-
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noted by [W (m)(z), u(m)(z)] again, such that hm = Ĉ[W (m)(z), D] → ∞
as m → ∞, we can assume hm ≥ max[k1, k2, 1]. It is obvious that
[W̃ (m)(z), ũ(m)(z)m] = [W (m)(z)/hm, u

(m)(z)m/hm] are solutions of the
boundary value problems

W̃
(m)

Z
= F̃ (m)(z, ũ(m), W̃ (m)), F̃ (m)(z, ũ(m), W̃ (m))

=A
(m)
1 W̃ (m)+A

(m)
2 W̃ (m)+A

(m)
3 ũ(m)+A

(m)
4 /hm in DZ ,

(3.32)

Re[λ(m)(z)W̃ (m)(z)] = R(m)(z)/hm on Γ ∪ γ∗,

ũ(m)(h1) = b
(m)
0 /hm, ũ

(m)(h2) = b
(m)
1 /hm, or

Im[λ(m)(z)W̃ (m)(z)]|z=z1
= b

′(m)
1 /hm,

(3.33)

and

ũ(m)(z) =
u(m)(x)

hm
− 2

∫ y

0

Ṽ (m)

H2(x)
dy

=2Re

∫ z

h1

[

ReW̃ (m)

H1(y)
+i

ImW̃ (m)

H2(x)

]

dz+
b
(m)
0

hm
in D.

(3.34)

We can see that the functions in above boundary value problems satisfy
the conditions

L∞[H1Re(A1+A2),D], L∞[xRe(A1−A2),D] ≤ k3,

L∞[yIm(A1+A2), D], L∞[H2Im(A1−A2), D] ≤k3,

L∞[A3(z), D] ≤ k3, L∞[A4(z)/hm, D] ≤ 1,

Cα[λ(m)(z),Γ] ≤ k3, Cα[r(m)(z)/hm,Γ]≤1,

Cα[r(m)(x)/hm, γ]≤1, |b
(m)
j /hm|≤1, j=0, 1,

where k3 = k3(δ, k,H,D) is a positive constant. From the representation
(3.18), the above solutions can be expressed as

ũ(m)(z) =
u(m)(x)

hm
− 2

∫ y

0

Ṽ (m)

H2(x)
dy

= 2Re

∫ z

h1

[

ReW̃ (m)

H1(y)
+i

ImW̃ (m)

H2(y)

]

dz+
b
(m)
0

hm
in D,
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W̃ (m)(z) = Φ̃(m)(t) + Ψ̃(m)(t),

Ψ̃(m)(Z) = −Re
2

π

∫ ∫

DZ

f (m)(t)

t− Z
dσt,

W̃ (m)(z) = Φ̂(m)(t) + Ψ̂(m)(t),

Ψ̂(m)(Z) = −Im
2i

π

∫ ∫

DZ

f (m)(t)

t− Z
dσt in DZ ,

(3.35)

Similarly to the proof of (3.28) and (3.31), and notice that |x|τ2yτ1H1H2

f̃ (m)(Z) = |x|τ2yτ1X(Z)g(m)(Z) ∈ L∞(DZ), τj = max(0, 1 − mj/2), j =
1, 2, we can verify that

Cβ [2ReT (f̃ (m)(Z)), DZ ] ≤M13,

Re[T (f̃ (m)(Z))−T (f̃ (m)(Z))|Z=tj
]=O(|Z−tj |

βj ), j=1, 2,
(3.36)

where β is as stated in (3.15), βj = min[2/(m1 + 2),m1/(m1 + 2)] − 2δ
(j = 1, 2), M13 = M13(δ, k,H,D) is a non-negative constant, and we can
obtain the estimate

Ĉδ [W̃
(m)(Z), DZ ] ≤M14 = M14(δ, k,H,D) <∞. (3.37)

Hence from {X(Z)[ReW̃ (m)(z)/H1+iImW̃ (m)(z)/H2]} and the sequence of
corresponding functions {ũ(m)(z)}, we can choose the subsequences denoted
by {X(Z)[ReW̃ (m)(z)/H1+iImW̃ (m)(z)/H2]}, {ũ

(m)(z)} again, which uni-
formly converge to X(Z)[ReW̃ (0)(z)/H1 + iImW̃ (0)(z)/H2], ũ(0)(z) re-
spectively, it is clear that [W̃ (0)(z), ũ(0)(z)] is a solution of the homoge-
neous problem of Problem A. On the basis of Theorem 3.2, the solution
W̃ (0)(z) = 0, ũ(0)(z) = 0 in D, however, from Ĉ[W̃ (m)(z), D] = 1, we can
derive that there exists a point z∗ ∈ D, such that Ĉ[W̃ (0)(z∗), D] = 1, it is
impossible. This shows that (3.28) and the first estimate in (3.27) are true.
Moreover we can verify the second estimate in (3.27) by using the similar
method in the proof of Theorem 2.4, Chapter I.

3.4 Existence of solutions of oblique derivative

problem for elliptic equations

In this section, we prove the existence of solutions of Problem P for equation
(3.1). Firstly we discuss the complex equation

WZ =
1

H1H2
[A1(z)W+A2(z)W+A3(z)u+A4(z)]=

g(Z)

H1H2
in D, (3.38)
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with the relation

u(z) = 2Re

∫ z

h1

[

ReW (z)

H1(y)
+
iImW (z)

H2(y)

]

dz + b0 in D, (3.39)

where H1(y), H2(x) are as stated in (3.1), and the coefficients in (3.38)
satisfy the corresponding conditions as those in (3.2), i.e.

L∞[H1Re(A1+A2),D], L∞[xRe(A1−A2),D]≤k3,

L∞[yIm(A1+A2),D], L∞[H2Im(A1−A2),D], L∞[Aj , D] ≤ k3, j=3, 4,
(3.40)

in which k3 = k3(δ, k,H,D) is a non-negative constant, and the boundary
value problem (3.38) with the boundary conditions

Re[λ(z)W (z)] = R(z) on Γ ∪ γ, u(h1) = b0,

u(h2) = b1 or Im[λ(z1)W (z1)] = b′1,
(3.41)

is called Problem A, where λ(z), r(z), b0, b1 are as stated in (3.5), (3.6), and
R(z) = 0 on Γ, b0 = b1 = 0.

Theorem 3.4 Let equation (3.1) satisfy Condition C. Then the oblique

derivative problem (Problem P ) for (3.1) has a unique solution.

Proof We first write the complex equation (3.38) in the form

WZ =F (z, u,W ), F =[A1(z)W+A2(z)W+A3(z)u+A4(z)]/H1H2 in D,
(3.42)

where the coefficients satisfy (3.40). In order to find a solution W (z) of
Problem A for (3.42) in D, we can express [W (z), u(z)] in the form (3.18),
(3.19). In the following, we use the Leray-Schauder theorem to prove that
Problem A for equation (3.42) has a unique solution. We consider the
equation and boundary conditions with the parameter t ∈ [0, 1]:

WZ − tF (z, u,W ) = 0 in DZ , (3.43)

and introduce a bounded open set BM of the Banach space B = Ĉδ(DZ),
whose elements are functions w(z) satisfying the condition

w(Z) ∈ Ĉδ(D), Ĉδ [w(Z), DZ ] < M15 = 1 +M1, (3.44)

where δ, M1 are constants as stated in (3.27). Choose an arbitrary function
w(Z) ∈ BM and substitute it into the position of W in F (Z, u,W ), by
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Theorem 3.1, we can find a solution w(z) = Φ(Z)+Ψ(Z) = w0(Z)+T (tF )
of Problem A for the complex equation

WZ = tF (z, u,W ). (3.45)

Noting that |x|τ2yτ1X(Z)H1H2F [z(Z), u(z(Z)), w(z(Z))]∈L∞(DZ), where
τ1 = max(0, 1−m1/2), τ2 = max(0, 1−m2/2), the above solution of Prob-
lem A for (3.45) is unique. Denote by W (z) = T [w, t] (0 ≤ t ≤ 1) the
mapping from w(z) to W (z). From Theorem 3.3, we know that if W (z) is
a solution of Problem A for the equation

WZ = tF (Z, u,W ) in DZ , (3.46)

then the function W (Z) satisfies the estimate

Ĉδ[W (Z), DZ ] < M15. (3.47)

Set B0 = BM × [0, 1]. Now we verify the three conditions of the Leray-
Schauder theorem:

1. For every t ∈ [0, 1], T [w, t] continuously maps the Banach space
B into itself, and is completely continuous on BM . In fact, we can
arbitrarily select a sequence wn(z) in BM , n = 0, 1, 2, ..., such that
Ĉδ [wn − w0, DZ ] → 0 as n → ∞. By Condition C, it is easy to see
that L∞[|x|τ2yτ1X(Z)H1(y)H2(x)(F (z, un, wn) − F (z, u0, w0)), D] → 0 as
n → ∞. Moreover, from W = T [wn, t], W0 = T [w0, t], it is easy to see
that Wn −W0 is a solution of Problem A for the complex equation

(Wn −W0)Z = t[F (z, un, wn) − F (z, u0, w0)] in DZ , (3.48)

and then we can obtain the estimate

Ĉδ [Wn −W0, DZ)] ≤ 2k0Ĉ[wn − w0, DZ ]. (3.49)

Hence Ĉδ [W −W0, DZ ] → 0 as n → ∞. Moreover for wn(z) ∈ BM , n =
1, 2, ..., we can choose a subsequence {wnk

(z)} of {wn(z)}, such that

Ĉ[wnk
− w0, DZ ] → 0 as k → ∞, where w0(z) ∈ BM . Let Wnk

=
T [wnk

, t], W0 = T [w0, t], similarly we have (3.49) with n = nk, k = 1, 2, ...,
hence Cδ [Wnk

−W0, DZ ] → 0 as k → ∞. This shows that W = T [w, t] is
completely continuous in BM . Applying the similar method, we can also
prove that for w(Z)∈BM , T [w, t) is uniformly continuous with respect to
t ∈ [0, 1].

2. For t = 0, it is evident that W = T [w, 0 ] = Φ(Z) ∈ BM .
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3. From the estimate (3.27), we see that W = T [w, t] (0 ≤ t ≤ 1) does
not have a solution w(z) on the boundary ∂BM = BM\BM .

Hence by the Leray-Schauder theorem, we know that there exists a
function W (z) ∈ BM , such that W (z) = T [W (z), 1], and the function
W (z) ∈ Ĉδ(DZ) is just a solution of Problem A for the complex equation
(3.42), and then the solution of Problem P for equation (3.1) is found.

Next we can consider second order quasilinear elliptic equation with
parabolic degeneracy

K1(y)uxx+|K2(x)|uyy+aux+buy + cu+ d = 0 in D, (3.50)

where K1(y),K2(x) are as stated in (3.1), and a, b, c, d are functions of
z(∈ D), u, ux, uy (∈ R), its complex form is the following complex equation
of second order

uz̃¯̃z−iH1yH2(x)ux/4+iH1(y)H2xuy/4=F (z, u, uz),

F (z, u, uz) = Re[B1uz̃] +B2u+B3 in D,
(3.51)

where Bj = Bj(z, u, uz) (j = 1, 2, 3) and

uz̃ =[H1(y)ux−iH2(x)uy ]/2, uz̃¯̃z =[H1(y)(uz̃)x+iH2(x)(uz̃)y]/2

= [K1(y)uxx + |K2(x)|uyy ]/4 + iH2H1yux/4− iH1H2xuy/4,

B1 =−
1

2
[
a

H1
+i

b

H2
], B2 =−

c

4
, B3 =−

d

4
in D.

(3.52)

This boundary value problem (3.51), (3.5) will be called Problem P .

Suppose that equation (3.50) satisfies the following conditions, namely
Condition C

1) For any continuously differentiable function u(z) in D∗ = D
\{−1, 0, 1}, Bj(z, u, uz) (j = 1, 2, 3) are measurable in D and satisfy

L∞[H1ReB1,D], L∞[H2ImB1,D], L∞[B2,D]≤k0,

L∞[B3,D] ≤ k1, B2 ≥ 0 in D.
(3.53)

2) For any continuously differentiable functions u1(z), u2(z) in D∗, the
equality

F (z, u1, u1z)−F (z, u2, u2z)=Re[B̃1(u1−u2)z ]+B̃2(u1−u2) in D (3.54)
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holds, where B̃j = B̃j(z, u1, u2) (j = 1, 2) satisfy the conditions

L∞[H1ReB̃1, D], L∞[H2ImB̃1, D], L∞[B̃2, D]≤k0, B̃2≥0 in D, (3.55)

in (3.53),(3.55), k0, k1 are non-negative constants. In particular, when
(3.50) is a linear equation, the condition (3.54) obviously holds.

By using the similar method, we can prove the following theorem.

Theorem 3.5 Suppose that equation (3.50) satisfies Condition C. Then

the oblique derivative problem (Problem P ) for (3.50) with the boundary

condition (3.5) has a solution.

Proof We can use the method of parameter extension to prove the unique
solvability of Problem P for equation (3.51). Firstly we consider the linear
equation and boundary conditions with the parameter t ∈ [0, 1]:

uz̃¯̃z −
i

4
H1yH2(x)ux +

i

4
H1(y)H2xuy

= Re[B1uz] + tB2u+B3 in D,

(3.56)

and the boundary condition (3.5), the above boundary value problem is
called Problem Pt. Next we can find a solution u(z) of Problem P0. More-
over from the solvability of Problem P0 and the estimate of solution of
Problem Pt (0 ≤ t ≤ 1), we can obtain the solvability of Problem P1 by
the method of parameter extension. As for Problem P for the quasilinear
equation (3.50), we can prove its solvability by the Schauder fixed point
theorem.

4 Boundary Value Problems for Homogeneous Elliptic

Equations of Second Order with Degenerate Rank 0

4.1 Boundary value problems for homogeneous elliptic

equations of second order with degenerate rank 0

In this section, we first discuss the second order linear elliptic equation with
degenerate rank 0:

Lu = ym1uxx + ym2uyy + aux + buy + cu+ d = 0 in D, (4.1)

where the domain D is a bounded domain with the boundary ∂D = Γ ∪ γ,
herein −1, 1 are the end points of Γ(∈ C2

µ, 0 < µ < 1) in {y > 0}, γ =
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{−1 < x < 1, y = 0}, m1 and m2 are positive constants, Cα[η, D̄] ≤ k0 <
∞, η = a, b, c, d, 0 < α < 1, c ≤ 0 in D. The complex form of (4.1) is































uzz̄ = Re[Quzz +A1uz] +A2u+A3,

Q = −
ym1 − ym2

ym1 + ym2

, A1 = −
a + ib

ym1 + ym2

,

A2 =−
c

2(ym1+ym2)
, A3 =−

d

2(ym1+ym2)
.

The so-called mixed boundary value problem (Problem M) is to find a con-
tinuously differentiable solution u(z) of (4.1) in D∗ = D\{−1, 1} satisfying
the boundary conditions

lu =
1

2

∂u

∂ν
+ σ(z)u(z) =

1

H1(y)
Re[λ(z)uz̃] + σ(z)u(z)

= Re[Λ(z)uz]+σ(z)u(z) = τ(z), z ∈ Γ, u(x) = r(x), x ∈ γ,

(4.2)

where H1(y) = ym1/2, ν is a direction at every point on Γ, λ= cos(ν, x)−
i cos(ν, y). We assume that the known functions λ(z), σ(z), τ(z), r(x) and
the real constants b0 = r(−1), b1 = r(1) satisfy the conditions

Cα[η,Γ] ≤ k0, η = λ, σ, Cα[τ,Γ] ≤ k1,

Cα[r(x), γ]≤k1, cos(ν, n)≥0 on Γ, |b0|, |b1|≤k1,
(4.3)

in which α (0 < α < 1), k0, k1 are non-negative constants, and n is
the outward normal direction on Γ. Problem M with the conditions:
cos(ν, n) = 0, σ(z) = 0 on Γ is called the Dirichlet problem (Problem M1),
because if cos(ν, n) = 0 and σ(z) = 0 on Γ, then from the first formula in
(4.2), we can derive

u(z)=2 Re

∫ z

−1

uzdz+b0=r(z) on Γ,

u(1) = 2 Re

∫ 1

−1

uzdz + b0 = b1.

Besides we consider the case cos(ν, n) > 0 on Γ and assume σ(z) ≥ σ0 > 0
on Γ, where σ0 is a positive constant, the boundary value problem is called
Problem M2. If τ(z) = 0 on Γ, we can only require σ(z) ≥ 0 on Γ, the
boundary value problem is called Problem M3. For Problems M2 and M3,
we assume that (ν, y) < π/2 at the corner points z = −1, 1 of ∂D = Γ ∪ γ.
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If the last condition in (4.2) is replaced by the boundedness of the solution
u(z) in D, then the boundary value problem is called Problem E. In the
following we shall discuss the case of d = 0.

Lemma 4.1 If there exists a real valued function V (z) in D, which is

twice continuously differentiable in a neighborhood of any point z0 = x0 ∈ γ
and satisfies the conditions

(A) V (x0) = 0;

(B) V (z) > 0 for z 6= x0;

(C) LV ≤ −c0 < 0 in Dδ = D ∩ {0 ≤ y ≤ δ};

(D) lV ≥ c0 > 0 in U = D ∩ {|x − x0| ≤ δ, 0 ≤ y ≤ δ}, x0 = ±1
for Problems M2 and M3; where δ is a sufficiently small positive constant,

then Problem M for equation (4.1) has a unique classical solution u(z).

Proof We first continuously extend r(z), σ(z) in the closure D of the
domain D such that Cα[r,D] ≤ k1 + 1, Cα[σ,D] ≤ k0 + 1, σ(z) ≥ σ0/2 > 0
in D for Problem M2 and σ(z) ≥ 0 in D for Problem M3, and choose a
sequence of equations

Lu=(y+1/n)m1uxx+(y+1/n)m2uyy+aux+buy+cu=0 in D, (4.4)

similar to (2.25), where n (> 1) is an integer. Obviously the above equa-
tion is uniformly elliptic in D. According to the proof of Theorem 1.6, we
can prove that there exists a solution un(z) of equation (4.4) in D, which
satisfies the boundary conditions:

Re[Λ(z)unz]+σ(z)un(z)=τ(z), z∈Γ, un(x)=r(x), x ∈ γ.

By using the extremum principle of solutions of equation (4.4), the positive
maximum or negative minimum of un(z) inD cannot attain at a point in D.
For Problem M1, it is clear that C[un(z), D] ≤ max∂D |r(z)|. For Problem
M3, the positive maximum or negative minimum of un(z) in D cannot
attain at a point in Γ, hence C[un(z), D] ≤ maxγ |r(x)|. For Problem M2, if
the positive maximum or negative minimum of un(z) in D attains at a point
in Γ, then ∂u2

n/4∂ν= τ(z)un − σ(z)u2
n ≥ 0 at the extremum point, hence

C[un(z), D] ≤ max{maxγ |r(x)|,maxΓ |τ(z)|/σ0}. The situations show that
the solution un(z) satisfies the estimate

C[un(z), D] ≤M1 = M1(α, k0, k1, σ0, D). (4.5)

Denote Dδ0
= D ∩ {y ≥ δ0}, δ0 is a small positive constant, as stated

in [23]1), or Chapter VI, [86]9), let P (z, t) be the Poisson kernel of the
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Dirichlet problem for equation (4.4) in Dδ0
with the boundary condition

un(z) = u0(z) on ∂Dδ0
, where u0(z) is a continuously differentiable function

in D. Then the solution un(z) of Problem D for equation (4.4) can be
expressed as

un(z) =
1

2π

∫

∂Dδ0

P (z, t)ψ(t)ds.

From (4.2), (4.5) and the above formula, we can obtain that the solution
un(z) satisfies the estimate

C1
δ [un, D2δ0

] ≤M2 = M2(α, k0, k1, σ0, D2δ0
),

where δ is a sufficiently small positive constant, M2 is a non-negative con-
stant dependent of δ0. Hence we can choose a subsequence of {un(z)}, which
uniformly converges to a continuous function u0(z) in D2δ0

. Noting the ar-
bitrariness of δ0, there exists a subsequence of {un(z)}, which converges
to the continuous function u0(z) in D\γ. We can prove that u0(z) is a
solution of equation (4.1) in D and satisfies the boundary condition (4.2)
on Γ. It remains to prove that u0(z) satisfies the boundary condition (4.2)
on γ. We choose an arbitrary point x0 ∈ [−1, 1] such that |r(z)−r(x0)| < β
in U = D∩{|x−x0| ≤ δ, 0 ≤ y ≤ δ}, where β is an arbitrary small positive
number, and then introduce the function

W±(z) = hV (z) + β ± r(x0) ∓ un(z),

in which h and β are undetermined positive constants. It is evident that

LW± = hLV + c[β ± r(x0)] < 0 in U,

when the constant h is large enough. This shows that W±(z) cannot attain
a negative minimum in U. Moreover, it is not difficult to see that

W±(z) ≥ hV (z) + β − |r(z) − r(x0)| > 0 in ∂D ∩ U,

and
W±(z) ≥ hV (z) + β ± r(x0)−M1 > 0 in ∂U\∂D,

for the sufficiently large constant h. Hence

W±(z) = hV (z) + β ± r(x0) ∓ un(z) ≥ 0 in U.

It follows that
|un(z) − r(x0)| ≤ hV (z) + β in U.

Letting n tend to ∞ and z tend to x0, we obtain

lim
n→∞

lim
z→x0

|un(z) − r(x0)| ≤ β.
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Noting the arbitrariness of β, the above formula implies u0(x0) = r(x0) (see
[47]). As for Problems M2 and M3, we have

lW±(z) =
1

2

∂W±(z)

∂ν
+ σ(z)W±(z)

=hlV ∓
1

2

un(z)

∂ν
+σ[β ± r(x0)∓un(z)]

=hlV ∓ τ(z)+σ[β ± r(x0)]>0 in U,

where ν is continuously extended in U appropriately, provided that h is
chosen large enough, we can get

W±(z) = hV (z) + β ± r(x0) ∓ un(z) ≥ 0 in U,

similarly to before, the required result can be derived.

The uniqueness of solutions of Problem M can be derived by the ex-
tremum principle.

Lemma 4.2 If there exists a function V (z) ∈ C(D) ∩ C2(D), such that

(A′) V (z) ≥ 0 in D;

(B′) limy→+0 V (z) = +∞ uniformly for z ∈ γ;

(C ′) LV < 0 in D;

then Problem E for (4.1) has a unique solution.

Proof Similarly to the proof of Lemma 4.1, we can find a solution of
Problem M for equation (4.4), and then the solvability of Problem E for
(4.1) can be derived by the method as stated in the proof of Lemma 4.1.
To prove the uniqueness of solutions of Problem E, it is sufficient to prove
that Problem E for (4.1) with homogeneous boundary condition lu = 0 on
Γ has only the trivial solution. Since L(hV − u) < 0 in D, where h is any
positive number, we can see that hV (z) − u(z) cannot attain a negative
minimum in D. Thus we have

lim
z→t

[hV (z) − u(z)] ≥ 0, for z ∈ ∂D,

and then
hV (z) − u(z) ≥ 0, i.e. u(z) ≤ hV (z) in D.

Letting h tend to 0 we have u(z) ≤ 0 in D. Similarly, we consider the
function −hV (z) − u(z). From L(−hV − u) > 0,

−hV (z) − u(z) ≤ 0, i.e. − hV (z) ≤ u(z) in D
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can be obtained. Thus u(z) ≥ 0 in D. So u(z) = 0 in D (see [47]).

Theorem 4.3 Suppose that one of the following conditions holds:

(a) m2 < 1;

(b) m2 = 1, b(x, 0) < 1, x ∈ (−1, 1);

(c) 1 < m2 < 2, b(x, y) ∈ C1(D∗), D∗ = {−1− δ0 < x < 1 + δ0, 0 < y <
δ0}, where δ0 is a positive constant, b(x, 0) ≤ 0, x ∈ (−1 − δ0, 1 + δ0), in

which b(x, 0) is extended to (−1− δ0, 1 + δ0);

(d) m2 ≥ 2, b(x, y) < 0, x ∈ (−1, 1).

Then Problem M for (4.1) has a unique solution.

Proof We introduce a function

V (z) = (x− x0)
2 + yβ , −1 ≤ x0 ≤ 1,

where β (0 < β < 1) is an unknown constant to be determined appropri-
ately. It is clear that V (z) satisfies the conditions (A) and (B) in Lemma
4.1, and

LV ≤ 2ym1 + β(β − 1)ym2+β−2 + 2a(x− x0) + βbyβ−1. (4.6)

Moreover noting the condition: 0 ≤ (ν, y) < π/2 at the corner points x0 =
−1, 1 of D, there exists a sufficiently small positive constant δ0 such that
cos(ν, y) ≥ δ0 > 0, when (x, y) ∈ U ∩ Γ, we have

lV =
1

2

∂V

∂ν
+ σV = (x− x0) cos(ν, x)

+βyβ−1 cos(ν, y)/2+σ[(x−x0)
2+yβ]>0 in U

for Problems M2 and M3, provided that δ is chosen small enough, where
U = D ∩ {|x− x0| ≤ δ, 0 ≤ y ≤ δ}. Thus the condition (D) in Lemma 4.1
is satisfied.

(a) m2 < 1. We choose β = 1/2 and denote X = maxz∈D̄ |x|, Y =
maxz∈D̄ y. From (4.6), it follows that

LV ≤ 2ym1 −
1

4
ym2−3/2 + 2|a(x− x0)| +

1

2
|b|y−1/2

≤2Y m1 +2k0(X+1)−
1

4
ym2−3/2(1−2k0y

1−m2)→−∞ as y→+0.

(4.7)
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Hence there exists a positive constant δ, such that LV ≤ −1, if 0 < y < δ.
This shows that V (z) satisfies condition (C) in Lemma 4.1.

(b) m2 = 1, b(x, 0) < 1, x ∈ γ = (−1, 1). Obviously, we can find a small
positive constant η (0 < η < 1/2), so that

b(x, 0) ≤ 1− 2η < 1, x ∈ (−1, 1).

Then there exists a positive number δ0, such that b(x, y) ≤ 1−η, if (x, y) ∈
{−1 ≤ x ≤ 1, 0 < y < δ0}. Choosing β = η/2, we see that

LV ≤ 2ym1 + 2k0|x− x0| +β(β − 1)yβ−1 +β(1 − η)yβ−1

≤ 2Y m1 +2k0(X + 1)−η2yη/2−1/4→−∞ as y→+0.
(4.8)

Consequently there is a positive number δ < δ0, so that LV ≤ −1, if
0 < y < δ. Hence, condition (C) is satisfied.

(c) 1<m2<2, b(x, y)∈C1(D∗), b(x, 0)≤0 for −1− δ0<x<1+δ0. When
y < δ0, we have

b(x, y) = b(x, 0) + b′(x, θy)y ≤ C1[b, D̄]y, 0 < θ < 1.

Assuming that C1[b, D̄] = k2 < ∞ and choosing that β = 1 −m2/2 (0 <
β < 1), we find

LV ≤ 2ym1 + 2k0|x− x0| + β(β − 1)ym2+β−2 + βk2y
β

≤ 2Y m1 + 2k0(X + 1) −
m2

2
(1 −

m2

2
)ym2/2−1

+ (1 −
m2

2
)k2y

1−m2/2 → −∞, as y → +0.

(4.9)

Hence the condition (C) is satisfied.

(d) m2 ≥ 2, b(x, 0) < 0, x ∈ (−1, 1). Similarly to (b), there exist two
positive constants η and δ, such that b(x, y) ≤ −η < 0, if (x, y) ∈ {−1 ≤
x ≤ 1, 0 < y < δ}. From (4.6), we can obtain

LV ≤ 2Y m1 + 2k0(X + 1) − βηyβ−1 → −∞, as y → +0. (4.10)

Therefore we have condition (C).

On the basis of Lemma 4.1, Theorem 4.3 is proved.

Theorem 4.4 Suppose that one of the following conditions holds:
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(a′) m2 = 1, b(x, y) ∈ C1(D∗), b(x, 0) ≥ 1, x ∈ (−1 − δ0, 1 + δ0), where

D∗ and δ0 are as stated in Theorem 4.3;

(b′) m2 > 1, b(x, 0) > 0, x ∈ γ = (−1, 1).

Then Problem E for (4.1) or (4.2) has a unique solution.

Proof (a′) Denote Y = maxz∈D y and k2 = C1[b,D] + 1, we introduce a
function

V (y) = enY − eny + V1(y), V1(y) =

∫ Y

y

ek2t

t
dt, (4.11)

where n is an undetermined positive constant. It is easy to see that V (y)
satisfies the condition (A′) in Lemma 4.2. Due to

V1(y) ≥

∫ Y

y

dt

t
= lnY − ln y → +∞, as y → +0,

the condition (B′) in Lemma 4.2 is satisfied. In order to verify condition
(C ′), we note that because of the continuity of b(x, y), from b(x, 0) ≥ 1, x ∈
(−1− δ0, 1 + δ0), there exists a positive constant δ < 1, such that b(x, y) ≥
1/2 if (x, y) ∈ {−1 ≤ x ≤ 1, 0 < y < δ}. Moreover,

LV = L(enY − eny) + LV1 ≤ −n2yeny − b(x, y)neny

+ yV ′′
1 + bV ′

1 ≤ yV ′′
1 + [b(x, 0) + b′(x, θy)y]V ′

1

< y(−k2
ek2y

y
+
ek2y

y2
) −

ek2y

y
+ k2e

k2y = 0,

(4.12)

if 0 < y < δ. If δ ≤ y < Y, there exists a positive constant M3 independent
of n, such that LV1 ≤M3 <∞. Let n be large enough, so that

n > max{(k0 + 1)/δ,M3}.

We can immediately obtain

LV ≤ −δn2eny + nk0e
ny +M3 < 0, (4.13)

where C[b,D] ≤ k0. So condition (C ′) in Lemma 4.2 holds. According to
Lemma 4.2, under condition (a′), the result in Theorem 4.4 is true.

(b′) m2 > 1 and b(x, 0) > 0, x ∈ (−1, 1). Similarly to (d) in the proof of
Theorem 4.3, there exist two positive constants η and δ, such that b(x, y) ≥
η, if 0 ≤ y < δ. We introduce an auxiliary function

V (y) = enY − eny + V2(y), V2(y) =

∫ Y

y

e
η

m2−1 t
1−m2

dt. (4.14)
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Obviously V (y) satisfies condition (A′) in Lemma 4.2. Let j = 1/(m2 −
1) + 1. It is clear that if 0 < t < 1, then

e
η

m2−1 t
1−m2

≥
1

j!

(

η

m2 − 1
t1−m2

)j

=
1

j!

(

η

m2 − 1

)j (

1

t

)j(m2−1)

≥
1

j!

(

η

m2 − 1

)j
1

t
.

Consequently

V (y) ≥

∫ min(1,Y )

y

1

j!

(

η

m2 − 1

)j
dt

t
→ +∞ as y → +0.

This shows that the condition (B′) is satisfied. If 0 < y < δ, then

LV ≤ −n2ym2eny − nbeny + ym2V ′′
2 + bV ′

2

< ym2(
η

ym2

e
η

m2−1
y1−m2

)−ηe
η

m2−1
y1−m2

=0.
(4.15)

When δ ≤ y ≤ Y, we choose n large enough such that

n > max{(k0 + 1)/δm2 ,M4},

where C[b,D] ≤ k0, M4 (≥ LV2) is a positive constant independent of n.
Thus

LV ≤ −n2ym2eny + nk0e
ny + LV2

≤ −neny(nδm2 − k0) +M4<0.
(4.16)

Therefore condition (C ′) holds. By Lemma 4.2, the result in Theorem 4.4
is justified.

4.2 Boundary value problems for axisymmetric

filtration

Now we introduce a boundary value problem in axisymmetric filtration,
i.e. a steady axisymmetric filtration with homogeneous medium. Denote
by k = k(z, r) the filtration coefficient, and ρ = ρ(z, r) is the density of
fluid, we can assume ρ = 1, then the potential function φ = φ(z, r) and
the stream function ψ(z, r) in a filtration domain D satisfy the following
degenerate elliptic system of first order equations

ψz = −rφr, ψr = rφz in D,

D ={0<z<a, 0<r<b}\{a0≤z<a, 0<r≤b0},
(4.17)
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where a, a0, b, b0 are positive constants. If the coordinate (z, r) is replaced
by (x, y), then the above system can be written as

yφx = ψy, −yφy = ψx in D,

D ={0<x<a, 0<y<b}\{a0≤x<a, 0<y≤b0}.
(4.18)

It is obvious that the system (4.18) can be reduced to

yψxx + yψyy − ψy = 0 in D. (4.19)

The Dirichlet boundary condition of the equation (4.19) is as follows

ψ(x, y) = r(x, y) on ∂D. (4.20)

The boundary value problem (Problem D) for equation (4.19) has a unique
solution, if the condition b(x, 0) = −1 < 1 for x ∈ [0, a0] holds (see Theorem
4.3)). For the steady axisymmetric filtration with homogeneous medium,
due to BC = {0 ≤ x ≤ a, y = b}, EFA = {x = a0, 0 ≤ y ≤ b0} ∪ {a0 ≤ x ≤
a, y = b0} are equipotential lines, and AB = {x = a, b0 ≤ y ≤ b}, CDE =
{x = 0, 0 ≤ y ≤ b} ∪ {0 ≤ x ≤ a0, y = 0} are stream lines, hence we can
write the boundary conditions as follows

φ(x, y)=

{

φ0 = 0 on EFA,

φ1 on BC,
ψ(x, y)=

{

ψ0 = 0 on CDE,

ψ1 on AB,
(4.21)

where φ0, φ1, ψ0, ψ1 are real constants, we can assume that φ0 = 0, ψ0 = 0,
because it does not influence the speed. Moreover the boundary condition
(4.21) can be rewritten as

φ(x, y)=















φ0 =0 on EFA, i.e.

yφx =ψy =0 on FA,−yφy =ψx =0 on EF,

φ1 on BC, i.e. yφx =ψy =0 on BC,

ψ(x, y)=

{

ψ0 =0, i.e. yφx =ψy =0 on CD,−yφy =ψx =0 on DE,

ψ1 on AB, i.e. yφx = ψy = 0 on AB,
or















ψx = 0, z ∈ DEF,

ψy = 0, z ∈ FABCD,

ψ(0) = 0, ψ(a0 + ib0) = ψ1 or [ψx−iψy]|z=a0+ib0 =0.
(4.22)
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This is a mixed boundary value problem, which will be called Problem F .

We can prove the following result.

Theorem 4.5 Any solution u(z) of Problem F satisfies the estimate

|ψ(z)| ≤M5 = M5(φ1, ψ1, D), (4.23)

where M5 is a non-negative constant.

Proof For Problem F , we know that the solution ψ(z) cannot attains its
positive maximum M and its negative minimum m in D, hence if ψ(z∗) =
M or ψ(z∗) = m at a point z∗ ∈ Γ1 = AB ∪ CDE, then

|ψ(z)| ≤ |ψ(z∗)| ≤ max(0,max
AB

ψ1) in D. (4.24)

If ψ(z∗) = M or m at a point z∗ ∈ Γ2 = BC ∪ FA, on the basis of
Lemma 2.3, we get ψy 6= 0 at z∗, it is impossible. If ψ(z∗) = M or m at
z∗ ∈ Γ3 = EF , then ψx 6= 0 at z∗, this contradicts ψx(z) = 0 on Γ3. Hence
we have the estimate (4.23).

We consider the system of first order equations

(y + 1/n)φx = ψy, −(y + 1/n)φy = ψx, (4.25)

and the corresponding equations

Lψ = (y + 1/n)ψxx + (y + 1/n)ψyy − ψy = 0 in D, (4.26)

where n is a sufficiently large positive integer. The boundary value problem
(4.26), (4.22) will be called Problem Fn. Because the equation (4.26) in D
is uniformly elliptic, on the basis of the results in Section 1, Problem F has
a bounded solution in D. The complex form of Problem F is as follows

ψnzz = Re[A(z)ψnz ], A(z) =
i

2(y + 1/n)
in D,

and

Re[Λ(z)ψnz] = 0 on ∂D,

where ψnz = [ψnx − iψny]/2, Λ(z) = 1 on DEF, Λ(z) = −i on FABCD,
according to the formulas (1.17)-(1.18), Chapter I, we can choosem = 2 and
obtain γ1 = 1/2 at t1 = 0, γ2 = −1/2 at t2 = a0 + ib0, K1 = −1, K2 = 1,
thus the index K = (K1 + K2)/2 = 0. Problem F is a well-posed mixed
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boundary value problem. Similarly to (1.30), we can get the estimate of
solutions {ψn(z)} of Problem Fn as follows

Cδ [X(z)ψnz, Dδ0
] ≤M6 = M6(δ, φ1, ψ1, Dδ0

),

in which Dδ0
= D ∩ {y > δ0}, X(z) = |z|2δ|z − a0 − ib0|

1/3+2δ , δ0, δ are
sufficiently small positive constants, and M6 is a non-negative constant.

Theorem 4.6 Under the above conditions, the boundary value problem

(Problem F ) for above axisymmetric filtration with homogeneous medium

has a unique solution.

Proof We continuously extend ψ(z) in the closure D of the domain D
such that C1

α[ψ,D] ≤ M5 + 1 holds, where α(0 < α < 1) is a positive
constant. Let x0 is any point on DE = {0 < x < a0, y = 0}, we introduce
a function

V (z) = (x− x0)
2 + yβ, 0 ≤ x ≤ a0, y > 0, (4.27)

where β (0 < β < 1). It is clear that V (z) satisfies the conditions V (x0) = 0
and V (z) > 0 for z(∈ D) 6= x0, and

LV ≤ 2y + β(β − 1)yβ−1 − βyβ−1. (4.28)

For arbitrary positive number η(< 1/2), we can find a positive number δ,
such that |ψn(z) − ψ(x0)| < η, if z ∈ U = D ∩ {|x − x0| ≤ δ, 0 < y < δ}.
Afterwards we introduce the function

W±(z) = cV (z) + η ± ψ(x0) ∓ ψn(z), (4.29)

in which c is an undetermined positive constant, and similarly to the proof
(b) of Theorem 4.3, we choose the constants β = η/2, then

LW± = cLV < 0 in U, (4.30)

where δ (< 1) is a sufficiently small positive constant. This shows that
W±(z) cannot attain a negative minimum in D. Moreover, it is not difficult
to see that

W±(z) ≥ cV (z) + η − |ψn(z) − ψ(x0)| > 0 in ∂D ∩ U,

and
W±(z) ≥ cV (z) + η ± ψ(x0) −M1 > 0 in ∂D\U,

for a sufficiently large constant c, where M1 = maxD |ψn(z)|. Therefore

W±(z) = cV (z) + η ± ψ(x0) ∓ ψn(z) ≥ 0 in D.
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It follows that
|ψn(z) − ψ(x0)| ≤ cV (z) + η in D.

Letting n tend to ∞ and z tend to x0, we obtain

lim
n→∞

lim
z→x0

|ψn(z) − ψ(x0)| ≤ η.

Noting the arbitrariness of η, the above inequality implies

lim
n→∞

lim
z→x0

ψn(z) = ψ(x0).

As for the corner points z = 0, a0 of D, from the boundary condition
ψnx = 0 on EF , we can extend the function ψn(z) onto the symmetrical
domain D̃ of D with respect to EF , namely define

ψ̃n(z)=







ψn(z) in D,

ψn[−(z̄−a0)+a0] in D̃,

then the function ψ̃n(z) satisfies the equation

Lψ̃n =(y+1/n)ψ̃xnx+(y+1/n)ψ̃nyy−ψ̃ny =0 in {D∪D̃}∩{0≤y<b0}.

Now z = a0 is an inner point of the line segment [0, 2a0] on x-axis, δ is a
small positive number, and the function satisfies the boundary condition
ψ̃n(x) = 0 on DE = [0, a0], therefore similarly to before, we can prove

ψ̃n(z) = ψn(z) → ψ(a0) = 0 as n→ ∞ and z (∈ D) → a0.

Applying the same method, we can prove

ψn(z) → ψ(0) = 0 as n→ ∞ and z (∈ D) → 0.

This completes the proof of Theorem 4.6.

Besides the mathematical model of the explosion of cumulative energy
(see Subsection 58, Section 4, Chapter III, [52]) is some boundary value
problem for elliptic equations with parabolic degenerate line, which can be
handled by using the above complex method.

5 The Oblique Derivative Problem for Non-

homogeneous Elliptic Equations of Second

Order with Degenerate Rank 0

This section deals with the oblique derivative boundary value problem for
second order quasilinear elliptic equations with degenerate rank 0, we first
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give estimates of solutions for the boundary value problem, and then prove
the solvability of the problem.

5.1 Formulation of oblique derivative problems

for degenerate elliptic equations

Let D be a simply connected bounded domain in the complex plane C with
the boundary ∂D = Γ ∪ γ as stated in Section 2, and we can assume that
the boundary Γ of the domain D possesses the form x − G̃(y) = −1 and
x+ G̃(y) = 1 including the line segments Rez=±1 near the points z=±1.
Denote Hj(y) =

√

Kj(y), j = 1, 2, in which Kj(y) = |y|mjhj(y) (j = 1, 2)

in D, here mj (j = 1, 2,m2 < 1) are positive numbers, hj(y)(j = 1, 2) are
continuously differentiable positive functions, and H(y) = H1(y)/H2(y),
G(y) =

∫ y

0 H(t)dt. We consider the second order quasilinear equation of
mixed type with degenerate rank 0:

Lu = K1(y)uxx+K2(y)uyy+aux+buy+cu=−d, (5.1)

where a, b, c, d are real functions of z(∈ D), u, ux, uy(∈ R). Suppose that
the coefficients of (5.1) satisfy Condition C, namely

1) a, b, c, d are measurable in D and continuous in D for any continuously
differentiable function u(z) in D∗ = D\{−1, 1}, and satisfy

L∞[η,D] ≤ k0, η = a, b, c, L∞[d,D] ≤ k1, c ≤ 0 in D. (5.2)

2) For any two continuously differentiable functions u1(z), u2(z) in D∗,
F (z, u, uz) = aux + buy + cu+ d satisfies the condition

F (z, u1, u1z)−F (z, u2, u2z)= ã(u1−u2)x+b̃(u1−u2)y+c̃(u1−u2) in D,

in which ã, b̃, c̃ satisfy the conditions

L∞[ã, D], L∞[b̃, D], L∞[c̃, D]≤k0, c̃≤0 in D, (5.3)

where H(y) =
√

K(y),K(y) = K1(y)/K2(y), k0, k1 are non-negative con-
stants.

If Hj(y) = ymj/2, j = 1, 2, H(y) = H1(y)/H2(y), here m1(≥ 0),m2
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(> 0) are real numbers satisfying m1 −m2 > −1, then

Gj(y) =

∫ y

0

Hj(t)dt =
2

mj + 2
y(mj+2)/2, j = 1, 2,

Y =G(y)=

∫ y

0

H(t)dt=
2

m+2
y(m+2)/2,m=m1−m2>−1 in D,

and its inverse function of Y =G(y) is

y=G−1
j (Y )=

(

mj +2

2

)2/(mj+2)

Y 2/(mj+2) =JjY
2/(mj+2), j=1, 2,

y = G−1(Y ) =

(

m+ 2

2

)2/(m+2)

Y 2/(m+2) = JY 2/(m+2) in D.

(5.4)

The oblique derivative problem (Problem P or Q) for equation (5.1) is
to find a continuous solution u(z) of (5.1) in D, and ux, uy are continuously
differentiable D∗ = D\{−1, 1} satisfying the boundary conditions

1

2

∂u

∂ν
=

1

H1(y)
Re[λ(z)uz̃]=Re[Λ(z)uz]=r(z) on Γ ∪ γ,

u(−1)=b0, u(1)=b1 or
1

H1(y)
Im[λ(z)uz̃]|z=z1

=b1,

(5.5)

where z1 is a point on Γ\{−1, 1}, ν is a given vector at every point z ∈
Γ ∪ γ, uz̃ = [H1(y)ux − iH2(y)uy]/2, Λ(z) = cos(ν, x) − i cos(ν, y), λ(z) =
Reλ(z) + iImλ(z) if z ∈ Γ, λ(z) = i if z ∈ γ, b0, b1 are real constants, and
r(z), b0, b1 satisfy the conditions

C1
α[λ(z),Γ] ≤ k0, C

1
α[r(z),Γ] ≤ k2,

C1
α[r(z),γ]≤k2, cos(ν, n) ≥ 0 on Γ, |b0|, |b1| ≤ k2,

(5.6)

in which n is the outward normal vector at every point on Γ∪γ, α (0 < α <
1), k0, k2 are non-negative constants. For the last point condition in (5.5),
we need to assume c = 0 in equation (5.1). The number K = (K1 +K2)/2
is called the index of Problem P , where

Kj =

[

φj

π

]

+Jj , Jj =0 or 1, eiφj =
λ(tj−0)

λ(tj +0)
, γj =

φj

π
−Kj, j=1, 2, (5.7)

in which t1 = −1, t2 = 1, λ(t) = exp(iπ/2) on γ = {−1 < x < 1, y = 0}
and λ(t1 + 0) = λ(t2 − 0) = exp(iπ/2). Similarly to Section 1, we can
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choose K = 0 and assume that −1/2 ≤ γj < 1/2 (j = 1, 2). For the mixed
boundary value problem (Problem M) with the boundary condition (2.7),
then λ(t1 − 0) = e−iπ/2, λ(t2 + 0) = eiπ/2, we can get

γ1 =
1

πi
ln

[

λ(t1 − 0)

λ(t1 + 0)

]

=
−π/2− 0π

π
−K1=−

1

2
,K1 = 0,

γ2 =
1

πi
ln

[

λ(t2 − 0)

λ(t2 + 0)

]

=
0π − π/2

π
−K2 = −

1

2
, K2 = 0,

(5.8)

where we consider Re[λ(z)(U + iV )] = 0, λ(x) = 1 = e0πi on γ, hence the
index K = (K1 + K2)/2 = 0, and we have the point conditions u(−1) =
φ(−1) = b0, u(1) = φ(1) = b1 in the boundary condition.

If the last condition: uy(x) = r(x) on γ in (5.5) is replaced by

u(x) = r(x), i.e. ux = r′(x), u(−1) = r(−1), u(1) = r(1), (5.9)

where r(x) satisfies the conditions

C2
α[r(x), γ] ≤ k2, (5.10)

in which k2 is a non-negative constant, then the boundary value problem is
called Problem M ′. Similar to before, we can choose its index K = −1/2
or 0.

5.2 Representation of solutions of oblique derivative

problem of elliptic equations

Now we denote

W (z) = U + iV =[H1(y)ux−iH2(y)uy]/2

= H1(y)[ux − iuY ]/2 = H1(y)uZ = uz̃,

Wz̃ = [H1(y)Wx + iH2(y)Wy ]/2

=H1(y)[Wx + iWY ]/2 = H1(y)WZ in D,

in which Z = x+ iY = x+ iG(y), and then



Chapter II Elliptic Complex Equations of Second Order 117

Wz̃ =H1(y)WZ =
1

4
{H1[H1ux−iH2uy]x+iH2[H1ux−iH2uy]y}

=
1

4
{H2

1uxx +H2
2uyy − iH1H2[uyx − uxy] + iH2[H1yux

−iH2yuy]} =
1

4
{H2

1uxx+H2
2uyy + iH2[H1yux − iH2yuy]}

=
1

4
{H2

1uxx+H2
2uyy+iH2

H1y

H1
(H1ux)+H2y(H2uy)}

=
1

4
{[
iH2H1y

H1
−

a

H1
](H1ux)+[H2y−

b

H2
](H2uy)−cu−d}

=
1

4
{[
iH2H1y

H1
−

a

H1
](W+W )+i[H2y−

b

H2
](W−W )−cu−d}

=
1

4
{[
iH2H1y

H1
−

a

H1
− i

b

H2
+ iH2y]W

+[
iH2H1y

H1
−

a

H1
+ i

b

H2
− iH2y]W − cu− d}

= A1(z)W +A2(z)W +A3(z)u+A4(z) = g(Z) in DZ ,

(5.11)

where DZ is the image domain of D with respect to the mapping Z = Z(z),
and

A1 =
1

4
[−

a

H1
+
iH2H1y

H1
−i

b

H2
+iH2y], A3 = −

c

4
,

A2 =
1

4
[−

a

H1
+
iH2H1y

H1
+i

b

H2
−iH2y], A4 = −

d

4
,

if Hj(y) =
√

ymjhj(y), l = 1, 2, where mj , hj(y) (j = 1, 2) are as stated
before, and m1 −m2 > −1, then

A1 =
1

4



−
a

H1
−

ib

H2
+ iH2

2
∑

j=1

(

hjy

2hj
+
mj

2y

)



 , A3 = −
c

4
,

A2 =
1

4



−
a

H1
+
ib

H2
+iH2

2
∑

j=1

(−1)j−1

(

hjy

2hj
+
mj

2y

)



, A4 =−
d

4
,

hence the function

u(z) = 2Re

∫ z

0

[

U(z)

H1(y)
+
iV (z)

H2(y)

]

dz + b0 in D (5.12)
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is a solution of equation (5.1), where b0 is a real constant. The boundary
value problems for the corresponding complex equation (5.11) and bound-
ary conditions (5.5) (W (z) = uz̃) will be called Problems A and B respec-
tively.

According to the method in the proof of Theorems 2.1 and 3.1, we can
prove the following theorems.

Theorem 5.1 Under Condition C, any solution [W (z), u(z)] of Problem

P or Q for equation (5.1) can be expressed as in (5.12), where W (z) is a

solution of Problem A or B for equation (5.11) as follows

W (z) = U(z)+iV (z)=Φ(Z)+Ψ(Z)=Φ̂(Z)+Ψ̂(Z) in DZ ,

Ψ(Z) = 2ReTf, Ψ̂(Z) = 2iImTf, Tf =−
1

π

∫ ∫

Dt

f(t)

t− Z
dσt,

(5.13)

where f(Z) = g(Z)/H1(y), Φ(z), Φ̂(Z) are analytic functions in DZ , which

are the solutions of the complex equation

Wz̃ = 0 in D, i.e. WZ = 0 in DZ . (5.14)

5.3 Estimates and existence of solutions of oblique

derivative derivative problems

Now we state and prove some results about Problem P or Q for equation
(5.1). Similarly to Sections 2 and 3, we can only discuss the homogeneous
boundary condition on Γ in (5.5), i.e. the conditions R(z) = 0 on Γ and
b0 = b1 = 0, and first prove the uniqueness of solutions for Problems P and
Q.

Theorem 5.2 Suppose that equation (5.11) satisfies Condition C. Then

the above boundary value problem (Problem P or Q) for (5.11) with the

boundary condition (5.5) is unique.

Proof In order to prove the uniqueness of the solution of Problem P or Q
for equation (5.11), it suffices to verify that the corresponding homogeneous
problem (Problem P0 orQ0) only has the trivial solution. The homogeneous
equation of (5.11) can be written as

K1(y)uxx+K2(y)uyy+ãux+b̃uy+c̃u = 0, i.e.

H1(y)WZ = Wz̃ = A1W +A2W +A3u in D,
(5.15)
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where uz̃ = W (z). Similarly to the proof of Theorem 3.2, we can prove
that the solution u(z) cannot attain the positive maximum in D\γ, and
attain its positive maximum M of the solution at a point x0 ∈ γ. De-
note by U(x0) = {|Z − x0| < ε(> 0)} the neighborhood of x0, it is obvi-
ous that u(z), ux, uy in U(x0) ∩ DZ are bounded and then ReW [z(Z)] =
H1(y)ux/2 = 0, ImW [z(Z)] = H2(y)uy/2 = 0 on U(x0) ∩ {y = 0}, thus

we can extend the function W (z) from Û(x0) = U(x0) ∩ {y > 0} onto the
symmetrical domain U(x0) ∩ {y < 0} about the real axis Imz = y = 0.
From Theorem 5.1, the solution u(z) can be expressed as in (5.12), (5.13),
where

W [z(Z)] = Φ(Z) + Ψ(Z) = Φ̂(Z) + Ψ̂(Z) in U(x0),

Ψ(Z)=2ReTf, Ψ̂(Z)=2iImTf, Tf=−
1

π

∫ ∫

Û(x0)

f(t)

t−Z
dσt.

(5.16)

From Lemma 2,1, Chapter I, we see that Ψ(Z), Ψ̂(Z) ∈ Cβ(U(x0)),

β = min[2 − m2,m1/2]/(2 + m1 − m2) − 2δ, and Φ(Z), Φ̂(Z) are ana-
lytic functions in U(x0). Noting that ReΨ̂(Z) = 0, ImΨ(Z) = 0 in U(x0),
similarly to the proof of Theorem 2.4, we know that ReΦ̂(Z) = ReW [z(Z)],
ImΦ(Z) = ImW [z(Z)] are harmonic functions in U(x0) satisfy the condi-
tions ReΦ̂(Z) = H1(y)ux/2 = 0, ImΦ(Z) = −H2(y)uy/2 = 0 on U(x0) ∩

{y = 0}, hence ReΦ̂(Z) = H1(y)ux/2 = Y F1, ImΦ(Z) = −H2(y)uy/2 =

Y F2 in Ũ(x0) = U(x0) ∩ DZ , here F1, F2 are continuous in U(x0), thus
ux = O(Y (2−m2)/(2+m1−m2)F1), uy = O(Y (2+m1−2m2)/(2+m1−m2)F2) in

Ũ(x0), this shows that ux = 0 in Ũ(x0), and then u(x) = M > 0 on
U(x0) ∩ {y = 0}. From this we can extend that u(z) = M on γ, however
u(−1) = 0, this contradiction proves that u(z) cannot attain the positive
maximum in γ. Similarly we can prove that u(z) cannot attain the negative
minimum in DZ . Hence u(z) = 0 in D.

In order to prove the existence of solutions of Problems P and Q for
equation (5.11), we first give estimates of solutions of Problems P and Q.

Theorem 5.3 If equation (5.1) satisfies Condition C, then of Problem A
or B for (5.11) has a solution [W (z), u(z)] satisfying the estimates

Ĉδ [W (z), DZ ]=Cδ [X(Z)(ReW/H1 + iImW/H2), DZ ]

+Cδ[u(z), D]≤M1, Ĉδ [W (z), DZ ] ≤M2(k1 + k2),
(5.17)

where X(Z)=(Z+1)η1(Z−1)η2 , ηj =1− 2γj if γj ≥ 0, ηj =−2γj if γj < 0,
and γj(j = 1, 2) are similar to those as in (3.8), δ is a sufficiently small
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positive constant, here we choose a branch of multi-valued function X(Z)
such that argX(x) = 0 on γ, M1 = M1(δ, k,H,D), M2 = M2(δ, k0, H,D)
are non-negative constants, and H = (H1, H2), k = (k0, k1, k2).

Proof As stated before Problem P orQ for (5.1) is equivalent to Problem
A or B for the complex equation (5.11) with the boundary conditions

Re[λ(z)W (z)] = R(x) on Γ ∪ γ, u(−1) = b0,

u(1)=b1 or Im[λ(z)W (z)]|z=z1
=H(Imz1)b1 =b′1,

(5.18)

and the relation

u(z)=u(x)−2

∫ y

0

V (z)

H2(y)
dy=2Re

∫ z

−1

[

ReW

H1(y)
+i

ImW

H2(y)

]

dz+ b0 in D. (5.19)

Similarly to Theorem 3.3, it is easy to see that the function W̃ (Z) =
X(Z)W [z(Z)] satisfies the complex equation

[X(Z)W ]Z =X(Z)[A1(z)W +A2(z)W

+A3(z)u+A4(z)]/H1 =X(Z)g(Z)/H1 in DZ ,
(5.20)

and the boundary conditions

Re[λ̃(z)X(Z)W (z)] = |X(Z)|R(z) = R̃(z) on Γ ∪ γ, u(−1) = b0,

u(1)=b1 or Im[λ̃(z)X(Z)W (z)]|z=z1
= |X [Z(z1)]|b

′
1 =b′′1 ,

(5.21)
where R̃(z) = 0 on Γ ∪ γ and b0 = b1 = 0, and the numbers τj = 1/2

if γj ≥ 0 and 0 if γj < 0 (1 ≤ j ≤ 2) about λ̃[z(Z)] = λ[z(Z)]ei arg X(Z)

corresponding to the number γj(j = 1, 2) in (3.8). By the reduction to
absurdity, we can first verify that any solution [W (z), u(z)] of Problem A
satisfies the estimate

Ĉ[W (z), D]=C[X(Z)(ReW/H1+iImW/H2), DZ ]+C[u(z), D]≤M3, (5.22)

in which M3 = M3(δ, k,H,D) is a non-negative constant. Moreover from
the estimate (5.22), we can derive the estimates in (5.17). Next by using
the Leray-Schauder theorem we can prove the unique solvability of Problem
P for equation (5.1). But for obtaining the estimate (5.17) of solutions of
ProblemA orB for equation (5.11), we need to give the following discussion.

From Theorem 5.1, the solution W̃ (Z) = X(Z)W (z) can be expressed
as W̃ (Z) = Φ(Z) + Ψ(Z) = Φ̂(Z) + Ψ̂(Z). According to the method in
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Lemma 2.1, Chapter I, we can verify that the functions Ψ∗(Z) = Ψ(Z) and
Ψ∗(Z) = Ψ̂(Z) satisfy the estimates

Cβ [Ψ∗(Z), DZ ]≤M4,Ψ
∗(Z)−Ψ∗(tj)=O(|Z−tj |

βj ), 1≤j≤2, (5.23)

in which Ψ(Z) = 2ReTf, Ψ̂(Z) = 2iImTf, f(Z) = X(Z)g(Z)/H1(y),
β = min[2−m2,m1/2]/(2 +m1−m2)− 2δ = βj (j = 1, 2), t1 = −1, t2 = 1,
and M4 = M4(β, k,H,D,M3) is a positive constant, and Φ∗(Z) = Φ(Z) or
Φ̂(Z) is an analytic function in DZ satisfying the boundary conditions

Re[λ̃(z)Φ∗(Z)]= |X(Z)|R(z)−Re[λ̃(z)Ψ∗(Z)]=R̃(z) on Γ∪γ, (5.24)

because in the above case the index of λ̃(z) on DZ is K̃ = 0, we have two
point conditions at z = tj (1 ≤ j ≤ 2). Firstly we extend the function

W (Z) onto the symmetrical domain D̃Z of DZ with respect to the real axis
ImZ = 0, and transform the function λ(z) such that new function λ̃(z) = 1
on Γ near the point tj(1 ≤ j ≤ 2). Afterwards we symmetrically extend the

function W̃ (z) in D′
Z = DZ ∪ D̃Z ∪ γ (γ = (−1, 1)) onto the symmetrical

domain D∗
Z with respect to Rez = tj . Due to the solution W̃ (Z) extended

can be also expressed as X(Z)W (z) = Φ(Z) + Ψ(Z) = Φ̂(Z) + Ψ̂(Z) on
D̂′

Z = D̂Z ∩{Y > 0}, D̂Z = D′
Z ∪D∗

Z , where Ψ(Z), Ψ̂(Z) in DZ are Hölder

continuous, ImΨ(Z) = 0, ReΨ̂(Z) = 0 in D̂′
Z , and Φ∗(Z) = Φ(Z) are

Φ∗(Z) = Φ̂(Z) are analytic functions in D̂′
Z . It is clear that ImΦ(Z) =

ImX(Z)W (z) and ReΦ̂(Z) = ReX(Z)W (z) extended are harmonic func-
tions in D̂′

Z , and ReΦ̂(Z), ImΦ(Z) can be expressed as

2ReΦ̂(Z) =

∞
∑

j,k=0

c
(1)
jk X

jY k, 2ImΦ(Z) =

∞
∑

j,k=0

c
(2)
jk X

jY k (5.25)

in the neighborhood Dj of tj , here X = x − tj (1 ≤ j ≤ 2). Noting

that 2ReΦ̂(Z) = X̃H1(y)ux +Ỹ H2(y)uy = 0 and 2ImΦ(Z) = Ỹ H1(y)ux −

X̃H2(y)uy = 0 on ImZ = Y = 0 in D̂Z , we have

2ReΦ̂(Z) = X̃H1ux + Ỹ H2uy = Y F1,

2ImΦ(Z) = Ỹ H1ux − X̃H2uy = Y F2

(5.26)

in D̃j = Dj∩DZ , where X̃ = ReX(Z), Ỹ = ImX(Z), F1, F2 are continuous
in Dj (1 ≤ j ≤ 2). From the system of algebraic equations, we can solve
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ux, uy as follows

ux = Y H2(X̃F1 + Ỹ F2)/H1H2|X(Z)|2,

uy =Y H1(Ỹ F1 − X̃F2)/H1H2|X(Z)|2, i.e.

X(Z)H1ux = Y (X̃F1 + Ỹ F2)/X(Z),

X(Z)H2uy =Y (Ỹ F1−X̃F2)/X(Z), i.e.

X(Z)ux = O(|Y |(2−m2)/(2+m1−m2)),

X(Z)uy = O(|Y |(2+m1−2m2/(2+m1−m2).

(5.27)

Thus we have

Cδ[X(Z)ux, D̃1] ≤M5, Cδ[X(Z)uy, D̃1] ≤M5, 1 ≤ j ≤ 2, (5.28)

in which X(Z), δ are as stated in (5.17), and M5 =M5(δ, k,H,D,M3) are
non-negative constants.

Theorem 5.4 Under the conditions as in Theorem 5.3, Problem P for

(5.11) with the boundary conditions (5.5) is solvable.

Proof We first prove the solvability of Problem Q for the linear case of
equation (5.11) with A3 = 0. For this, we first consider the linear case of
equation (5.11) with A3 = 0, i.e.

WZ = [A1W +A2W +A4]/H1. (5.29)

Obviously Problem Q for the above equation is equivalent to Problem B
for the linear complex equation (5.29) with the boundary conditions

Re[λ(z)W (z)]=H1(y)r(z)=R(z)=0 on Γ, ImW (x)=0 on γ,

u(−1) = 0, Im[λ(z)W (z)]|z=z1
= H1(Imz1)b1 = b′1,

(5.30)

and the relation

u(z)=u(x)−

∫ y

0

V (z)

H2(y)
dy=2Re

∫ z

−1

[

U(z)

H1(y)
+i

V (z)

H2(y)

]

dz+b0 in D. (5.31)

From Theorem 2.5, Chapter I, we see that Problem B for (5.29) has a
unique solution W (z), and u(z) in (5.31) is the solution of Problem Q for
(5.11) with A3 = 0. Now let u0(z) be a solution of Problem Q for the linear
equation (5.11), if u0(z) satisfies the point condition u0(1) = b1, then the
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solution is also a solution of Problem P for the equation. Otherwise we can
find a solutions u1 of Problem Q for the homogeneous equation of (5.11) in
D satisfying the boundary conditions

Re[λ(z)u1z]=0 on Γ, u1(−1)=0, Im[λ(z)u1z]|z=z1
=1,

it is clear that there exists a real constant d1 6= 0, such that

u(z) = u0(z) + d1u1(z)

is a solution of Problem P for equation (5.11) satisfying the boundary
conditions of Problem P . Moreover by using the method of parameter
extension, namely we consider the equation with the parameter t ∈ [0, 1]:

K1(y)uxx+K2(y)uyy+aux+buy+tcu=−d. (5.32)

From the solvability of Problem P for (5.32) with t = 0, we can find a
solution of Problem P for the general linear equation (5.32) with t = 1, i.e.
the linear case of equation (5.11).

Next we can use the Leray-Schauder theorem to prove the existence of
solutions of Problem P for the quasilinear equation (5.11) as stated in the
proof of Theorem 3.4. Introduce a bounded and open set BM in the Banach
space B = Ĉδ(DZ), the elements of which are all functions satisfying the
following condition

Ĉδ[W (Z), DZ ] < M1 + 1,

whereM1 is a constant as stated in (5.17). Let us arbitrarily select a system
of functions [w(Z), u(z)] ∈ B and be substituted into the coefficients of
(5.11), obviously such equation (5.11) can be seen a linear equation, i.e.

WZ = t[A1(z, u, w)W +A2(z, u, w)W +A3(z, u, w)u

+A4(z, u, w)]/H1 = Ĝ(z, u, w,W )/H1, 0≤ t≤1.
(5.33)

Form the above discussion, we see that Problem P have a unique solution
W (z). Denote by W = T (w, t) the mapping from w(z) to W (z), we can
prove that W = T (w, t) is continuous in B and completely continuous
in BM . In fact, arbitrarily select a sequence wn(z) in B, n = 0, 1, 2, ...,
such that Ĉδ(wn − w0, DZ) → 0 as n → ∞. By Condition C, we see that
L∞[yτX(Z)(Ĝ(z, un, wn,W0)− Ĝ(z, u0, w0,W0)), DZ ] → 0 as n→ ∞, τ =
max(1 − m1/2 − m2/2, 1 − m2). Moreover, from Wn = T [wn, t], W0 =
T [w0, t], it is easy to see that Wn −W0 is a solution of Problem A for the
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following complex equation

H1(y)(Wn−W0)Z =Ĝ(z, un, wn,Wn)−Ĝ(z, un, wn,W0)+G̃n,

G̃n(z, un, wn, u0, w0,W0)=Ĝ(z, un, wn,W0)−Ĝ(z, u0, w0,W0) in DZ ,
(5.34)

and then we can obtain the estimate

Ĉδ [Wn −W0, DZ)] ≤ 2k0L∞[yτX(Z)G̃n, DZ ],

in which X(Z) = (Z + 1)η1(Z − 1)η2 , ηj (j = 1, 2) are as stated in (5.17),
and δ is a sufficiently small positive constant. Due to Condition C,
L∞[yτX(Z)G̃n, DZ ] → 0 as n → ∞, we get Ĉδ [Wn − W0, DZ ] → 0 as
n→ ∞. Moreover for wn(z) ∈ BM , n = 1, 2, ..., from {wn(z)} we can select
a subsequence denoted by {wn(z)} again and there exists a function w0(z),
such that Ĉ[wn − w0, DZ ] → 0 as n→ ∞. Similarly we have

H1(y)(Wn−W0)Z =Ĝ(z, un, wn,Wn)−Ĝ(z, un, wn,W0),

G̃n = Ĝ(z, un, wn,W0)−Ĝ(z, u0, w0,W0) in DZ ,

where L∞[yτ1X(Z)(Ĝ(z, un, wn,W0) − Ĝ(z, u0, w0,W0)), DZ ] ≤ 2k0M6,
herein M6 = M6(δ, k,H,D) is a non-negative constant, hence from (5.17),
and then obtain the estimate

Ĉδ [Wn −W0, DZ)] ≤ 2M2k0M6.

Hence there exists a function W0(z)∈BM , such that Ĉδ[Wn−W0, DZ ] → 0
as n → ∞. This shows that W = T (w, t) is completely continuous in BM ,
and three conditions of Leray-Schauder theorem can be verified. Hence
there exists a system of functions [W,u] ∈ BM , such that W = T (W, 1).
Thus the corresponding function u(z) is just a solution of Problem P for
(5.11). This completes the proof.

In particular we can obtain the unique solvability of the mixed bound-
ary value problem (Problem M) for equation (5.11) with the boundary
condition (2.7)(W (z) = uz̃).

Remark 5.1 If Kj(y) = ymj , mj (j = 1, 2) are any positive constants,
and the coefficients a, b, c, d of equation (5.1) satisfy the conditions

L∞[η/|y|[m2], D]≤k0, η=a, b, c, L∞[d/|y|[m2], D]≤k1,m1−[m2]>0,

where k0, k1 are non-negative constants, and [m2] means the integer part
of m2, then using the similar method, the results in Theorems 5.1-5.4 are
proved.
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Remark 5.2 For Problem P , if the boundary condition (5.5) are replaced
by

1

2

∂u

∂ν
+σ(z)u(z)=r(z) on Γ, uy =r(x) on γ, u(−1)=b0, u(1)=b1,

where σ(z) ≥ 0 on Γ is a non-negative function satisfying the condition
Cα[σ(z),Γ] ≤ k0, then the above corresponding theorems hold still.

Now we mention when m2 = 0, then equation (5.1) becomes equation
(2.1) in Section 2. Moreover the coefficients Kj(y) (j = 1, 2) in equations
(5.1) and (5.11) can be replaced by functions Kj(x, y) (j = 1, 2) with some
conditions, for instance Kj(x, y) = ymjhj(x, y), mj (j = 1, 2) are as stated
before, and hj(x, y) (j = 1, 2) are continuously differentiable positive func-
tions in D.

Finally we introduce a mapping Z = Z(z) of the domain D with the
boundary Γ ∪ γ, such that the boundary Γ maps the curve vertical to the
axis Imz = 0 near z = −1, 1 respectively, and the function Z = Z(z) and
its inverse function Z = Z(z) are Hölder continuous in the corresponding
closed domains. We can choose the function G̃(y) = pyq, p, q(> m) are two
positive constants, m is as stated in (2.1), it is clear that x = G̃(y)− 1 and
x = 1 − G̃(y) are two curves vertical to the axis Imz = 0 near z = −1, 1
respectively. We can only consider the problem in the domain D∩{y < δ}.
Let the partial boundary Γ̃ = Z(Γ∩{y < δ}) of the domain D̃ = Z(D∩{y <
δ}) near z = −1, 1 is as follows

Γ̃1 ={y=γ1(s), 0≤s≤s
′
1}, Γ̃2 ={y=γ2(s), 0≤s≤s

′
2}, (5.35)

where s is the parameter of arc length of Γ̃1 or Γ̃2, γk(0) = 0, γk(s) > 0 on
{0 < s ≤ s′k} (k = 1, 2) and γk(s) on {0 ≤ s ≤ s′k} (k = 1, 2) are continu-

ously differentiable, the slopes of the curves Γ̃k (k = 1, 2) at the points zk =
xk + iyk (k = 1, 2) are not equal to the slopes dy/dx = (−1)k/H(yk) (k =
1, 2) of the characteristic curves of families sk (k = 1, 2) at those points
respectively, where zk (k = 1, 2) are the intersection points of Γ̃k (k = 1, 2)
and the characteristic curves, hence γ1(s)(0 ≤ s ≤ s′1), γ2(s)(0 ≤ s ≤ s′2)
can be expressed by γ1[s(µ̃)] (−1 ≤ µ̃ ≤ 1), γ2[s(ν̃)] (−1 ≤ ν̃ ≤ 1) respec-
tively.

Now we rewrite the another form of equation (5.11). It is clear that

W¯̃z = [H1(U+iV )x+iH2(U+iV )y]/2=[H1UxH2Vy+i(H1Vx+H2Uy)]/2

= H1[Ux −H2Vy/H1 + i(Vx +H2Uy/H1)]/2
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= H1{(U+V )x/2−H2(U+V )y/2H1+(U−V )x/2+H2(U−V )y/2H1

+i[(U+V )x/2+H2(U+V )y/2H1−(U−V )x/2+H2(U−V )y/2H1]}/2

= H1{(U−V )µ̃+(U+V )ν̃ +i[(U+V )µ̃−(U−V )ν̃ ]}/2 = g(Z)

= iH1[(U+V )−i(U−V )]µ̃+iν̃ = iH1[(U+V )+i(U−V )]µ̃−iν̃ in DZ ,
(5.36)

where Z = x+ iG(y), Ω(τ̃ ) = U + V ) + i(U − V ), τ̃ = µ̃+ iν̃ and

µ̃ = x+G(y) = x+

∫ y

0

H(y)dy, ν̃ = x−G(y),

∂x

∂µ̃
=
∂y

∂µ̃
=

1

2
,
∂y

∂µ̃
=−

∂y

∂µ̃
=

H̃2(y)

2H̃1(y)
in D.

This shows that equation (5.33) or (5.36) can be rewritten as

Ωτ̃ = ig[Z(τ̃)]/H1 in Dτ = τ(DZ), (5.37)

where Dτ is the image domain of D through the mapping τ̃ = µ̃ + iν̃ =
x+G(y) + i[x−G(y)].

By the above conditions, the inverse function x = (µ̃+ ν̃)/2 = σ1(µ̃) of
µ̃ = x+G(y)(= x+ γ1(s)), and then

Γ̃1 : ν̃ = 2σ1(µ̃) − µ̃ = σ1(x+ γ1(s)) − x− γ1(s), 0 ≤ s ≤ s′1.

Moreover we consider the inverse function x = (µ̃ + ν̃)/2 = σ2(ν̃) of ν̃ =
x−G(y)(= x− γ2(s)) can be found, which can be written as

Γ̃2 : µ̃ = 2σ2(ν̃) − ν̃ = 2σ2(x− γ2(s)) − x+ γ2(s), 0 ≤ s ≤ s′2.

We make a transformation

µ =
2[µ̃− 2σ2(ν̃) + ν̃]

1 + 2σ2(ν̃) − ν̃
+ 1, ν =

2[ν̃ − 2σ1(µ̃) + µ̃]

1 − 2σ1(µ̃) + µ̃
− 1,

in Dτ̃ ={−1≤ µ̃≤2σ2(ν̃)−ν̃, 2σ1(µ̃)−µ̃≤ ν̃≤1},

(5.38)

where µ̃, ν̃ are real variables. From equation (5.36), denote ξ = U +V, η =
U − V , we have

ξµ =
1 + 2σ2(ν̃) − ν̃

2
ξµ̃, ηµ =

1 + 2σ2(ν̃) − ν̃

2
ηµ̃,

ξν =
1 − 2σ1(µ̃) + µ̃

2
ξν̃ , ην =

1 − 2σ1(µ̃) + µ̃

2
ην̃ ,

(5.39)
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and

ξµ̃ − ην̃ =
2

1 + 2σ2(ν̃) − ν̃
ξµ −

2

1 − 2σ1(µ̃) + µ̃
ην

=
2

1 − 2σ1(µ̃) + µ̃
[
1 − 2σ1(µ̃) + µ̃

1 + 2σ2(ν̃) − ν̃
ξµ − ην ],

ηµ̃ + ξν̃ =
2

1 + 2σ2(ν̃) − ν̃
ηµ +

2

1 − 2σ1(µ̃) + µ̃
ξν

=
2

1 + 2σ2(ν̃) − ν̃
[
1 + 2σ2(ν̃) − ν̃

1 − 2σ1(µ̃) + µ̃
ξν + ηµ],

(5.40)

thus according to (1.3)-(1.6), Chapter I, through the transformation (5.39),
we can verify that the function Ω = ξ + iη satisfies the equation

Ωτ −Q(τ)Ωτ =
1 − 2σ1(µ̃) + µ̃

2
ReΩτ̃ + i

1 + 2σ2(ν̃) − ν̃

2
ImΩτ̃

=
1−2σ1(µ̃)+µ̃

2
Re

ig(Z)

H(y)
+i

1+2σ2(ν̃)−ν̃

2
Im

ig(Z)

H(y)
=F (τ) in Dτ ,

(5.41)
in which τ = µ+ iν, τ̃ = µ̃+ iν̃, and

Q(τ)=
1+2σ2(ν̃)−ν̃−1+2σ1(µ̃)−µ̃

1+2σ2(ν̃)−ν̃+1−2σ1(µ̃)+µ̃
, |Q(τ)|≤q0<1 in Dτ , (5.42)

the last inequality is the ellipticity condition, where q0 is a non-negative
constant. Moreover we can reduce equation (5.41) to the equation in the
form

Ωω = F τω in ω(Dτ ) = Dω,

where ω(τ) is a homeomorphism of the Beltrami equation

ωτ −Qωτ = 0 in Dτ ,

such that Dτ ,−1, 0, 1 are mapped onto Dω,−1, 0, 1 respectively. Thus we
can first estimate the solutions of the corresponding problem, and then get
the estimates of solutions of the original problem.

By using the similar method, we can give a mapping Z = Z(z) of the
domain D with the boundary Γ̃ ∪ γ, which maps the curve Γ̃ to a smooth
curve in the form x = −1 + G(y), x = 1 − G(z) near the points z = −1
and 1 respectively, this is the simplest case of Q(τ) = 0 in Dτ in (5.42)
and the inner angles of DZ at z = −1, 1 are equal to π/4. We can require
that the function Z = Z(z) and its inverse function Z = Z(z) are Hölder
continuous in the corresponding closed domains, hence it suffices to consider
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the boundary value problem of the corresponding domain, under the above
mapping, the index of the boundary value problem for the corresponding
functions remains to be unchanged.



CHAPTER III

HYPERBOLIC COMPLEX EQUATIONS

OF FIRST AND SECOND ORDERS

In this chapter, we mainly discuss the Riemann-Hilbert boundary value
problem for degenerate hyperbolic complex equations of first order, and
oblique derivative boundary value problems for some classes of degenerate
hyperbolic equations of second order.

1 The Riemann-Hilbert Problem for Uniformly

Hyperbolic Complex Equations of First Order

In this section, we first reduce the hyperbolic systems of first order equations
under some conditions to the complex forms, and then pose the Riemann-
Hilbert boundary value problem for uniformly hyperbolic complex equa-
tions of first order in a simply connected domain. Moreover we give a
representation theorem of solutions for the above boundary value problem,
and prove the uniqueness and existence of solutions for the above problem
by using the successive approximation.

1.1 Complex forms of linear and quasilinear hyperbolic

system of first order equations

First of all, we introduce the hyperbolic number and hyperbolic complex
function. The so-called hyperbolic number is z = x+jy, where x, y are two
real numbers and j is called the hyperbolic unit such that j2 = 1. Denote

e1 = (1 + j)/2, e2 = (1 − j)/2,

it is easy to see that

e1 + e2 = 1, ekel =

{

ek, if k = l,

0, if k 6= l,
k, l = 1, 2,

and (e1, e2) will be called the hyperbolic element. Moreover, w = f(z) =
u(x, y) + jv(x, y) is called a hyperbolic complex function, where u(x, y),
v(x, y) are two real functions of two real variables x, y, which are called

129
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the real part and imaginary part of w = f(z) and denote Rew = u(z) =
u(x, y), Imw = v(z) = v(x, y). Obviously,

z = x+ jy = µe1 + νe2, w = f(z) = u+ jv = ξe1 + ηe2, (1.1)

in which

µ = x+ y, ν = x− y, x = (µ+ ν)/2, y =(µ− ν)/2,

ξ = u+ v, η = u− v, u = (ξ + η)/2, v = (ξ − η)/2.

z̄ = x−jy will be called the conjugate number of z. The absolute value of z
is defined by |z| =

√

|x2 − y2|, and the hyperbolic model of z is defined by

‖z‖=
√

x2 + y2. The operations of addition, subtraction and multiplication
are the same as the real numbers, but j2 = 1. It is clear that |z1z2| =
|z1||z2|, but the triangle inequality is not true. As for the hyperbolic model
of z, we have the triangle inequality: ‖ z1 + z2 ‖≤ ‖ z1 ‖ + ‖ z2 ‖, and
‖ z1z2 ‖≤

√
2 ‖ z1 ‖‖ z2 ‖. Later on the limit of the hyperbolic number will

be defined by the hyperbolic model. The partial derivatives of a hyperbolic
complex function w = f(z) with respect to z and z̄ are defined by

wz = (wx − jwy)/2, wz̄ = (wx + jwy)/2, (1.2)

respectively, and then we have

wz =(wx − jwy)/2=[(ux − vy) + j(vx − uy)]/2

=[(wx − wy)e1 +(wx + wy)e2]/2=wνe1 + wµe2

=[ξνe1 + ηνe2]e1+[ξµe1 + ηµe2]e2 =ξνe1 + ηµe2,

wz̄ = [(ux + vy) + j(vx + uy)]/2 = wµe1 + wνe2

=(ξe1 + ηe2)µe1 + (ξe1 + ηe2)νe2 =ξµe1 + ηνe2.

Let D be a bounded domain in the (x, y)-plane. If u(x, y), v(x, y) are con-
tinuously differentiable in D, then we say that the function w = f(z) is
continuously differentiable in D, and the following result can be derived.

Theorem 1.1 Suppose that the hyperbolic complex function w = f(z) is

continuously differentiable. Then the following three conditions are equiva-

lent.

(1) wz̄ = 0; (1.3)

(2) ξµ = 0, ην = 0; (1.4)
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(3) ux + vy = 0, vx + uy = 0. (1.5)

The system of equations (1.5) is the simplest hyperbolic system of
first order equations, which corresponds to the Cauchy-Riemann system
in the theory of elliptic equations. The continuously differentiable solution
w = f(z) of the complex equation (1.3) in D is called a hyperbolic regular
function in D. In addition, we can obtain some properties about integrals
of hyperbolic complex functions (see [86]33)).

Next, we transform the hyperbolic systems of first order equations into
the complex forms. We first consider the linear hyperbolic system of first
order partial differential equations

{

a11ux + a12uy + b11vx + b12vy = a1u+ b1v + c1,

a21ux + a22uy + b21vx + b22vy = a2u+ b2v + c2,
(1.6)

where the coefficients akl, bkl, ak, bk, ck (k, l = 1, 2) are known real functions
in D, in which D is a bounded domain. System (1.6) is called hyperbolic
at a point in D, if at the point, the inequality

I = (K2 +K3)
2 − 4K1K4 = (K2 −K3)

2 − 4K5K6 > 0 (1.7)

holds, in which

K1 =

∣

∣

∣

∣

∣

a11 b11

a21 b21

∣

∣

∣

∣

∣

, K2 =

∣

∣

∣

∣

∣

a11 b12

a21 b22

∣

∣

∣

∣

∣

, K3 =

∣

∣

∣

∣

∣

a12 b11

a22 b21

∣

∣

∣

∣

∣

,

K4 =

∣

∣

∣

∣

∣

a12 b12
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∣

∣

∣

∣
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∣

∣

∣

∣

∣
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∣

∣

∣

∣
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∣

∣

∣

∣

∣
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∣

∣

∣
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.

If the inequality (1.7) at every point (x, y) in D holds, then (1.6) is called
a hyperbolic system in D. If the coefficients akl, bkl (k, l = 1, 2) in D are
bounded, and the condition

I = (K2 +K3)
2 − 4K1K4 = (K2 −K3)

2 − 4K5K6 ≥ I0 > 0 (1.8)

holds, in which I0 is a positive constant, then (1.6) is called uniformly
hyperbolic in D. Under certain conditions, by using the relations

{

ux =(wz̄ + wz + wz + wz̄)/2, uy =j(wz̄ − wz − wz + wz̄)/2,

vx = j(wz̄ − wz + wz − wz̄)/2, vy = (wz̄ + wz − wz − wz̄)/2,
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the system (1.6) can be reduced to the complex form:

wz̄ −Q1wz −Q2wz̄ = A1w +A2w̄ +A3, (1.9)

in which Qk = Qk(z) (k = 1, 2) are functions of akl, bkl (k, l = 1, 2), and
Ak = Ak(z) (k = 1, 2, 3) are functions of akl, bkl, ak, bk, ck (k, l = 1, 2).

In addition, we discuss the quasilinear hyperbolic system of first order
partial differential equations

{

a11ux + a12uy + b11vx + b12vy = a1u+ b1v + c1,

a21ux + a22uy + b21vx + b22vy = a2u+ b2v + c2,
(1.10)

where the coefficients akl, bkl (k, l = 1, 2) are known functions in (x, y) ∈ D
and ak, bk, ck (k = 1, 2) are known functions of (x, y) ∈ D and u, v ∈ R.
The conditions of hyperbolicity and uniform hyperbolicity of (1.10) are the
same as for system (1.6), i.e. for any point (x, y) ∈ D, the inequalities (1.7)
and (1.8) hold respectively. Hence we can obtain its complex form (1.9)
(see [86]33)).

1.2 Formulation of the Riemann-Hilbert problem and

uniqueness of its solutions for simplest hyperbolic

complex equation

Let D be a simply connected bounded domain in the x+ jy-plane with the
boundary Γ = L1 ∪L2 ∪L3 ∪L4, where L1 = {x = −y, 0 ≤ x ≤ R1}, L2 =
{x = y+2R1, R1 ≤ x ≤ R2}, L3 = {x = −y+2R,R = R2−R1 ≤ x ≤ R2},
L4 = {x = y, 0 ≤ x ≤ R = R2 − R1}, and denote z0 = 0, z1 = (1 −
j)R1, z2 = R2 + j(R2 − 2R1), z3 = (1 + j)(R2 − R1) = (1 + j)R, and
L = L1 ∪ L4, where j is the hyperbolic unit. For convenience we only
discuss the case R2 ≥ 2R1, the other case can be discussed by a similar
way. We consider the simplest hyperbolic complex equation of first order:

wz̄ = 0 in D. (1.11)

The Riemann-Hilbert boundary value problem for the complex equation
(1.11) may be formulated as follows:

Problem A Find a continuous solution w(z) of (1.11) in D satisfying the
boundary conditions

Re[λ(z)w(z)] = r(z), z ∈ L, Im[λ(z0)w(z0)] = b1, (1.12)
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where λ(z) = a(z) + jb(z) 6= 0, z ∈ L, and λ(z), r(z), b1 satisfy the condi-
tions

Cα[λ(z), L] = Cα[Reλ, L] + Cα[Imλ, L] ≤ k0, Cα[r(z), L] ≤ k2, (1.13)

|b1| ≤ k2, max
z∈L1

1

|a(z) − b(z)| , max
z∈L4

1

|a(z) + b(z)| ≤ k0, (1.14)

in which b1 is a real constant and α (0 < α < 1), k0, k2 are positive con-
stants. In particular, when a(z) = 1, b(z) = 0, i.e. λ(z) = 1, z ∈ L,
Problem A is the Dirichlet problem (Problem D), whose boundary condi-
tion is

Re[w(z)] = r(z), z ∈ L, Im[w(z0)] = b1. (1.15)

Problem A with the conditions r(z) = 0, z ∈ L, b1 = 0 is called Problem
A0.

On the basis of Theorem 1.1, it is clear that the complex equation (1.11)
can be reduced to the form

ξµ = 0, ην = 0, (µ, ν) ∈ Q = {0 ≤ µ ≤ 2R, 0 ≤ ν ≤ 2R1}, (1.16)

where µ = x+y, ν = x−y, ξ = u+v, η = u−v. Hence the general solution
of system (1.16) can be expressed as

ξ = u+v=f(ν)=f(x−y), η = u−v=g(µ)=g(x+y), i.e.

u = [f(x− y) + g(x+ y)]/2, v = [f(x− y) − g(x+ y)]/2,
(1.17)

in which f(t), g(t) are two arbitrary real continuous functions on [0, 2R1],
[0, 2R] respectively. From the boundary condition (1.12), we have

a(z)u(z)−b(z)v(z)=r(z) on L, λ(z0)w(z0)=r(z0)+jb1, i.e.

[a((1 − j)x)−b((1 − j)x)]f(2x)+[a((1 − j)x) + b((1 − j)x)]

× g(0) = 2r((1 − j)x), x∈ [0, R1],

[a((1 + j)x) − b((1 + j)x)]f(0) + [a((1 + j)x) + b((1 + j)x)]

× g(2x) = 2r((1 + j)x), x∈ [0, R],

(a(0)−b(0))f(0) = (a(0)−b(0))(u(0)+v(0))=r(0)+b1 or 0,

(a(0)+b(0))g(0) = (a(0)+b(0))(u(0)−v(0)) =r(0)−b1 or 0.

(1.18)

The above formulas can be rewritten as

[a((1 − j)t/2)−b((1− j)t/2)]f(t) + [a((1 − j)t/2) + b((1 − j)t/2)]
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× g(0) = 2r((1 − j)t/2), t ∈ [0, 2R1],

[a((1 + j)t/2)− b((1 + j)t/2)]f(0)+[a((1 + j)t/2) + b((1 + j)t/2)]

× g(t) = 2r((1 + j)t/2), t∈ [0, 2R], i.e.

f(x− y) =
2r((1 − j)(x− y)/2)

a((1 − j)(x− y)/2)−b((1− j)(x− y)/2)

− [a((1−j)(x−y)/2)+b((1−j)(x−y)/2)]g(0)

a((1−j)(x−y)/2)− b((1−j)(x−y)/2)
, 0≤x−y≤2R1,

g(x+ y) =
2r((1 + j)(x+ y)/2)

a((1 + j)(x+ y)/2)+b((1 + j)(x+ y)/2)

− [a((1+j)(x+y)/2)−b((1+j)(x+y)/2)]f(0)

a((1+j)(x+y)/2)+b((1+j)(x+y)/2)
, 0≤x+y≤2R.

(1.19)
Thus the solution w(z) of (1.11) can be expressed as

w(z) = f(x− y)e1 + g(x+ y)e2

=
1

2
{f(x− y) + g(x+ y) + j[f(x− y) − g(x+ y)]},

(1.20)

where f(x− y), g(x+ y) are as stated in (1.19) and f(0), g(0) are as stated
in (1.18). It is not difficult to see that w(z) satisfies the estimate

Cα[w(z), D̄] ≤M1, Cα[w(z), D̄] ≤M2k2, (1.21)

where M1 =M1(α, k0, k2, D), M2 =M2(α, k0, D) are two positive constants
only dependent on α, k0, k2, D and α, k0, D respectively. The above results
can be written as a theorem.

Theorem 1.2 Any solution w(z) of Problem A for the complex equa-

tion (1.11) possesses the representation (1.20), which satisfies the estimate

(1.21).

1.3 Uniqueness of solutions of the Riemann-Hilbert

problem for linear hyperbolic complex equations

Now we discuss the following special case of the complex equation (1.9):

wz̄ = A1(z)w +A2(z)w +A3(z), (1.22)
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and suppose that equation (1.22) satisfies the following conditions, i.e.
Condition C: Al(z) (l = 1, 2, 3) are continuous in D̄ and satisfy

Ĉ[Al, D̄]=C[Al, D̄]+C[Alx, D̄]≤k0, l=1, 2, Ĉ[A3, D̄]≤k1, (1.23)

where C[Al, D̄]=C[ReAl, D̄]+C[ImAl, D̄], and k0, k1 are positive constants.

Due to w = u + jv = ξe1 + ηe2, wz = ξνe1 + ηµe2, wz̄ = ξµe1 + ηνe2,
equation (1.22) can be rewritten in the form

ξµe1 + ηνe2 =[A(z)ξ +B(z)η +E(z)]e1

+[C(z)ξ +D(z)η +F (z)]e2, z ∈ D, i.e.

{

ξµ = A(z)ξ +B(z)η +E(z),

ην = C(z)ξ +D(z)η + F (z),
z ∈ D,

(1.24)

in which

A=ReA1+ImA1, B=ReA2+ImA2, C=ReA2−ImA2,

D=ReA1−ImA1, E=ReA3+ImA3, F = ReA3−ImA3.
(1.25)

The boundary condition (1.12) can be reduced to

Re[λ(ξe1 + ηe2)] = r(z), Im[λ(ξe1 + ηe2)]|z=z0
= b1, (1.26)

where λ = (a + b)e1 + (a − b)e2. Moreover, the domain D is transformed
into the rectangle Q = {0 ≤ µ ≤ 2R1, 0 ≤ ν ≤ 2R, R = R2 − R1},
and A,B,C,D,E, F are known functions of (µ, ν) ∈ Q. For convenience,
sometimes we write z ∈ D or z ∈ Q, and denote L1 = {µ = 0, 0 ≤ ν ≤
2R}, L4 = {0 ≤ µ ≤ 2R1, ν = 0}.

Now we give a representation of solutions of Problem A for equation
(1.22).

Theorem 1.3 If equation (1.22) satisfies Condition C, then any solution

w(z) of Problem A for (1.22) can be expressed as

w(z) = w0(z) + Φ(z) + Ψ(z) in D,

w0(z) = f(x− y)e1 + g(x+ y)e2, Φ(z) = f̃(x−y)e1 + g̃(x+y)e2,

Ψ(z)=

∫ x+y

0

[Aξ+Bη+E]e1d(x+y)+

∫ x−y

0

[Cξ+Dη+F ]e2d(x−y),
(1.27)
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where f(x − y), g(x + y) are as stated in (1.19) and f̃(x − y), g̃(x + y)
are similar to f(x− y), g(x+ y) in (1.19), but Φ(z) satisfies the boundary

conditions

Re[λ(z)Φ(z)]=−Re[λ(z)Ψ(z)] on L, Im[λ(z0)Φ(z0)]=−Im[λ(z0)Ψ(z0)].
(1.28)

Proof It is not difficult to see that the functions w0(z), Φ(z) are solutions
of the complex equation (1.11) in D̄, which satisfy the boundary conditions
(1.12) and (1.28) respectively, Ψ(z) satisfies the complex equation

[Ψ]z̄ = [Aξ +Bη +E]e1 + [Cξ +Dη + F ]e2, (1.29)

and Φ(z) + Ψ(z) satisfies the boundary condition of Problem A0. Hence
w(z) = w0(z) + Φ(z) + Ψ(z) satisfies the boundary condition (1.12) and is
a solution of Problem A for (1.22).

Theorem 1.4 Suppose that Condition C holds. Then Problem A for the

complex equation (1.22) has at most one solution.

Proof Let w1(z), w2(z) be any two solutions of Problem A for (1.22) and
substitute them into equation (1.22) and the boundary condition (1.12).
It is clear that w(z) = w1(z) − w2(z) satisfies the homogeneous complex
equation and boundary conditions

wz̄ = A1w +A2w in D, (1.30)

Re[λ(z)w(z)] = 0, if (x, y) ∈ L, w(z0) = 0. (1.31)

On the basis of Theorem 1.3, the function w(z) can be expressed in the
form

w(z) = Φ(z) + Ψ(z),

Ψ(z)=

∫ x+y

0

[Aξ+Bη]e1d(x+y)+

∫ x−y

0

[Cξ+Dη]e2d(x−y).
(1.32)

Suppose w(z) 6≡ 0 in the neighborhood(⊂ D̄) of the point z0 =0. We may
choose a sufficiently small positive number R0, such that 8M3MR0 < 1,
where M3 =max{C[A,Q0], C[B,Q0], C[C,Q0], C[D,Q0]}, M=1+4k2

0(1+
2k2

0) is a positive constant, and m=C[w(z), Q0]> 0, herein Q0 = {0≤µ≤
R0} ∩ {0≤ν≤R0}. From (1.19),(1.20), (1.27),(1.28),(1.32) and Condition
C, we have

||Ψ(z)|| ≤ 8M3mR0, ||Φ(z)|| ≤ 32M3k
2
0(1 + 2k2

0)mR0,
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thus an absurd inequality m ≤ 8M3MmR0 < m is derived. It shows
w(z) = 0, (x, y) ∈ Q0. Moreover, we extend along the positive directions
of µ = x + y and ν = x − y successively, and finally obtain w(z) = 0 for
(x, y) ∈ D, i.e. w1(z) − w2(z) = 0 in D. This proves the uniqueness of
solutions of Problem A for (1.22).

1.4 Solvability of Riemann-Hilbert problem for

linear hyperbolic complex equations

Theorem 1.5 If the complex equation (1.22) satisfies Condition C, then

Problem A for (1.22) has a solution.

Proof In order to find a solution w(z) of Problem A in D, we can express
w(z) in the form (1.27). In the following, by using successive approximation
we can find a solution of Problem A for the complex equation (1.22). First
of all, substituting the solution w0(z) = ξ0e1 +η0e2 of Problem A for (1.11)
into the position of w = ξe1 + ηe2 in the right-hand side of (1.22), the
function

w1(z) = w0(z) + Φ1(z) + Ψ1(z),

Ψ1(z)=

∫ µ

0

[Aξ0+Bη0+E]e1dµ+

∫ ν

0

[Cξ0+Dη0+F ]e2dν,
(1.33)

is determined, where µ = x+ y, ν = x − y, Φ1(z) is a solution of (1.11) in
D̄ satisfying the boundary conditions

Re[λ(z)Φ1(z)]=−Re[λ(z)Ψ1(z)], z ∈ L,

Im[λ(z0)Φ1(z0)] = −Im[λ(z0)Ψ1(z0)].
(1.34)

Thus from (1.33), (1.34), we have

||w1(z) − w0(z)|| = C[w1(z) − w0(z), D] ≤ 2M4M(4m+ 1)R′, (1.35)

in which M4 = maxz∈D̄(|A|, |B|, |C|, |D|, |E|, |F |), m =‖w0 ‖C(D̄), R
′ =

max(2R1, 2R), M = 1+4k2
0(1+2k2

0) is a positive constant as in the proof of
Theorem 1.4. Moreover, we substitute w1(z) = w0(z) + Φ1(z) + Ψ1(z) and
the corresponding functions ξ1(z) = Rew1(z)+Imw1(z), η1(z) = Rew1(z)−
Imw1(z) into the positions of w(z), ξ(z), η(z) in (1.27), and similarly to
(1.33)-(1.35), we can find the corresponding functions Ψ2(z),Φ2(z) in D
and the function

w2(z) = w0(z) + Φ2(z) + Ψ2(z) in D.
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Obviously the function w2(z) − w1(z) satisfies the equality

w2(z)−w1(z)=Φ2(z)−Φ1(z)+Ψ2(z)−Ψ1(z)=Φ2(z)−Φ1(z)

∫ µ

0

[A(ξ1−ξ0)+B(η1−η0)]e1dµ+

∫ ν

0

[C(ξ1−ξ0)+D(η1−η0)]e2dν,

and then

||w2−w1||≤ [2M4M(4m+1)]2
∫ R′

0

R′dR′≤ [2M4M(4m+1)R′]2

2 !
,

where M4 is a constant as stated in (1.35). Thus we can find a sequence of
functions {wn(z)} satisfying

wn(z) = w0(z) + Φn(z) + Ψn(z),

Ψn(z)=

∫ µ

0

[Aξn+Bηn+E]e1dµ+

∫ ν

0

[Cξn+Dηn+F ]e2dν,
(1.36)

and wn(z) − wn−1(z) satisfies

wn(z) − wn−1(z) = Φn(z) − Φn−1(z) + Ψn(z) − Ψn−1(z),

Φn(z)−Φn−1(z)=

∫ µ

0

[A(ξn−1−ξn−2)+B(ηn−1−ηn−2)]e1dµ

+

∫ ν

0

[C(ξn−1−ξn−2)+D(ηn−1−ηn−2)]e2dν,

(1.37)

and then

||wn−wn−1||≤ [2M4M(4m+1)]n
∫ R′

0

R′n−1

(n− 1) !
dR′≤ [2M4M(4m+1)R′]n

n !
.

(1.38)
From the above inequality, we see that the sequence of functions {wn(z)},
i.e.

wn(z)=w0(z)+[w1(z)−w0(z)]+· · ·+[wn(z)−wn−1(z)](n=1, 2, ...) (1.39)

uniformly converges to a function w∗(z), and w∗(z) satisfies the equality

w∗(z) = w0(z) + Φ∗(z) + Ψ∗(z),

Ψ∗(z)=

∫ µ

0

[Aξ∗+Bη∗+E]e1dµ+

∫ ν

0

[Cξ∗+Dη∗+F ]e2dν.
(1.40)

It is easy to see that w∗(z) satisfies equation (1.22) and the boundary
condition (1.12), hence it is just a solution of Problem A for the complex
equation (1.22) in the closed domain D̄.
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1.5 Another boundary value problem for linear

hyperbolic complex equations of first order

Now we introduce another boundary value problem for equation (1.22) in
D with the boundary conditions

Re[λ(z)w(z)] = r(z) on L1∪L5, Im[λ(z1)w(z1)] = b1, (1.41)

in which L1 = {y = −x, 0 ≤ x ≤ R}, L5 = {y = (R + R1)[x/(R −
R1) − 2R1R/(R

2 − R2
1)], R1 ≤ x ≤ R = R2 − R1}, R2 > 2R1, λ(z) =

a(z) + jb(z), z ∈ L1, λ(z) = a(z) +jb(z) = 1 + j, z ∈ L5 and λ(z), r(z), b1
satisfy the conditions

Cα[λ(z), L1] ≤ k0, Cα[r(z), L1 ∪ L5] ≤ k2,

|b1| ≤ k2,max
z∈L1

1

|a(z) − b(z)| ≤ k0,
(1.42)

where b1 is a real constant and α (0 < α < 1), k0, k2 are positive constants.
The boundary value problem is called Problem B.

On the basis of Theorems 1.1 and 1.2, it is clear that the complex
equation (1.11) can be reduced to the form (1.16) in D̄. The general solution
of system (1.16) can be expressed as

w(z) = u(z) + jv(z) = [u(z) + v(z)]e1 + [u(z) − v(z)]e2

=f(x−y)e1+g(x+y)e2=
1

2
{f(x−y)+g(x+y)+j[f(x−y)−g(x+y)]},

(1.43)
where f(t) (0 ≤ t ≤ 2R), g(t) (0 ≤ t ≤ 2R1) are two arbitrary real continu-
ous functions. Noting that the boundary condition (1.41), namely

a(z)u(z) − b(z)v(z) = r(z) on L1 ∪ L5,

λ(z1)w(z1) = r(z1) + jb1, i.e.

[a((1 − j)x) − b((1 − j)x)]f(2x)

+[a((1 − j)x) + b((1 − j)x)]g(0)

= 2r((1 − j)x) on [0, R1],

f(z1) = u(z1) + v(z1) =
r(z1) + b1
a(z1) − b(z1)

,
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Re[λ(z)w(z)] = u(z) − v(z)

= g(x+ y) = g(
2Rx

R−R1
− 2RR1

R−R1
)

= r[(1 +
R+R1

R−R1
j)x − j

2RR1

R −R1
] on [R1, R].

(1.44)

It is easy to see that the above formulas can be rewritten as

[a((1−j)t/2)−b((1−j)t/2)]f(t)+[a((1−j)t/2)+b((1−j)t/2)]

×g(0) = 2r((1 − j)t/2), t ∈ [0, 2R1],

g(t) = r[((1 + j)R− (1 − j)R1)
t

2R
+ (1 − j)R1], t ∈ [0, 2R],

and then

f(x− y) =
2r((1 − j)(x − y)/2)

a((1 − j)(x − y)/2) − b((1 − j)(x− y)/2)

− [a((1−j)(x−y)/2)+b((1−j)(x−y)/2)]g(0)

a((1−j)(x−y)/2)−b((1−j)(x−y)/2)
, 0≤x−y≤2R,

g(x+y)=r[((1+j)R−(1−j)R1)
x+y

2R
+(1−j)R1], 0≤x+y≤2R1.

(1.45)
Substitute the above function f(x − y), g(x + y) into (1.43), the solution
w(z) of (1.16) is obtained. We are not difficult to see that w(z) satisfies the
estimate

Cα[w(z), D̄]≤M5, Cα[w(z), D̄] ≤M6k2, (1.46)

where M5 = M5(α, k0, k2, D), M6 = M6(α, k0, D) are two positive con-
stants. If R2 = 2R1, then L5 = {x = R1,−R1 ≤ y ≤ R1}, we can similarly
discussed.

Next we consider Problem B for equation (1.22). Similarly to before, we
can derive the representation of solutions w(z) of Problem B for equation
(1.22) as stated in (1.27), where f(x− y), g(x+ y) possess the form (1.45),
and L = L1 ∪ L4, z0 in the formula (1.28) should be replaced by L1 ∪
L5, z1. Moreover applying the successive approximation, the uniqueness
and existence of solutions of Problem B for equation (1.22) can be proved,
but L, z0 in the formulas (1.31) and (1.34) are replaced by L1 ∪L5, z1. We
write the results as a theorem.
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Theorem 1.6 Suppose that equation (1.22) satisfies Condition C. Then

Problem B for (1.22) has a unique solution w(z), which can be expressed

in the form (1.27), where f(x− y), g(x+ y) possess the form (1.45).

2 Boundary Value Problems for Degenerate Hyper-

bolic Complex Equations of First Order

In this section we discuss the Riemann-Hilbert boundary value problem
for degenerate hyperbolic complex equations of first order in a simply con-
nected domain. We first give a representation of solutions of the boundary
value problem for the equations, and then prove the existence and unique-
ness of solutions for the problem. Finally we discuss the Cauchy problem
for the degenerate hyperbolic complex equations.

2.1 Formulation of Riemann-Hilbert problem for

degenerate hyperbolic complex equations of

first order

Let D be a simply connected bounded domain in the hyperbolic complex
plane C with the boundary ∂D = L0∪L1 ∪L2, where L0 = (0, 2R1) on the
real axis, L = L1∪L2, L1 = {x+G(y) = 0, x ∈ (0, R1)}, L2 = {x−G(y) =
2R1, x ∈ (R1, 2R1)}, G(y) =

∫ y

0

√

|K(t)|dt, and z1 = x1 + jy1 = R1 + jy1 is
the intersection point of L1 and L2, where the hyperbolic number is used.
We consider the linear degenerate hyperbolic system of first order equations

{

H(y)ux + vy = a1u+ b1v + c1

H(y)vx + uy = a2u+ b2v + c2
in D, (2.1)

where H(y) = G′(y) =
√

|K(t)|,K(y) = −|y|mh(y) is continuous on D,
herein m is a positive number, h(y) is a continuously differentiable positive
function in D. From (1.7), (2.1), we can obtain I = (K2 +K3)

2−4K1K4 =
4H2 > 0 in D and I = 0 on L0, this shows that system (2.1) is a hyperbolic
system of first order equations with degenerate line L0. The following
degenerate complex equation is a special case of (2.1):







|y|m/2ux + vy = a1u+ b1v + c1

|y|m/2vx + uy = a2u+ b2v + c2
in D, (2.2)
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where m is a positive constant, −K(y) = |y|m, al, bl, cl (l = 1, 2) are func-
tions of z = x+ jy(∈ D). Denote

w(z)=u+jv, wz̃ =[H(y)wx−jwy]/2, w¯̃z =[H(y)wx+jwy]/2 in D, (2.3)

then system (2.1) in D can be reduced to the form

w¯̃z = A1(z)w +A2(z)w +A3(z) in D,

A1 =
a1+b2+ja2+jb1

4
, A2 =

a1−b2+ja2−jb1
4

, A3 =
c1+jc2

2
.

(2.4)

Suppose that equation (2.4) satisfies the following conditions: Condi-

tion C

The coefficients Al(z) (l = 1, 2, 3) in (2.4) are continuous in D and satisfy

Ĉ[Al, D]=C[Al, D]+C[Alx, D]≤k0, l=1, 2, Ĉ[A3, D]≤k1. (2.5)

If the above conditions are replaced by

Ĉα[Al, D]=Cα[Al, D]+Cα[Alx, D]≤k0, l=1, 2, Ĉα[A3, D] ≤ k1, (2.6)

where α (0 < α < 1), k0, k1(≥ max(1, 6k0)) are positive constants, then
the conditions will be called Condition C ′.

Now we formulate the Riemann-Hilbert boundary value problem as fol-
lows:

Problem A Find a continuous solution w(z) of (2.4) in D\L0, which
satisfies the boundary conditions

Re[λ(z)w(z)] = r(z), z ∈ L = L1 ∪ L2, Im[λ(z)w(z)]|z=z1
= b1, (2.7)

where λ(z) = a(x) + jb(x), z ∈ L, b1 is a real constant, and λ(z), r(z), b1
satisfy the conditions

Cα[λ(z),Ll]≤k0,Cα[r(z),Ll]≤k2, l=1, 2, |b1|≤k2,

max
z∈L1

1

|a(z) − b(z)| ≤ k0, max
z∈L2

1

|a(z) + b(z)| ≤ k0,
(2.8)

in which α (0 < α < 1), k0, k2 are positive constants. For convenience,
sometimes we assume that w(z1) = 0. If λ(z) = 1 on Ll, l = 1, 2, then the
problem is called Problem D.
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2.2 Representation of solutions of Riemann-

Hilbert problem for degenerate hyperbolic

complex equations

Now we give the representation theorem of solutions for equation (2.4).

Theorem 2.1 Suppose that the complex equation (2.4) satisfies Condition

C. Then any solution of Problem A for (2.4) can be expressed as

w(z) = u(z) + jv(z) = w0(z) +W (z) in D, (2.9)

where w0(z) is a solution of Problem A for the complex equation

w¯̃z = 0 in D (2.10)

with the boundary condition (2.7), and W (z) in D possesses the form

W (z)=Φ(z)+Ψ(z), Ψ(z)=

∫ µ

0

g1(z)dµe1+

∫ ν

2R1

g2(z)dνe2 in D, (2.11)

in which e1 = (1 + j)/2, e2 = (1 − j)/2, µ = x+G(y), ν = x−G(y),

g1(z)=[Ã1ξ+B̃1η+C̃1]/2H, ξ=Rew+Imw, C̃1 =c1+c2,

g2(z)=[Ã2ξ+B̃2η+C̃2]/2H, η=Rew−Imw, C̃2 =c1−c2,

Ã1 = [a1 + a2 + b1 + b2]/2, B̃1 = [a1 + a2 − b1 − b2]/2,

Ã2 =[a1−a2+b1 −b2]/2, B̃2 = [a1 −a2−b1+b2]/2 in D,

(2.12)

Φ(z) is the solution of equation (2.10) satisfying the boundary conditions

Re[λ(z)(Φ(z)+Ψ(z))]=0, z∈L, Im[λ(z1)(Φ(z1)+Ψ(z1))]=0. (2.13)

Moreover w0(z) is a solution of Problem A for equation (2.10) satisfying

the estimate

Cα[w0(z), D̄]≤M1 =M1(α, k0, k2, D). (2.14)

Proof First of all, from (2.1) or (2.4), we have

w¯̃z = [H(y)wx + jwy]/2 = [H(y)(u+ jv)x + j(u+ jv)y]/2
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=
e1
2

[H(y)ux+vy+H(y)vx+uy]+
e2
2

[H(y)ux+vy−H(y)vx−uy]

=H(y)[e1

(

ux

2
+

vy

2H(y)
+
vx

2
+

uy

2H(y)

)

+e2

(

ux

2
+

vy

2H(y)
− vx

2
− uy

2H(y)

)

]

= H(y)e1(u+ v)µ +H(y)e2(u− v)ν = A1w +A2w +A3

=
e1
2

[Ã1ξ + B̃1η + C̃1] +
e2
2

[Ã2ξ + B̃2η + C̃2],

(2.15)
where H(y) =

√

−K(y), and

µ=x+G(y)=x+

∫ y

0

√

−K(t)dt, ν=x−G(y)=x−
∫ y

0

√

−K(t)dt,

µ+ ν = 2x, µ− ν = 2G(y),
∂x

∂µ
=
∂x

∂ν
=

1

2
,
∂y

∂µ
=−∂y

∂ν
=

1

2H(y)
.

(2.16)

It is clear that equation (2.10) is equivalent to the first order system of
ξ = u+ v, η = u− v:

ξµ = (u+ v)µ = 0, ην = (u− v)ν = 0 in Dτ , (2.17)

where Dτ is the image domain of D under the mapping τ = µ+ jν = x+
G(y)+ j(x−G(y)). Next, let w(z) be a solution of Problem A for equation
(2.4), and w(z) be substituted in the positions of w in (2.11), (2.12), thus
the functions g1(z), g2(z) and Ψ(z) in D are determined. Moreover we can
find the solution Φ(z) in D of (2.10) with the boundary condition (2.13),
thus

w(z) = w0(z) +W (z) = w0(z) + Φ(z) + Ψ(z) in D (2.18)

is the solution of Problem A in D for equation (2.4), and W (z) can be
expressed as in (2.11).

2.3 Existence and uniqueness of solutions of

Riemann-Hilbert problem

In the following, we first prove the existence of solutions of Problem A for
equation (2.10) in D and give its representation. For this, it is sufficient to
find the solution of the system of first order equations

(u+ v)µ = 0, (u− v)ν = 0 in Dτ (2.19)
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with the boundary condition (2.7), i.e.

Re[λ(z)(u+ jv)] = r(z), z ∈ L, Im[λ(z)(u+ jv)]|z=z1
= b1. (2.20)

The general solution of the system (2.19) can be expressed as

ξ= u+v=f(ν)=f(x−G(y)), η=u−v=g(µ)=g(x+G(y)), i.e.

u=[f(x−G(y))+g(x+G(y))]/2, v=[f(x−G(y))−g(x+G(y))]/2,
(2.21)

in which f(t), g(t) are two arbitrary real continuous functions on [0, 2R1].
Obviously the formula in (2.20) can be rewritten as

a(z)u(z)− b(z)v(z)=r(z) on L, λ(z1)w(z1)=r(z1) + jb1, i.e.

[a(h(x))−b(h(x))]f(2x)+[a(h(x))+b(h(x))]g(0)=2r(h(x)) on [0, R1],

[a(k(x))−b(k(x))]f(2R1)+[a(k(x))+b(k(x))]g(2x−2R1)

= 2r(k(x)) on [R1, 2R1],

(a(z1)−b(z1))f(2R1)=(a(z1)−b(z1))(u(z1)+v(z1))=r(z1)+b1 or 0,

(a(z1)+b(z1))g(0)=(a(z1)+b(z1))(u(z1)−v(z1))=r(z1)−b1 or 0,
(2.22)

in which h(x) = x + j(−G)−1(x) and k(x) = x + jG−1(x − 2R1), herein
(−G)−1(x) and G−1(x − 2R1) are the inverse functions of x = −G(y) =
∫ y

0 H(t)dt and x−2R1 = G(y) =
∫ y

0 H(t)dt respectively. The above formu-
las can be rewritten as

[a(h(t/2))−b(h(t/2))]f(t)+[a(h(t/2))+b(h(t/2))]g(0) = 2r(h(t/2)),

[a(k(t/2+R1)) −b(k(t/2+R1))]f(2R1)+[a(k(t/2+R1))

+b(k(t/2+R1))]g(t) = 2r(k(t/2 +R1)), t ∈ [0, 2R1], i.e.

f(x−G(y)) =
2r(h((x−G(y))/2))

a(h((x −G(y))/2)) −b(h((x−G(y))/2))

− [a(h((x−G(y))/2)) + b(h((x−G(y))/2))]g(0)

a(h((x−G(y))/2)) − b(h((x−G(y))/2))
, 0≤x−G(y)≤2R1,

g(x+G(y)) =
2r(k((x+G(y))/2+R1))

a(k((x +G(y))/2+R1))+b(k((x+G(y))/2+R1))

− [a(k((x+G(y))/2+R1))−b(k((x+G(y))/2+R1))]f(2R1)

a(k((x+G(y))/2+R1))+b(k((x+G(y))/2+R1))
,

0 ≤ x+G(y) ≤ 2R1.
(2.23)
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Thus the solution w(z) of (2.10) can be expressed as

w(z) = f(x−G(y))e1 + g(x+G(y))e2

=
1

2
{f(x−G(y))+g(x+G(y))+j[f(x−G(y))−g(x+G(y))]},

(2.24)

where f(x−G(y)), g(x+G(y)) are as stated in (2.23) and f(2R1), g(0) are
as stated in (2.22). It is not difficult to see that w(z) satisfies the estimate

Cδ [w(z), D̄] ≤M1, Cδ[w(z), D̄] ≤M2k2, (2.25)

where M1 =M1(α, k0, k2, D), M2 =M2(α, k0, D) are two positive constants
only dependent on α, k0, k2, D and α, k0, D respectively, δ= δ(α, k0, k2, D)
is a sufficiently small positive constant. The above results can be written
as a theorem.

Theorem 2.2 If the domain D is as stated before, then Problem A for

(2.10) in D has a unique solution as stated in (2.24).

By using the method in Section 1, we first consider the case: y1 < y < δ,
where δ is any negative number, and noting the arbitrariness of δ, the
following result can be proved.

Theorem 2.3 If equation (2.4) in D satisfies the above conditions, then

Problem A for (2.4) in D has a unique solution.

2.4 Unique solvability of Cauchy problem for

degenerate hyperbolic complex equations

In this subsection, we prove the existence and uniqueness of solutions of
the Cauchy problem for the degenerate hyperbolic equation (2.4) with the
boundary conditions

u(x) = φ(x), v(x) = ψ(x) on L0 = (0, 2R1), (2.26)

where φ(x), ψ(x) satisfy the condition C2
α[φ(x), L0], C

2
α[ψ(x), L0] ≤ k2, the

above boundary value problem is also called Problem C for (2.4). Making
a transformation of function

W (z) = w(z) − φ(x) − jψ(x) in D, (2.27)
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equation (2.4) and boundary condition (2.26) are reduced to the form

W¯̃z = B1(z)W (z) +B2(z)W (z) +B3(z),

B1(z)=A1(z), B2(z)=A2(z), B3(z)=A3−H(y)

×(φx + jψx)/2+A1(φ+ jψ)+A2(φ − jψ) in D,

(2.28)

W (z) = U(x) + jV (x) = 0 on L0. (2.29)

Hence we may only discuss Cauchy problem (2.28),(2.29) and denote it by
Problem C0. It is clear that Problem C0 for (2.28) is equivalent to the
boundary value problem for the hyperbolic system of first order equations

ξµ =
1

2
[Ã1ξ + B̃1η + C̃1], ην =

1

2
[Ã2ξ + B̃2η + C̃2],

ξ = U + V, η = U− V, U(x) = 0, V (x) = 0 on L0,

(2.30)

which can be derived from (2.15). Denote s1 by the member of the family
dx/dy =

√

−K(y) and by s2 the member of the family dx/dy = −
√

−K(y)
passing through z = x+ jy ∈ D, namely

s1 : dx/dy =
√

−K(y), s2 : dx/dy = −
√

−K(y), (2.31)

we have

ds1 =
√

(dx)2+(dy)2 =−
√

1+(dx/dy)2dy=−
√

1−Kdy=−
√

1−K√
−K

dx,

ds2 =
√

(dx)2+(dy)2 =−
√

1+(dx/dy)2dy = −
√

1−Kdy =

√
1−K√
−K

dx,

and
dµ = d(x+G(y)) = 2dx = 2H(y)dy on s1,

dν = d(x−G(y)) = dx = −2H(y)dy on s2.

Integrating the hyperbolic system in (2.31) along the characteristic curves
s1, s2, we obtain the system of integral equations as follows

ξ(z) =

∫ y

0

[Ã1ξ + B̃1η + C̃1]dy, z ∈ s1,

η(z) = −
∫ y

0

[Ã2ξ + B̃2η + C̃2]dy, z ∈ s2,

(2.32)

where the coefficients Ãl, B̃1, C̃l (l = 1, 2) are as stated in (2.12). In the
following we may only discuss the case ofK(y) = −|y|mh(y), hereinm, h(y)
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are as stated in (2.1). It is easy to see that for two characteristics s1, s2
passing through a point z = x + jy ∈ D and x1, x2 are the intersection
points with the axis y = 0 respectively, for any two points z̃1 = x̃1 + jỹ ∈
s1, z̃2 = x̃2 + jỹ ∈ s2, we have

|x̃1 − x̃2| ≤ |x1 − x2| = 2|
∫ y

0

√

−K(t)dt|

≤ 2k0

m+2
|y|1+m/2≤ k1

6
|y|m/2+1≤M |y|m/2+1.

(2.33)

for any points z1 = x1+jy ∈ s1, z2 = x2+jy ∈ s2, where max[2
√

h(y), 1] ≤
k0(≤ k1/6), M(> max[1, k1,M1]) is a positive constant. From (2.5), we can
derive that the coefficients of (2.32) possess continuously differentiable with
respect to x ∈ L0 and satisfy the condition

|Ãl|, |Ãlx|, |B̃l|, |B̃lx|, |C̃l|, |C̃lx|,
∣

∣

∣

∣

1√
h

∣

∣

∣

∣

,

∣

∣

∣

∣

hy

h

∣

∣

∣

∣

≤M, z∈D̄, l=1, 2. (2.34)

According to the proof of Theorem 2.3, it is sufficient to find a solution of
Problem C0 for arbitrary segment −δ ≤ y ≤ 0, where δ is a sufficiently
small positive number, and choose a positive constant γ (< 1) close to 1,
such that the following inequalities hold:

4M |y|β ≤ γ for − δ ≤ y ≤ 0, (2.35)

where β (< 1) is a positive constant. Next we shall find a solution of
Problem C0 for (2.32) on −δ < y < 0. Firstly, setting that z = x+jy ∈ D0,
here D0 = {a0 = δ0 ≤ x ≤ a1 = 2R1−δ0,−δ < y ≤ 0}, δ, δ0 are sufficiently
small positive constants, we choose ξ0 = 0, η0 = 0 and substitute them into
the corresponding positions of ξ, η in the right-hand sides of (2.32), and
obtain

ξ1(z) =

∫ y

0

[Ã1ξ0 +B̃1η0+C̃1]dy =

∫ y

0

C̃1dy, z ∈ s1,

η1(z)=−
∫ y

0

[Ã2ξ0+B̃2η0+C̃2]dy=−
∫ y

0

C̃2dy, z ∈s2.
(2.36)

By the successive approximation, we find the sequences of functions
{ξk}, {ηk}, which satisfy the relations

ξk+1(z) =

∫ y

0

[Ã1ξk +B̃1ηk+ C̃1]dy, z ∈ s1,

ηk+1(z)=−
∫ y

0

[Ã2ξk+B̃2ηk+C̃2]dy, z ∈ s2,

k = 0, 1, 2, ....

(2.37)
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We can prove that {ξk}, {ηk} in D0 satisfy the estimates

|ξk(z)|, |ηk(z)|≤M
k

∑

j=0

γj |y|β ,

|ξk(z1)−ξk(z2)|≤M
k

∑

j=0

γj |x1−x2|β1 |y|β′

,

|ηk(z1)−ηk(z2)|≤M
k

∑

j=0

γj |x1−x2|β1 |y|β′

,

|ξk+1(z)−ξk(z)|, |ηk+1(z)−ηk(z)|≤Mγk|y|β,

|ξk+1(z1) − ξk+1(z2) − ξk(z1) + ξk(z2)|≤Mγk|x1−x2|β1 |y|β′

,

|ηk+1(z1) − ηk+1(z2) − ηk(z1)+ηk(z2)|≤Mγk|x1−x2|β1 |y|β′

,

(2.38)

in which z = x + jy is the intersection point of s1, s2 in (2.31) passing
through z1, z2, β = 1 − β1, β

′ = 1 + m/2 − (2 +m)β1, β1 is a sufficiently
small positive constant. In fact, from (2.36), it follows that the first formula
with k = 1 holds, namely

|ξ1(z)|= |
∫ y

0

C̃1dy|≤M |y|, |η1(z)|≤M |y|=Mγ0|y|≤M
1

∑

j=0

γj |y|.

Moreover we have

|ξ1(z1)−ξ1(z2)| ≤ |
∫ y

0

[C̃1(x1+jt)−C̃1(x2+jt)]dt|

≤ |
∫ y

0

|C̃1x||x1 − x2|dy| ≤M |
∫ y

0

|x1 − x2|dy|

≤M |x1−x2||y| ≤M

1
∑

j=0

γj |x1 − x2|β1 |y|β′

,

|η1(z1)−η1(z2)|≤M
1

∑

j=0

γj |x1−x2|β1 |y|β′

,

|ξ1(z)−ξ0(z)|= |ξ1(z)|≤Mγ0|y|β , |η1(z)−η0(z)|= |η1(z)|≤Mγ0|y|β ,

|ξ1(z1)−ξ1(z2)−ξ0(z1)+ξ0(z2)|= |ξ1(z1)−ξ1(z2)|, |η1(z1)−η1(z2)

−η0(z1)+η0(z2)|= |η1(z1)−η1(z2)|≤Mγ0|x1−x2|β1 |y|β′

.

In addition, we use the inductive method, namely suppose the estimates in
(2.38) for k = n are valid, then they are also valid for k = n + 1. In the
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following, we only give the estimates of |ξn+1(z)|, |ξn+1(z1)+ ξn+1(z2)|, the
other estimates can be similarly given. From (2.37), we have

|ξn+1(z)|≤|
∫ y

0

[(|Ã1|+|B̃1|)M
n

∑

j=0

γj |y|β + |C̃1|]dy|

≤M |
∫ y

0

[2M

n
∑

j=0

γj |y|β +1]dy|≤M{[2M
n

∑

j=0

γj |y|1+β+|y|}≤M
n+1
∑

j=0

γj |y|β .

Moreover we consider

|ξn+1(z1)−ξn+1(z2)|≤|
∫ y

0

[Ã1(z1)ξn(z1)−Ã1(z2)ξn(z2)

+ B̃1(z1)ηn(z1) − B̃1(z2)ηn(z2) + C̃1(z1) − C̃1(z2)]dy|,
noting that

I1 = |Ã1(z1)ξn(z1)−Ã1(z2)ξn(z2)+B̃1(z1)ηn(z1)−B̃1(z2)ηn(z2)|

≤|[Ã1(z1)−Ã1(z2)]ξn(z1)+Ã1(z2)[ξn(z1)−ξn(z2)]+[B̃1(z1)−B̃1(z2)]

×ηn(z1)+B̃1(z2)[ηn(z1)−ηn(z2)]|≤2M2[|x1−x2|+|x1−x2|β1|y|β′

]

×
n

∑

j=0

γj , I2 = |C̃1(z1)−C̃1(z2)|≤M |x1 − x2|≤M |x1 − x2|β1 |y|β′

,

and then

|ξn+1(z1)−ξn+1(z2)|≤ |
∫ y

0

M [4M
n

∑

j=0

γj + 1]|x1 − x2|β1 |y|β′

dy|

≤M [4M |y|
n

∑

j=0

γj + 1}|x1 − x2|β1 |y|β′ ≤M
n+1
∑

j=0

γj |x1 − x2|β1 |y|β′

,

and

|ηn+1(z1)−ηn+1(z2)| ≤M

n+1
∑

j=0

γj |x1 − x2|β1 |y|β′

.

On the basis of the estimates (2.38), we can derive that the sequences
{ξk}, {ηk} in D0 uniformly converge to ξ∗, η∗ satisfying the system of inte-
gral equations

ξ∗(z) =

∫ y

0

[Ã1ξ∗ + B̃1η∗ + C̃1]dy, z ∈ s1,

η∗(z) = −
∫ y

0

[Ã2ξ∗ + B̃2η∗ + C̃2]dy, z ∈ s2,
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and the functionW (z)=U(z)+jV (z)=[ξ∗+η∗]/2+[ξ∗−η∗]/2 satisfies equation
(2.28) and boundary condition (2.29), hence w(z)=W (z)+φ(x)+jψ(x) is
a solution of Problem C for (2.4). From the above discussion, we can see
that the solution of Problem C for (2.4) in D is unique.

Theorem 2.4 If equation (2.4) in D satisfies Condition C and the above

other conditions, then Problem C for (2.4) in D has a unique solution.

3 The Oblique Derivative Problem for Uniformly

Hyperbolic Equations of Second Order

In this section, we mainly discuss the oblique derivative boundary value
problem for uniformly hyperbolic equations of second order. Firstly, we
transform some linear and nonlinear uniformly hyperbolic equations of sec-
ond order with certain conditions into the complex forms, give the unique-
ness theorem of solutions for the above boundary value problem. Moreover
by using the successive approximation, the existence of solutions for the
oblique derivative problem is proved. In the letter sections of this chapter,
we shall introduce some boundary value problems for degenerate hyperbolic
equations of second order with certain conditions.

3.1 Complex forms of hyperbolic equations of

second order

Now, we first transform some linear uniformly hyperbolic equations of sec-
ond order with certain conditions into the complex form, and then we state
the conditions of some hyperbolic complex equations of second order.

Let D be a bounded domain, we consider the linear hyperbolic partial
differential equation of second order

auxx + 2buxy + cuyy + dux + euy + fu = g, (3.1)

where the coefficients a, b, c, d, e, f, g are known real continuous functions of
(x, y) ∈ D. The condition of hyperbolic type for (3.1) is that for any point
(x, y) in D, the inequality

I = ac− b2 < 0, a > 0 (3.2)

holds. If a, b, c are bounded in D and

I = ac− b2 ≤ I0 < 0, a > 0 in D, (3.3)
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where I0 is a negative constant, then equation (3.1) is called uniformly
hyperbolic in D. Introduce the notations as follows

( )z =
1

2
[( )x − j( )y], ( )z̄ =

1

2
[( )x + j( )y],

( )zz̄ =
1

4
[( )xx−( )yy], ( )zz =

1

4
[( )xx+( )yy−2j( )xy],

( )z̄z̄ =
1

4
[( )xx+( )yy+2j( )xy], ( )xy = j[( )z̄z̄−( )zz],

( )xx =( )zz+( )z̄z̄+2( )zz̄ , ( )yy =( )zz +( )z̄z̄−2( )zz̄,

(3.4)

equation (3.1) can be written in the form

2(a− c)uzz̄ + (a+ c− 2bj)uzz + (a+ c+ 2bj)uz̄z̄

+ (d− ej)uz + (d+ ej)uz̄ + fu = g in D.
(3.5)

If a 6= c in D, then equation (3.5) can be reduced to the complex form

uzz̄ − Re[Q(z)uzz +A1(z)uz] −A2(z)u = A3(z) in D, (3.6)

in which

Q=−a+c−2bj

a− c
, A1 =−d−ej

a− c
, A2 =− f

2(a−c) , A3 =
g

2(a−c) .

If (a + c)2 ≥ 4b2, then the conditions of hyperbolic type and uniformly
hyperbolic type are transformed into

|Q(z)| < 1 in D, (3.7)

and
|Q(z)| ≤ q0 < 1 in D, (3.8)

respectively.

For the quasilinear hyperbolic partial differential equation of second order

auxx + 2buxy + cuyy + dux + euy + fu = g, (3.9)

where the coefficients a, b, c, d, e, f, g are known real continuous functions
of (x, y) ∈ D and u, ux, uy ∈ R, if equation (3.9) satisfies the condition of
hyperbolic type in D and other condition as stated before, then (3.9) can
be reduced to the complex form

uzz̄ − Re[Quzz +A1uz] −A2u = A3 in D, (3.10)
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in which

Q=Q(z, u, uz)=−a+ c− 2bj

a− c
, A1 = A1(z, u, uz) = −d− ej

a− c
,

A2 = A2(z, u, uz) = − f

2(a− c)
, A3 = A3(z, u, uz) =

g

2(a− c)
.

As stated in [12] 1),3), for the linear hyperbolic equation (3.1) or its
complex form (3.6), if the coefficients a, b, c are sufficiently smooth, through
a non-singular transformation of z, equation (3.1) can be reduced to the
standard form

uxx − uyy + dux + euy + fu = g (3.11)

or its complex form

uzz̄ − Re[A1(z)uz] −A2(z)u = A3(z). (3.12)

Let D be a simply connected bounded domain with the boundary Γ =
L1 ∪ L2 ∪ L3 ∪ L4 as stated in Section 1, where L1 = {x = −y, 0 ≤ x ≤
R1}, L2 = {x = y + 2R1, R1 ≤ x ≤ R2}, L3 = {x = −y + 2R,R =
R2 − R1 ≤ x ≤ R2}, L4 = {x = y, 0 ≤ x ≤ R}, and denote z0 = 0, z1 =
(1 − j)R1, z2 = R2 + j(R2 − 2R1), z3 = (1 + j)R, L = L3 ∪ L4, here there
is no harm in assuming that R2 ≥ 2R1. Consider second order quasilinear
hyperbolic equation in the form

uzz̄ − Re[A1(z, u, uz)uz] −A2(z, u, uz)u = A3(z, u, uz), (3.13)

whose coefficients satisfy the following conditions: Condition C

1) Al(z, u, uz)(l = 1, 2, 3) are continuous in z ∈ D̄ for all continuously
differentiable functions u(z) in D̄ and satisfy

Ĉ[Al, D̄]=C[Al, D̄]+C[Alx, D̄]≤k0, l=1, 2, Ĉ[A3, D̄]≤k1. (3.14)

2) For any continuously differentiable functions u1(z), u2(z) in D̄, the
equality

F (z, u1, u1z)−F (z, u2, u2z)=Re[Ã1(u1−u2)z ]+Ã2(u1−u2) in D̄ (3.15)

holds, where
Ĉ [Ãl(z, u1, u2), D̄] ≤ k0, l = 1, 2, (3.16)

in (3.14),(3.16), k0, k1 are non-negative constants. In particular, when
(3.13) is a linear equation, from (3.14) it follows that the conditions (3.15),
(3.16) hold.
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It is clear that (3.13) is the complex form of the following real equation
of second order

uxx − uyy = aux + buy + cu+ d in D, (3.17)

in which D is a bounded domain with the boundary Γ = L1 ∪L2 ∪L3 ∪L4

as stated before, a, b, c, d are functions of (x, y)(∈ D), u, ux, uy(∈ R) and

A1 =
a− jb

2
, A2 =

c

4
, A3 =

d

4
in D. (3.18)

Due to z = x+ jy = µe1 + νe2, w = uz = ξe1 + ηe2, and

wz =
1

2
(wx − jwy) = ξνe1 + ηµe2,

wz̄ =
1

2
(wx + jwy) = ξµe1 + ηνe2,

the quasilinear hyperbolic equation (3.13) can be rewritten in the form

ξµe1+ηνe2 =[A(z, u, w)ξ+B(z, u, w)η+C(z, u, w)u+D(z, u, w)]e1

+[A(z, u, w)ξ+B(z, u, w)η+C(z, u, w)u+D(z, u, w)]e2, i.e.

{

ξµ =A(z, u, w)ξ+B(z, u, w)η+C(z, u, w)u+D(z, u, w)

ην =A(z, u, w)ξ+A(z, u, w)η+C(z, u, w)u+D(z, u, w)
in D,

(3.19)
in which

A =
a− b

4
, B =

a+ b

4
, C =

c

4
, D =

d

4
. (3.20)

In the following, we mainly discuss oblique derivative problem for linear
hyperbolic equation (3.12) and quasilinear hyperbolic equation (3.13) in the
simply connected domain. We first prove the boundedness of solutions of
the boundary value problem and give a priori estimates of its solutions, and
then prove the solvability of the boundary value problem for the hyperbolic
equations.

3.2 Formulation of oblique derivative problem and

representations of solutions

The oblique derivative problem for equation (3.13) may be formulated as
follows:
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Problem P Find a continuously differentiable solution u(z) of (3.13) in
D̄ satisfying the boundary conditions

1

2

∂u

∂ν
= Re[λ(z)uz] = r(z), z ∈ L = L3 ∪ L4,

u(z3) = b0, Im[λ(z)uz]|z=z3
= b1,

(3.21)

where ν is a given vector at every point on L, λ(z) = a(z) + jb(z) =
cos(ν, x) + j cos(ν, y), z ∈ L, b0, b1 are real constants, and λ(z), r(z), b0, b1
satisfy the conditions

Cα[λ(z), L] ≤ k0, Cα[r(z), L] ≤ k2, |b0|, |b1| ≤ k2,

max
z∈L3

1

|a(z) − b(z)| ≤ k0, max
z∈L4

1

|a(z) + b(z)| ≤ k0,
(3.22)

in which α (0 < α < 1), k0, k2 are non-negative constants. The above
boundary value problem for (3.13) with A3(z, u, w) = 0, z ∈ D,u ∈ R,
w ∈ C and r(z) = b0 = b1 = 0, z ∈ L will be called Problem P0.

By z = x+ jy = µe1 + νe2, w = uz = ξe1 + ηe2, the boundary condition
(3.21) can be reduced to

Re[λ(z)(ξe1 + ηe2)] = r(z), u(z3) = b0,

Im[λ(z)(ξe1 + ηe2)]|z=z3
= b1,

(3.23)

where λ(z) = (a− b)e1 +(a+ b)e2. Moreover, the domain D is transformed
into Q = {0 ≤ µ ≤ 2R1, 0 ≤ ν ≤ 2R}, R = R2 − R1, which is a rectan-
gle and A,B,C,D are known functions of (µ, ν) and unknown continuous
functions u,w, and they satisfy the boundary conditions



















λ(z3)w(z3) = λ(z)[ξe1 + ηe2]|z=z3
= r(z3) + jb1, u(z3) = b0,

Re[λ(z)w(2Re1+νe2)]=r(z), if (x, y)∈L3 ={µ=2R, 0≤ν≤2R1},

Re[λ(z)w(µe1 + 0e2)]=r(z), if (x, y) ∈ L4 ={0 ≤ µ ≤ 2R, ν = 0},
(3.24)

where λ(z), r(z), b0, b1 are as stated in (3.21). Moreover we can assume
that w(z3) = 0.

It is not difficult to see that the oblique derivative boundary value prob-
lem (Problem P ) includes the Dirichlet boundary value problem (Problem
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D) as a special case. In fact, the boundary condition of Dirichlet problem
(Problem D) for equation (3.13) or (3.19) is as follows

u(z) = φ(x) on L = L3 ∪ L4. (3.25)

We find the derivative with respect to the tangent direction l = (x ∓ jy)
for (3.25), in which ∓ are determined by L3 and L4 respectively, and

ds =
√

(dx)2 + (dy)2 =
√

2dx = −
√

2dy on L3,

ds =
√

(dx)2 + (dy)2 =
√

2dx =
√

2dy on L4,

it is clear that the following equalities hold:

us

2
=
uxxs+uyys

2
=
ux−uy

2
√

2
= Re[λ(z)uz]=

φx

2
√

2
, z∈L3,

Im[λ(z)uz]|z=z3−0 = b−1 ,

us

2
=
uxxs+uyys

2
=
ux+uy

2
√

2
=Re[λ(z)uz] =

φx

2
√

2
, z∈L4,

Im[λ(z)uz]|z=z3+0 = b+1 ,

(3.26)

in which

λ(z)=a+jb =















1−j√
2

on L3,

1+j√
2

on L4,

r(z)=
φx

2
√

2
on L=L3∪L4,

b−1 = Im[
1 + j√

2
uz(z3)] =

φx

2
√

2

∣

∣

∣

z=z3−0
,

b+1 = Im[
1 − j√

2
uz(z3)] = − φx

2
√

2

∣

∣

∣

z=z3+0
,

b0 = φ(0),

(3.27)

in which a = 1/
√

2 6= b = −1/
√

2 on L3 and a = 1/
√

2 6= −b = −1/
√

2 on
L4.

Noting that Problem P for (3.13) is equivalent to the Riemann-Hilbert
problem (Problem A) for the complex equation of first order and boundary
conditions:

wz̄ = Re[A1w] +A2u+A3 in D, (3.28)

Re[λ(z)w(z)] = r(z), z ∈ L, Im[λ(z)w(z)]|z=z3
= b1, (3.29)
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and the relation

u(z) = 2Re

∫ z

z3

w(z)dz + b0 in D. (3.30)

In addition, it is not difficult to derive that

2Re

∫

Γ

w(z)dz =

∫

Γ

w(z)dz +

∫

Γ

w(z)dz̄

= 2j

∫ ∫

D

[w̄z − wz̄ ]dxdy = 4

∫ ∫

D

Im[w̄z ]dxdy = 0,

the above equality for any subdomain in D is also true, hence the function
determined by the integral in (3.30) is independent of integral paths in D̄.
In this case we may choose that the integral path is along two families of
characteristic lines, namely first along one of characteristic line: x + y =
µ (0 ≤ µ ≤ 2R1) and then along one of characteristic line: x − y = ν (0 ≤
ν ≤ 2R), for instance, the value of u(z∗)(z∗ = x∗ + jy∗ ∈ D, y∗ ≤ 0) can
be obtained by the integral

u(z∗) = 2Re[

∫

s1

w(z)dz +

∫

s2

w(z)dz] + b0,

in which l1 = {x+y = 0, 0 ≤ x ≤ (x∗−y∗)/2}, l2 = {x−y = x∗−y∗, (x∗−
y∗)/2 ≤ x ≤ x∗}, in which x∗ − y∗ is the intersection of the characteristic
line: {x − y = x∗ − y∗} passing through the point z∗ and real axis. In
particular, when Aj = 0, j = 1, 2, 3, equation (3.13) becomes the simplest
hyperbolic complex equation

uzz̄ = 0. (3.31)

Problem P for (3.31) is equivalent to Problem A for the simplest hyperbolic
complex equation of first order

wz̄ = 0 in D (3.32)

with the boundary condition (3.29) and the relation (3.30). Hence similarly
to Theorem 1.2, we can derive the representation and existence theorem of
solutions of Problem A for the simplest equation (3.32), namely

Theorem 3.1 Any solution u(z) of Problem P for the hyperbolic equation

(3.31) can be expressed as (3.30), where w(z) is as follows

w(z) = f(x− y)e1 + g(x+ y)e2

=
1

2
{f(x−y)+g(x+y)+j[f(x−y)−g(x+y)]},

(3.33)
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here and in the following, for convenience denote by the functions a(x),
b(x), r(x) of x the functions a(z), b(z), r(z) of z in (3.29), and f(x − y),
g(x+ y) possess the forms

f(x− y) =
2r((x − y)/2 +R)

a((x− y)/2 +R) − b((x− y)/2 +R)

− [a((x−y)/2+R) + b((x− y)/2 +R)] g(2R)

a((x− y)/2 +R)−b((x− y)/2+R)
,

0 ≤ x− y ≤ 2R,

(a(R)+b(R))g(2R)=(a(R)+b(R))(U(z3)−V (z3))

= r(R) − b1 or 0,

g(x+y)=
2r((x+y)/2)−[a((x+y)/2)−b((x+y)/2)]f(0)

a((x+y)/2)+b((x+y)/2)
,

0 ≤ x+ y ≤ 2R1,

(a(R)−b(R))f(0)=(a(R)−b(R))(U(z3)+V (z3))

= r(R) + b1 or 0.

(3.34)

Moreover u(z) satisfies the estimate

C1
δ [u(z), D] ≤M1, C

1
δ [u(z), D] ≤M2k2, (3.35)

where δ = δ(α, k0, k2, D) (< 1),M1 = M1(α, k0, k2, D),M2 = M2(α, k0, D)
positive constants.

Proof Let the general solution

w(z) = uz =
1

2
{f(x− y) + g(x+ y) + j[f(x− y) − g(x+ y)]}

of (3.32) be substituted in the boundary condition (3.29), thus (3.29) can
be rewritten as

a(z)U(z) − b(z)V (z) = r(z) on L, λ(z3)w(z3) = r(z3) + jb1, i.e.

[a(x) − b(x)]f(2x− 2R) + [a(x) + b(x)]g(2R) = 2r(x) on L3,

[a(x) − b(x)]f(0) + [a(x) + b(x)]g(2x) = 2r(x) on L4,
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the above formulas can be rewritten as

[a(
t

2
+R) − b(

t

2
+R)]f(t) + [a(

t

2
+R) + b(

t

2
+R)]g(2R)

= 2r(
t

2
+R), t ∈ [0, 2R],

(a(R)+b(R))g(2R)=(a(R)+b(R))(U(z3)−V (z3))=r(R)−b1 or 0,

[a(
t

2
) − b(

t

2
)]f(0) + [a(

t

2
) + b(

t

2
)]g(t) = 2r(

t

2
), t ∈ [0, 2R1],

(a(R)−b(R))f(0)=(a(R)−b(R))(U(z3)+V (z3))=r(R)+b1 or 0,

thus the solution w(z) can be expressed as (3.33), (3.34). Here we mention
that for the Dirichlet boundary condition, noting (3.27), we have (a(R)+
b(R))g(2R) = 0, (a(R)−b(R))f(0) = 0. From the condition (3.22) and the
relation (3.30), we see that the estimate (3.35) of u(z) for (3.31) is obviously
true.

Next we give the representation of Problem P for the quasilinear equa-
tion (3.13).

Theorem 3.2 Under Condition C, any solution u(z) of Problem P for

the hyperbolic equation (3.13) can be expressed as

u(z) = 2Re

∫ z

z3

w(z)dz + b0 in D,

w(z) = w0(z) + Φ(z) + Ψ(z) in D,

w0(z) = f(ν)e1 + g(µ)e2, Φ(z) = f̃(ν)e1 + g̃(µ)e2,

Ψ(z)=

∫ µ

2R

[Aξ+Bη+Cu+D]e1dµ+

∫ ν

0

[Aξ+Bη+Cu+D]e2dν,

(3.36)

in which f(ν), g(µ) are as stated in (3.34) and f̃(ν), g̃(µ) are simi-

lar to f(ν), g(µ) in (3.34), but r(z), b1 are replaced by −Re[λ(z)Ψ(z)],
−Im[λ(z3)Ψ(z3)], namely

Re[λ(z)Φ(z)]=−Re[λ(z)Ψ(z)] on L,

Im[λ(z3)Φ(z3)] = −Im[λ(z3)Ψ(z3)].
(3.37)

Proof Let the solution u(z) of Problem P be substituted into the co-
efficients of equation (3.13). Then the equation in this case can be seen
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as a linear hyperbolic equation (3.12). Due to Problem P is equivalent to
the Problem A for the complex equation (3.28) with the relation (3.30),
according to Theorem 1.3, it is not difficult to see that the function Ψ(z)
satisfies the complex equation

[Ψ]z̄ =[Aξ+Bη+Cu+D]e1+[Aξ+Bη+Cu+D]e2 in D, (3.38)

and Φ(z) = w(z) − w0(z) − Ψ(z) satisfies the complex equation and the
boundary conditions

ξµe1 + ηνe2 = 0, (3.39)

Re[λ(z)(ξe1 + ηe2)] = −Re[λ(z)Ψ(z)] on L,

Im[λ(z)(ξe1 + ηe2)]|z=z3
= −Im[λ(z3)Ψ(z3)].

(3.40)

According to the way to derive the representation (1.27) of solutions of
Problem A for (1.22), we can obtain the representation (3.36) of Problem
P for (3.13).

3.3 Existence and uniqueness of solutions of oblique

derivative problems

Theorem 3.3 If the complex equation (3.13) satisfies Condition C, then

Problem P for (3.13) has a solution.

Proof We consider the expression of u(z) as in the form (3.36). In the
following, by using the successive approximation we shall find a solution of
Problem P for equation (3.13). Firstly, substitute

u0(z) = 2Re

∫ z

z3

w0(z)dz + b0, w0(z) = u0z = ξ0e1 + η0e2, (3.41)

into the position of u,w = ξe1 + ηe2 in the right-hand side of (3.13), where
w0(z) is the same function in (3.36) and satisfies the estimate (3.35). More-
over, we have

u1(z)=2Re

∫ z

z3

w1(z)dz+b0, w1(z)=w0(z)+Φ1(z)+Ψ1(z),

Ψ1(z) =

∫ x+y

2R

[Aξ0 +Bη0 + Cu0 +D]e1d(x + y)

+

∫ x−y

0

[Aξ0 +Bη0 + Cu0 +D]e2d(x − y),

(3.42)
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from the first equality in (3.42), the estimate

C[u1(z), D̄] ≤M3C[w1(z), D]R′ + k2 (3.43)

can be derived, where M3 = M3(D). From the second and third equalities
in (3.42), we can obtain

C[Ψ1(z), D̄] ≤ 2M4[(4 +M3R
′)m+ k2 + 1]R′,

C[Φ1(z), D̄]≤8M4k
2
0(1+2k2

0)[(4+M3R
′)m+k2+1]R′,

C[w1(z) − w0(z), D̄] ≤ 2M4M [(4 +M3R
′)m+ 1]R′,

(3.44)

whereM4 =maxD̄ (|A|, |B|, |C|, |D|), M = 1+4k2
0(1+2k2

0) are non-negative
constants, R′ = max (2R1, 2R), m = ||w0(z)||C(D). Thus we can find a

sequence of functions {wn(z)} satisfying

un+1(z)=2Re

∫ z

z3

wn+1(z)dz+b0, wn+1(z)=w0(z)+Φn(z)

+

∫ µ

2R

[Aξn+Bηn+Cun+D]e1dµ+

∫ ν

0

[Bηn+Aηn+Cun+D]e2dν,

(3.45)

and then

||wn − wn−1|| ≤ {2M4M [(4 +M3R
′)m+ 1]}n

×
∫ R′

0

R′n−1

(n− 1) !
dR′≤ {2M4M [(4+M3R

′)m+ 1]R′}n

n !
.

(3.46)

From the above inequality, we can see that the sequence of functions
{wn(z)}, i.e.

wn(z)=w0(z)+[w1(z)−w0(z)]+· · ·+[wn(z)−wn−1(z)](n=1, 2, ...) (3.47)

in D̄ uniformly converges a function w∗(z), and w∗(z) satisfies the equality

w∗(z) = ξ∗e1 + η∗e2 = w0(z) + Φ∗(z)

+

∫ µ

2R

[Aξ∗+Bη∗+Cu∗+D]e1dµ+

∫ ν

0

[Aξ∗+Bη∗+Cu∗+D]e2dν,
(3.48)

and the function

u∗(z) = 2Re

∫ z

z3

w∗(z)dz + b0, (3.49)

is just a solution of Problem P for equation (3.13) in the closed domain D̄.
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Theorem 3.4 Suppose that Condition C holds. Then Problem P for the

complex equation (3.13) has at most one solution in D̄.

Proof Let u1(z), u2(z) be any two solutions of Problem P for (3.13), we
see that u(z) = u1(z) − u2(z) and w(z) = u1z(z) − u2z(z) satisfies the
homogeneous complex equation and boundary conditions

wz̄ = Re[Ã1w] + Ã2u in D, (3.50)

Re[λ(z)w(z)] = 0 on L, Im[λ(z3)w(z3)] = 0, (3.51)

and the relation

u(z) = 2Re

∫ z

z3

w(z)dz, z ∈ D̄. (3.52)

From Theorem 3.2, we see that the function w(z) can be expressed in the
form

w(z) = Φ(z) + Ψ(z),

Ψ(z)=

∫ µ

2R

[Ãξ+B̃η+C̃u]e1dµ+

∫ ν

0

[Ãξ+B̃η+C̃u]e2dν,
(3.53)

moreover from (3.52),

C[u(z), D̄] ≤M3C[w(z), D]R′

can be obtained, in which M3 = M3(D) is a non-negative constant. By
using the successive procedure similar to the proof of Theorem 3.3, we can
get

||w(z)|| = ||w1 − w2|| ≤
[2M5M [(4 +M3R

′)m+ 1]R′]n

n !
, (3.54)

where M5 = maxD̄(|Ã|, |B̃|, |C̃|). Let n→ ∞, thus we have w(z) = w1(z)−
w2(z) = 0, Ψ(z) = Φ(z) = 0 in D̄. This proves the uniqueness of solutions
of Problem P for (3.13) (see [86]33)).

4 The Oblique Derivative Problem for Degenerate

Hyperbolic Equations of Second Order

This section deals with the discontinuous oblique derivative problem for the
degenerate hyperbolic equations. We first give a representation theorem of
solutions of the boundary value problem for the hyperbolic equations, and
then prove the existence and uniqueness of solutions for the above oblique
derivative problem. Finally we discuss the above boundary value problem
in general domains.
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4.1 Formulation of discontinuous oblique derivative

problem for degenerate hyperbolic equations

We first consider the linear degenerate hyperbolic equation of second order

K(y)uxx − uyy = aux + buy + cu+ d in D, (4.1)

in which D is bounded by the segment L0 = [0, 2R1] and two characteristic
lines

L3 : x = 2R1 −G(y) = 2R1 −
∫ y

0

H(t)dt,

L4 : x = G(y) =

∫ y

0

H(t)dt,

(4.2)

where R1 = G(y3) is a positive number, H(y) =
√

K(y), l = 1, 2, K(y) =
ymh(y),m is a positive number, h(y) is a continuously differentiable positive
function, and z3 = R1 + jy3 is the intersection of L3 and L4. Suppose that
the coefficients of (4.1) satisfy Condition C, namely

Ĉ[η,D] = C[η,D] + C[ηx, D] ≤ k0, η = a, b, c,

Ĉ [d,D] ≤ k1, C[ya/H,D] ≤ ε(y), m ≥ 2,
(4.3)

where k0, k1 are positive constants, and ε(y) → 0 as y → 0. It is clear
that equation (4.1) is a degenerate hyperbolic equation, and the solution of
equation (4.1) in D is a generalized solution. If the conditions in (4.3) are
replaced by

Cα[ya/H,D] ≤ ε(y), m ≥ 2, Cα[K(y),D]≤k0,

Ĉα[η,D]=Cα[η,D]+Cα[ηx, D]≤k0, η=a, b, c, Ĉα[d,D]≤k1,
(4.4)

in which α (0 < α < 1), k0, k1 are positive constants, which will be called
Condition C ′, it is clear that the solution of equation (4.1) in D is a
classical solution of (4.1) in D.

The oblique derivative boundary value problem for equation (4.1) may
be formulated as follows:

Problem P Find a continuous solution u(z) of (4.1) in D̄\L0, which
satisfies the boundary conditions

1

2

∂u

∂ν
=

1

H(y)
Re[λ(z)uz̃]=Re[Λ(z)uz]=r(z), z∈L=L3∪L4,

u(z3) = b0,
1

H(y)
Im[λ(z)uz̃]|z=z3

= Im[Λ(z)uz]|z=z3
= b1,

(4.5)
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in which ν is a given vector at every point z ∈ L, uz̃ = [H(y)ux −
juy]/2, u¯̃z = [H(y)ux + juy]/2, b0, b1 are real constants, λ(z) = a(x) +
jb(x), Λ(z)=cos(ν, x)+j cos(ν, y), R(z)=H(y)r(z), z∈L, b′1 =H(y3)b1 and
λ(z),Λ(z), r(z), b0, b1 satisfy the conditions

C1[λ(z), Lj ] ≤ k0, C
1[r(z), Lj ] ≤ k2, j = 3, 4,

|b0|, |b1| ≤ k2, max
z∈L3

1

|a(z)−b(z)| , max
z∈L4

1

|a(z)+b(z)| ≤ k0,
(4.6)

in which k0, k2 are positive constants.

For the Dirichlet problem (Problem D) with the boundary condition:

u(z) = φ(x) on L = L3 ∪ L4, (4.7)

where L3, L4 are as stated before, we find the derivative for (4.7) according
to the parameter s = x on L3, L4, and obtain

us = ux + uyyx = ux − uy

H(y)
= φ′(x) on L3,

us = ux + uyyx = ux +
uy

H(y)
= φ′(x) on L4, i.e.

U(z) + V (z) =
1

2
H(y)φ′(x) = R(z) on L3,

U(z) − V (z) =
1

2
H(y)φ′(x) = R(z) on L4, i.e.

Re[(1 + j)(U + jV )] = U(z) + V (z) = R(z) on L3,

Im[(1 + j)(U + jV )] = [U(z) + V (z)]|z=z3−0 = R(z3 − 0),

Re[(1 − j)(U + jV )] = U(z) − V (z) = R(z) on L4,

Im[(1 − j)(U + jV )] = [−U(z) + V (z)]|z=z3+0 = −R(z3 + 0),

where

U(z) =
1

2
H(y)ux, V (z) = −1

2
uy,

a+ jb = 1− j, a = 1 6= b = −1 on L3,

a+ jb = 1 + j, a = 1 6= −b = −1 on L4.

From the above formulas, we can write the complex forms of boundary
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conditions of U + jV :

Re[λ(z)(U + jV )] = R(z) on L,

Im[λ(z)(U + jV )]|z=z3−0 = R(z3 − 0) = b′1,

λ(z)=







1−j=a+jb,

1+j=a+jb,
R(z)=











1

2
H(y)φ′(x) on L3,

1

2
H(y)φ′(x) on L4,

and

u(z) = 2Re

∫ z

z3

(
U(z)

H(y)
− jV )dz + φ(R) in D.

Hence Problem D is a special case of Problem P.

4.2 Representation and solvability of oblique

derivative problem for degenerate

hyperbolic equations

In this section, we first write the complex form of equation (4.1). Denote

w = uz̃ =
1

2
[
√
Kux − juy] =

1

2
[Hux − juy],

w¯̃z =
1

2
[
√
Kwx + jwy] =

1

2
[Hwx + jwy]

=
1

4
[H2uxx − uyy − jH(uyx − uxy) + jHyux]

=
1

4
[(
a

H
+
jHy

H
)Hux + buy + cu+ d]

=
1

4
[
a

H
+
jHy

H
](w + w) +

1

4
jb(w − w) +

1

4
(cu+ d)]

=
1

4
[
a

H
+
jHy

H
− jb]w +

1

4
[
a

H
+
jHy

H
+ jb]w +

1

4
(cu+ d)

= A1(z)w +A2(z)w +A3(z)u+A4(z)

=
e1
4
{[ a
H

+
Hy

H
− b](Rew + Imw)

+[
a

H
+
Hy

H
+ b](Rew − Imw) + cu+ d}
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+
e2
4
{[ a
H

− Hy

H
− b](Rew + Imw)

+[
a

H
− Hy

H
+ b](Rew − Imw) + cu+ d},

(4.8)

where e1 = (1+ j)/2, e2 = (1− j)/2. Denoting w = U+ jV, U = Rew, V =
Imw and noting

µ=x+

∫ y

0

√
Kdt=x+

∫ y

0

H(t)dt=x+G(y),

ν=x−
∫ y

0

√
Kdt=x−

∫ y

0

H(t)dt=x−G(y),

µ+ ν = 2x, µ− ν = 2G,
∂G

∂y
=H=

√

K(y),

∂x

∂µ
=
∂x

∂ν
=

1

2
,
∂y

∂µ
= −∂y

∂ν
=

1

2H
=

1

2
√
K
,

we have

w¯̃z = H(y)wZ = 1
2 [H(U + jV )x + j(U + jV )y]

=
e1
2

[HUx + Vy +HVx + Uy] +
e2
2

[HUx + Vy −HVx − Uy]

=
e1
2

[H(U + V )x + (U + V )y] +
e2
2

[H(U−V )x − (U −V )y]

=H(y)[e1

(

(U+V )x

2
+

(U+V )y

2H

)

+e2

(

(U−V )x

2
− (U−V )y

2H

)

]

= He1(U + V )µ +He2(U − V )ν

=
e1
4
{[ a
H

+
Hy

H
−b](U+V )+[

a

H
+
Hy

H
+b](U−V )+cu+d}

+
e2
4
{[ a
H

−Hy

H
−b](U+V )+[

a

H
−Hy

H
+b](U−V )+cu+d}.

(4.9)

Hence the complex equation (4.9) can be reduced to

H(U + V )µ =
1

4
{[ a
H

+
Hy

H
− b](U + V )

+[
a

H
+
Hy

H
+ b](U − V ) + cu+ d},

H(U − V )ν =
1

4
{[ a
H

− Hy

H
− b](U + V )
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+[
a

H
− Hy

H
+ b](U − V ) + cu+ d}, i.e.

H(U + V )x + (U + V )y = [
a

H
+
Ky

2K
]U − bV +

1

2
(cu+ d),

H(U − V )x − (U − V )y = [
a

H
− Ky

2K
]U − bV +

1

2
(cu+ d).

(4.10)

If H(y) =
√

ymh(y) =
√

|K(y)|, then w(z) =
√

ymh(y)U+jV is a solution
of the first order hyperbolic complex equation

w¯̃z = A1(z)w +A2(z)w +A3(z)u+A4(z) in D, (4.11)

where

A1 =
1

4
[
a

H
+
jHy

H
−jb]= a

4(ymh)1/2
+j

(

hy

8h
+
m

8y
− b

4

)

, A3 =
c

4
,

A2 =
1

4
[
a

H
+
jHy

H
+jb]=

a

4(ymh)1/2
+j

(

hy

8h
+
m

8y
+
b

4

)

, A4 =
d

4
,

and

u(z)=2Re

∫ z

z3

uz̄dz+b0=2Re

∫ z

z3

(
U

H
−jV )d(x+jy)+b0

is a solution of equation (4.11) with K(y) = |y|mh(y). In particular, the
complex equation

W¯̃z = 0 (4.12)

can be rewritten in the system

(U + V )µ = 0, (U − V )ν = 0 in Dτ , (4.13)

where Dτ is the image domain of D through the mapping τ = µ + jν =
x+G(y) + j(x−G(y)).

Now, we give the representation of solutions for the oblique derivative
problem (Problem P ) for system (4.13) in D. For this, we first discuss the
Riemann-Hilbert problem(Problem A) for the system with the boundary
conditions

Re[λ(z)(U + jV )] = R(z) on L = L3 ∪ L4,

u(z3) = b0, Im[λ(z)(U + iV )]|z=z3
= b′1,

(4.14)
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in which λ(z) = a(z) + jb(z) on L3 ∪ L4, and b′1 = H(Imz3)b1. It is clear
that the solution of Problem A for (4.13) can be expressed as

ξ = U(z) + V (z) = f(ν), η = U(z) − V (z) = g(µ),

U(z) = [f(ν) + g(µ)]/2, V (z) = [f(ν) − g(µ)]/2, i.e.

W (z)=U(z) + jV (z)=[(1 + j)f(ν) + (1 − j)g(µ)]/2,

(4.15)

in which f(t), g(t) are two arbitrary real continuous functions on [0, 2R1].
For convenience, denote by the functions a(x), b(x), R(x) of x the functions
a(z), b(z), R(z) of z in (4.14), thus (4.14) can be rewritten as

a(x)U(z) − b(x)V (z) = H(y)r(x) = R(z) on L, i.e.

[a(x)−b(x)]f(x−G(y))+[a(x)+b(x)]g(x+G(y))=2R(x) on L, i.e.

[a(x) − b(x)]f(0) + [a(x) + b(x)]g(2x) = 2R(x), x ∈ [0, R1],

[a(x)−b(x)]f(2x−2R1)+[a(x)+b(x)]g(2R1)=2R(x), x∈ [R1,2R1], i.e.

[a(t/2) − b(t/2)]f(0) + [a(t/2) + b(t/2)]g(t)=2R(t/2), t ∈ [0, 2R1],

[a(t/2+R1) − b(t/2+R1)]f(t)+[a(t/2+R1)+b(t/2+R1)]g(2R1)

= 2R(t/2 +R1), t ∈ [0, 2R1],

where

(a(R1)−b(R1))f(0)=(a(R1)−b(R1))(U(z3)+V (z3))=R(R1)+b1 or 0,

(a(R1)+b(R1))g(2R1)=(a(R1)+b(R1))(U(z3)−V (z3))=R(R1)−b1 or 0.

From Subsection 4.1, for the Dirichlet boundary condition, we have (a(R1)−
b(R1))f(0)=0 and (a(R1)+b(R1))g(2R1)=0. Moreover we can derive

U(z)=
1

2
{2R(ν/2+R1)−[a(ν/2+R1)+b(ν/2+R1)]g(2R1)

a(ν/2+R1)−b(ν/2+R1)
+g(µ)}

=
1

2
{f(ν) +

2R(µ/2)− [a(µ/2) − b(µ/2)]f(0)

a(µ/2) + b(µ/2)
},

V (z)=
1

2
{2R(ν/2+R1)−[a(ν/2+R1)+b(ν/2+R1)]g(2R1)

a(ν/2+R1)−b(ν/2+R1)
−g(µ)}

=
1

2
{f(ν) − 2R(µ/2)− [a(µ/2) − b(µ/2)]f(0)

a(µ/2) + b(µ/2)
},

(4.16)
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if a(x) + b(x) 6= 0 on [0, R1] and a(x) − b(x) 6= 0 on [R1, 2R1] respectively.
From the above formulas, it follows that

Re[(1 + j)W (x)] = U(x) + V (x) =
2R(x/2 +R1) −K(x)

a(x/2 +R1) − b(x/2 +R1)
,

K(x) = [a(x/2 +R1) + b(x/2 +R1)]g(2R1),

Re[(1−j)W (x)]=U(x)−V (x)=
2R(x/2)−[a(x/2)−b(x/2)]f(0)

a(x/2) + b(x/2)
,

x ∈ [0, 2R1],
(4.17)

if a(x) + b(x) 6= 0 on [0, R1] and a(x) − b(x) 6= 0 on [R1, 2R1] respectively.
From (4.17), the solution

W (z)=











































1

2
{(1+j)

2R((x−G(y))/2+R1)−K(z)

a((x−G(y))/2+R1)−b((x−G(y))/2+R1)

+(1 − j)
2R((x+G(y))/2) −N(z)

a((x+G(y))/2) + b((x+G(y))/2)
},

K(z)=[a((x−G(y))/2+R1)+b((x−G(y))/2+R1)]g(2R1),

N(z) = [a((x +G(y))/2) − b((x +G(y))/2)]f(0)
(4.18)

is obtained. In the following we discuss the case of f(x) = −g(x) on L0,
i.e. 2U(x) = f(x) + g(x) = 0 on L0, because when we handle the complex
equations of mixed type in Chapters IV-VI, the case will be appeared.

Theorem 4.1 Problem A of equation (4.12) or system (4.13) in D̄ has

a unique solution, which can be expressed in the form (4.18), if ReW (x) =
U(x) = 0 on L0, then the solution W (z) satisfies the estimates

|ReW (z)|≤M1, |ImW (z)|≤M1 in D, Cδ [W (z), D]≤M2, (4.19)

where δ is a sufficiently small positive constant, if H(y) = ym/2, and Ml =
Ml(δ, k0, k2, D) (l = 1, 2) are positive constants.

Proof From Condition C and (4.18), the first two estimates in (4.19) are
obtained. If H(y) = ym/2,m ≥ 2, H [J((x+G(y))/2)], H [J((x−G(y))/2+
R1)] ∈ Cδ(D), where y = J(x) and y = J(2R1−x) are the inverse functions
of x = G(y) =

∫ y

0
ym/2dy = 2y(m+2)/2/(m+2) = Jy(m+2)/2 and 2R1 −x =

G(y) respectively. Noting that the condition (4.6), and a(x, y) is replaced
by a[(x+G(y))/2, ((x+G(y))/2J)2/(m+2)], or a[(2R1 +x−G(y))/2, ((2R1

−x+G(y))/2J)2/(m+2)], we can get the third estimate in (4.19).
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Next we state the representation and existence of solutions of Problem
P for (4.1).

Theorem 4.2 Under Condition C, any solution of Problem P for equa-

tion (4.1) can be expressed as

u(z) =2Re

∫ z

z3

[
Rew

H
−jImw]dz +b0, w(z)=W (z)+Φ(z)+Ψ(z) in D,

W (z) = f(ν)e1 + g(µ)e2, Φ(z) = f̃(ν)e1 + g̃(µ)e2,

Ψ(z)=

∫ µ

2R1

g1(z)e1dµ+

∫ ν

0

g2(z)e2dν, gl(z)=Âlξ+B̂lη+Ĉu+D̂, l=1, 2,

(4.20)
where

Â1 =
1

4H
[
a

H
+
Hy

H
− b], B̂1 =

1

4H
[
a

H
+
Hy

H
+ b], Ĉ =

c

4H
,

Â2 =
1

4H
[
a

H
− Hy

H
− b], B̂2 =

1

4H
[
a

H
− Hy

H
+ b], D̂ =

d

4H
,

and f(ν), g(µ) are as stated in (4.15), and f̃(ν), g̃(µ) are similar to

f(ν), g(µ) in (4.15), which satisfy the boundary condition

Re[λ(z)(Φ(z)+Ψ(z))]=0, z ∈ L, Im[λ(z3)(Φ(z3)+Ψ(z3))]=0. (4.21)

Proof Due to Problem P is equivalent to the Problem A for the complex
equation (4.8) with the first formula in (4.20), from Theorem 4.1 and (4.9),
it is not difficult to see that the function Ψ(z) satisfies the complex equation

[Ψ]¯̃z =H{[Â1ξ+B̂1η+Ĉu+D̂]e1+[Â2ξ+B̂2η+Ĉu+D̂]e2} in D, (4.22)

and Φ(z) = w(z)−W (z)−Ψ(z) satisfies equation (4.12) and the boundary
conditions

Re[λ(z)Φ(z)]=−Re[λ(z)Ψ(z)] on L,

Im[λ(z3)Φ(z3)] = −Im[λ(z3)Ψ(z3)].
(4.23)

By the representation of solutions of Problem A for (4.11) as stated in the
last three formulas of (4.20), we can obtain the representation of solutions
of Problem P for (4.1) as stated in the first formula of (4.20).

Moreover by using the way in the proof of Theorem 3.3, namely we first
find a solution w(z) of Problem A for (4.9) in Dδ = D ∩ {y > δ} by using
the successive approximation, where δ is a small positive number, and the



Chapter III Hyperbolic Complex Equations 171

function u(z) in (4.20) is a solution of Problem P for equation (4.1) in Dδ.
Moreover, let δ → 0, then we can obtain the solution u(z) of Problem P for
(4.1) in D. In addition, the uniqueness of solutions of Problem P for (4.1)
in D is derived by the above same method. Thus the following theorem is
proved.

Theorem 4.3 If equation (4.1) in D satisfies Condition C, then Problem

P for (4.1) in D has a unique solution.

Finally we shall give the Hölder continuous estimates of solutions of
Problem A for (4.1).

Theorem 4.4 Suppose that the linear equation (4.1) satisfies Condition

C ′. Then the solution u(z), uz̃ = w(z) = W (z)+Φ(z)+Ψ(z) in D̄ satisfies

the following estimates

Cδ [W (z), D]≤M3, Cδ [Ψ(z), D]≤M3, Cδ [Φ(z), D]≤M3,

C̃δ[w(z), D] = Cδ[w(z), D] + Cδ [u(z), D] ≤M3,
(4.24)

where W (z),Φ(z),Ψ(z) are as stated in (4.20), δ is a sufficiently small pos-

itive constant, M3 = M3(δ, k,D) is a positive constant.

Proof Due to the function W (z) = w0(z) in (4.18) satisfies the estimate
(4.19), hence the first estimate in (4.24) can be derived. In order to prove
that Ψ(z) = Ψ1(z) = Ψ̃1(z)e1 + Ψ̃2(z)e2 satisfies the second estimate in
(4.24), from

Ψ̃1(z) =

∫ µ

2R1

g1(z)dµ, Ψ̃2(z) =

∫ ν

0

g2(z)dν,

gl(z) = Âl(z)ξ + B̂l(z)η + Ĉ(z)u+ D̂, l = 1, 2.

(4.25)

and (4.16), we see that Ψ̃1(z) = Ψ̃1(µ, ν), Ψ̃2(z) = Ψ̃2(µ, ν) in D with
respect to µ = x+G(y), ν = x−G(y) satisfy the estimates

Cδ[Ψ̃
1(µ, ·), D] ≤M4, Cδ [Ψ̃

2(·, ν), D] ≤M4, (4.26)

respectively, whereM4 = M4(δ, k,D) is a positive constant. If we substitute
the solution w0 = w0(z) = ξ0e1 + η0e2 of Problem A for (4.12) into the
position of w = ξe1 + ηe2 for (4.20), and ξ0 = Rew0 + Imw0, η0 = Rew0 −
Imw0, from (4.4) and (4.19), we obtain

Cδ[g1(·, ν), D] ≤M5, Cδ[g2(µ, ·), D] ≤M5,

Cδ[Ψ̃
1(·, ν), D] ≤M5, Cδ[Ψ̃

2(µ, ·), D] ≤M5,
(4.27)



172 Elliptic, Hyperbolic and Mixed Complex Equations

in which M5 = M5(δ, k,D) is a positive constant. Due to Φ(z) = Φ1(z)
satisfies the complex equation (4.12) and boundary condition (4.21), and
Φ1(z) possesses the representation similar to (4.18), it is easy to see that
the estimate

Cδ [Φ1(z), D] ≤M6 = M6(δ, k,D) (4.28)

is obtained. Thus setting w1(z) = w0(z) + Φ1(z) + Ψ1(z), w̃1(z) = w1(z)−
w0(z), it is clear that the functions w̃1

1(z) = Rew̃1(z) + Imw̃1(z), w̃
2
1(z) =

Rew̃1(z)− Imw̃1(z) satisfy the estimates about µ = x+G(y), ν = x−G(y)
respectively:

Cδ[w̃
1
1(·, ν), D] ≤M7, Cδ[w̃

2
1(µ, ·), D] ≤M7, (4.29)

where M7 = M7(δ, k,D). By using the successive approximation, we ob-
tain the sequence of functions: wn(z) (n = 1, 2, ...), and the corresponding
functions w̃1

n(z)=Rew̃n +Imw̃n, w̃
2
n(z)=Rew̃n−Imw̃n satisfy the estimates

Cδ [w̃
1
n(·, ν), D] ≤ (M7)

n

n!
, Cδ [w̃

2
n(µ, ·), D] ≤ (M7)

n

n!
, (4.30)

and denote the limit function w(z) of wn(z) =
∑n

m=0 w̃n(z) in D, the
corresponding functions w̃1(z) = Rew(z) + Imw(z), w̃2(z) = Rew(z) −
Imw(z) satisfy the estimates

Cδ [w̃
1(·, ν), D] ≤ eM7 , Cδ[w̃

2(µ, ·), D] ≤ eM7 .

Combining the first formula in (4.24), (4.26)-(4.30) and the above formu-
las, the second and third estimates in (4.24) is derived. Moreover by the
first formula in (4.20) and the above estimates, we immediately the fourth
formula in (4.24).

Theorem 4.5 Suppose that the quasilinear complex equation (4.1) satisfy

Condition C ′. Then the solution w(z) of Problem A in D̄ for (4.1) satisfies

the following estimate

C̃δ [w(z), D] = Cδ [w(z), D] + C1[u(z), D] ≤M8k, (4.31)

in which δ is a constant as stated in (4.24), and k = k1 + k2, M8 =
M8(δ, k0, D) are positive constants.

Proof If k = k1 + k2 > 0, then the system of functions [w∗(z), u∗(z)] =
[w(z)/k, u(z)/k] is a solution of Problem A for the complex equation

w∗

z̃
= A1Rew∗ +A2Imw

∗ +A3u
∗ +A4/k in D,
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with the boundary conditions

Re[λ(z)w∗(z)] = H(y)r(z)/k, z ∈ L = L3 ∪ L4,

u(z3)=b0/k, Im[λ(z)w∗(z)]|z=z3
=H(Imz3)b1/k.

Noting that H(y)r(z)/k, b0/k, b1/k satisfy the conditions

C1[r(z)/k, Ll] ≤ 1, l = 3, 4, |b0/k|, |b1/k| ≤ 1,

by means of the result of Theorem 4.4, we can get the estimate of the
solution [w∗(z), u∗(z)]:

C̃δ [w
∗(z), D] ≤M8 = M8(δ, k,D).

From the above estimate it follows that the estimate (4.31) holds with
k > 0. When k = 0, by using the uniqueness of solutions of Problem P for
equation (4.1) as stated in Theorem 4.3, it is clear that u(z) = 0, hence the
estimate (4.31) with k = 0 obviously holds.

After obtaining the estimates in (4.24), then similarly to the method
of Section 4, Chapter I, we can use the fixed-point theorem to prove the
existence of solutions of Problem P for equation (4.1).

4.3 Oblique derivative problem for degenerate

hyperbolic equations in general domains

Now we consider some general domains with non-characteristic boundary
and prove the unique solvability of Problem P for equation (4.8). Let D be
a simply connected bounded domain D in the hyperbolic complex plane C

with the boundary ∂D = L0 ∪ L, where L0 = [0, 2R1], L = L3 ∪ L4 is as
follows:

L4 ={x=G(y), 0≤x≤R1}, L3={x=2R1−G(y), R1≤x≤2R1}.

1. We consider the domain D′ with the boundary L0∪L′, L′ = L′

3 ∪L′

4,
where the parameter equations of the curves L′

3, L
′

4 are as follows:

L′

3 ={x+G(y)=2R1, l≤x≤2R1}, L′

4={y=γ1(s), 0≤s≤s0}, (4.32)

in which Y = G(y) =
∫ y

0

√

K(y)dy, s is the parameter of are length of L′

4,
γ1(s) on {0 ≤ s ≤ s0} is continuously differentiable, γ1(0) = 0, γ1(s) > 0
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on {0 < s ≤ s0}, and the slope of curve L′

4 at a point z∗ is not equal to
dy/dx = −1/H(y) of the characteristic curve s2 : dy/dx = −1/H(y) at the
point, where z∗ is an intersection point of L′

4 and the characteristic curve
of s2, and z′3 = l + jγ1(s0) is the intersection point of L′

3 and L′

4.

We consider the oblique derivative boundary value problem (Problem
P ′) for equation (4.1) in D′ with the boundary conditions

1

2

∂u

∂ν
=

1

H(y)
Re[λ(z)uz̃] = r(z), z ∈ L′ = L′

3 ∪ L′

4,

u(z′3) = b0,
1

H(y)
Im[λ(z)uz̃]|z=z′

3
= b1,

(4.33)

where λ(z) = a(x) + ib(x), R(z) = H(y)r(z) on L′, b′1 = H(Imz′3)b1, and
λ(z), r(z), b′1 satisfy the conditions

C1[λ(z), L′]≤k0, C
1[r(z), L′]≤k2, |b0|, |b1|≤k2,

max
z∈L′

3

1

|a(x) − b(x)| ≤ k0, max
z∈L′

4

1

|a(x) + b(x)| ≤ k0,
(4.34)

in which k0, k2 are positive constants.

Setting Y = G(y) =
∫ y

0

√

K(t)dt. By the conditions in (4.32), the
inverse function x = τ(µ) = (µ + ν)/2 of µ = x +G(y) can be found, and
then ν = 2τ(µ) − µ, 0 ≤ µ ≤ l + γ1(s0). We make a transformation

µ̃=µ, ν̃ =
2R1[ν−2τ(µ)+µ]

2R1−2τ(µ)+µ
, 0≤µ≤2R1, 2τ(µ)−µ≤ν≤2R1, (4.35)

where µ, ν are real variables, its inverse transformation is

µ= µ̃, ν=
[2R1−2τ(µ)+µ]ν̃

2R1
+2τ(µ)−µ, 0≤ µ̃≤2R1, 0≤ ν̃≤2R1. (4.36)

It is not difficult to see that the transformation in (4.35) maps the domain
D′ onto D. The transformation (4.35) and its inverse transformation (4.36)
can be rewritten as















x̃=
1

2
(µ̃+ν̃)=

4R1x−(2R1+x+Y )[2τ(x+γ1(s))−x−γ1(s)]

4R1−4τ(x+γ1(s))+2x+2γ1(s)
,

Ỹ =
1

2
(µ̃−ν̃)= 4R1Y +(2R1−x−Y )[2τ(x+γ1(s))−x−γ1(s)]

4R1−4τ(x+γ1(s))+2x+2γ1(s)
,

(4.37)
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and


















x=
1

2
(µ+ν)=

4R1x̃−[2τ(x+γ1(s))−x−γ1(s)](x̃−Ỹ − 2R1)

4R1
,

Y =
1

2
(µ−ν)= 4R1Ỹ +[2τ(x+γ1(s))−x−γ1(s)](x̃−Ỹ − 2R1)

4R1
.

(4.38)

Denote by Z̃ = x̃+ jỸ = f(Z), Z = x + jY = f−1(Z̃) the transformation
(4.37) and the inverse transformation (4.38) respectively. In this case, the
system of equations is

ξν = Â1ξ + B̂1η + Ĉu+ D̂,

ηµ = Â2ξ + B̂2η + Ĉu+ D̂,
z ∈ D′, (4.39)

which is another form of (4.10) in D′. Suppose that (4.1) in D′ satisfies
Condition C, through the transformation (4.35), we obtain ξµ̃ = ξµ, ην̃ =
[2R1 − 2τ(µ) + µ]ξν/2R1 in D′, where ξ = U + V, η = U − V , and then

ξµ̃ = Â1ξ + B̂1η + Ĉu+ D̂,

ην̃ =
2R1−2τ(µ)+µ

2R1
[Â2ξ+B̂2η+Ĉu+D̂],

in D, (4.40)

and through the transformation (4.37), the boundary condition (4.33) is
reduced to

Re[λ(f−1(Z̃))w(f−1(Z̃))] = R(f−1(Z̃)), Z̃ = x̃+ jỸ ∈ L,

Im[λ(f−1(Z̃3))w(f−1(Z̃3))] = b′1,
(4.41)

where Z=f−1(Z̃), Z̃3 =f(Z ′

3), Z
′

3 = l+jG[γ1(s0)]. Therefore the boundary
value problem (4.1),(4.33) is transformed into the boundary value problem
(4.40),(4.41), i.e. the corresponding Problem A in D. According to Theo-
rem 4.3, we can prove that the boundary value problem (4.40),(4.41) has a
unique solution w(f−1(Z̃)), and the corresponding function

u(z) = 2R

∫ z

z3

[Rew/H − jImw]dz + b0 in D

is just a solution of Problem P ′ for (4.1) in D′ with the boundary conditions
(4.33).

Theorem 4.6 If equation (4.1) in D′ satisfies Condition C in the domain

D′ with the boundary L0 ∪ L′

3 ∪ L′

4, where L′

3, L
′

4 are as stated in (4.32),
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then Problem P ′ for (4.1) with the boundary conditions (4.33) has a unique

solution u(z).

2. Next let the domain D′′ be a simply connected domain with the
boundary L0∪ L′′

3 ∪ L′′

4 , where L0 is as stated before and

L′′

3 ={y=γ2(s), 0≤s≤s′0}, L′′

4 ={y=γ1(s), 0≤x≤s0}, (4.42)

in which s is the parameter of are length of L′′

3 or L′′

4 , γ1(0) = 0, γ2(0) =
0, γ1(s) > 0, 0 < s ≤ s0, γ2(s) > 0, 0 < x ≤ s′0, γ1(s) on 0 ≤ x ≤ s0 and
γ2(s) on 0 ≤ s ≤ s′0 are continuously differentiable, z′′3 = l + jγ1(s0) =
l + jγ2(s

′

0). Denote by two points z∗1 , z
∗

2 the intersection points of L′′

4 , L
′′

3

and the characteristic curves s2 : dy/dx = −1/H(y), s1 : dy/dx = 1/H(y)
respectively, we require that the slopes of curves L′′

4 , L
′′

3 at z∗1 , z
∗

2 are not
equal to those at the characteristic curves s2, s1 at the corresponding points,
hence γ1(s), γ2(s) can be expressed by γ1[s(µ)] (0 ≤ µ ≤ 2R1), γ2[s(ν)] (0 ≤
ν ≤ 2R1). We consider the oblique derivative problem (Problem P ′′) for
equation (4.1) in D′′ with the boundary conditions

Re[λ(z)uz̃]=R(z), z∈L′′=L′′

3∪L′′

4 ,

u(z′′3 ) = b0, Im[λ(z)uz̃]|z=z′′

3
= b1,

(4.43)

where λ(z), r(z) satisfy the corresponding conditions

C1[λ(z), L′′] ≤ k0, C
1[r(z), L′′] ≤ k2, |b0|, |b1| ≤ k2,

max
z∈L′′

3

1

|a(x) − b(x)| , max
z∈L′′

4

1

|a(x) + b(x)| ≤ k0,
(4.44)

in which k0, k2 are positive constants. By the conditions in (4.42), the
inverse function x = (µ + ν)/2 = τ(µ), x = (µ + ν)/2 = σ(ν) of µ =
x+G(y), ν = x−G(y) can be found, namely

ν = 2τ(µ) − µ, µ = 2σ(ν) − ν,

0≤µ=x+γ1(s)≤ l+γ1(s0), 0≤ν=x−γ2(s)≤ l−γ2(s
′

0).
(4.45)

We make a transformation

µ̃ =
2R1µ

2σ(ν) − ν
, ν̃ = ν, 0 ≤ µ ≤ 2σ(ν) − ν, 0 ≤ ν ≤ 2R1 (4.46)

where µ, ν are real variables, its inverse transformation is

µ =
[2σ(ν) − ν]µ̃

2R1
, ν = ν̃, 0 ≤ µ̃ ≤ 2R1, 0 ≤ ν̃ ≤ 2R1. (4.47)
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Hence we have

x̃ =
1

2
(µ̃+ ν̃) =

2R1(x+Y ) + (x−Y )[2σ(x− γ2(s)) − x+ γ2(s)]

2[2σ(x− γ2(s)) − x+ γ2(s)]
,

Ỹ =
1

2
(µ̃− ν̃) =

2R1(x+Y ) − (x −Y )[2σ(x − γ2(x)) − x+ γ2(s)]

2[2σ(x− γ2(s)) − x+ γ2(s)]
,

x=
1

2
(µ+ν)=

1

4R1
[(2σ(x−γ2(s))−x+γ2(s))(x̃+Ỹ )+2R1(x̃−Ỹ )],

Y =
1

2
(µ−ν)= 1

4R1
[(2σ(x−γ2(s))+x−γ2(s))(x̃+Ỹ )−2R1(x̃−Ỹ )].

(4.48)
Denote by Z̃ = x̃ + jỸ = g(Z), Z = x + jY = g−1(Z̃) the transformation
and its inverse transformation in (4.48) respectively. Through the transfor-
mation (4.46), we obtain

(U + V )µ̃ =
2σ(ν)−ν

2R1
(U+V )µ,

(U − V )ν̃ = (U − V )ν ,

in D′′, (4.49)

and system (4.39) in D′′ is reduced to

ξµ̃ =
2σ(ν)−ν

2R1
[Â1ξ+B̂1η+Ĉu+D̂],

ην̃ = Â2ξ + B̂2η + Ĉu+ D̂,

in D′. (4.50)

Moreover, through the transformation (4.48), the boundary condition (4.43)
on L′′ is reduced to

Re[λ(g−1(Z̃))w(g−1(Z̃))] = R[g−1(Z̃)] on L′,

Im[λ(g−1(Z̃ ′

1))w(g−1(Z̃ ′

3)] = b′1,
(4.51)

in which Z = g−1(Z̃), Z̃ ′

3 = g(Z ′′

3 ), Z ′′

3 = l + jG[γ2(s
′

0)]. Therefore the
boundary value problem (4.1),(4.43) is transformed into the boundary value
problem (4.50),(4.51). According to the method in the proof of Theorem
4.6, we can see that the boundary value problem (4.50),(4.51) has a unique
solution w(g−1(Z̃)), and then the corresponding function u = u(z) is a
solution of the boundary value problem (Problem P ′′), i.e. equation (4.1) in
D′′ and the boundary condition (4.43) on L′′. But we mention that through
the transformation (4.46) or (4.48), the boundaries L′′

3 , L
′′

4 are reduced to
L′

3, L
′

4 respectively, such that L′

3, L
′

4 satisfy the condition as stated in (4.32).
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Theorem 4.7 If equation (4.1) satisfies Condition C in the domain D′′

bounded by the boundary L0∪L′′

3 ∪L′′

4 , where L′′

3 , L
′′

4 are as stated in (4.42),
then Problem P ′′ for (4.1) in D′′ with the boundary condition (4.43) on L′′

has a unique solution u(z).

5 The Oblique Derivative Problem for Second Order

Hyperbolic Equations with Degenerate Rank 0

This section deals with the oblique derivative problem for the hyperbolic
equations with degenerate rank 0. We first give the formulation and rep-
resentation of solutions of the oblique derivative problem for hyperbolic
equations, and then prove the existence of its solutions.

5.1 Formulation of oblique derivative problem for

second order hyperbolic equations

Let D be a domain bounded by the segment L0 = [0, 2] on x−axis and two
characteristic lines

L1 : x=−G(y)=−
∫ y

0

H(t)dt, L2 : x=G(y)+2=

∫ y

0

H(t)dt+2,

in which H(y) = H1(y)/H2(y), Hl(y) =
√

|Kl(y)|, l = 1, 2, Kl(y) =
−|y|mlhl(y) (l = 1, 2), ml (l = 1, 2, m2 < 1) are positive numbers, hl(y) (l =
1, 2) are continuously differentiable positive functions in D, and z1 = 1+jy1
is the intersection of L1 and L2. We consider the linear hyperbolic equation
of second order with the parabolic degeneracy

K1(y)uxx−K2(y)uyy+a(x, y)ux+b(x, y)uy+c(x, y)u=−d(x, y) (5.1)

satisfying Condition C in D, namely

C[ya/H1H2, D] ≤ ε1(y), m1 +m2 ≥ 2,

Ĉ[η,D]=C[η,D]+C[ηx, D]≤k0, η = a, b, c, Ĉ[d,D] ≤ k1,
(5.2)

where k0, k1 are positive constants, and ε1(y) → 0 as y → 0. If the above
conditions are replaced by

Cα[ya/H1H2, D] ≤ ε1(y), m1 +m2 ≥ 2,

Ĉα[η,D]=Cα[η,D]+Cα[ηx, D]≤k0, η=a, b, c, Ĉα[d,D]≤k1,
(5.3)
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in which α (0 < α < 1), k0, k1 are positive constants, then the conditions
will be called Condition C ′. In this section, we can only consider Hl(y) =
|y|ml/2, l = 1, 2, H(y) = H1(y)/H2(y) = ym,m = m1 − m2, here m1(>
0),m2(0 < m2 < 1) are two real constants, then

Gl(y) =

∫ y

0

Hl(t)dy = − 2

ml + 2
|y|(ml+2)/2, l = 1, 2,

Y =G(y)=

∫ y

0

H(t)dy=− 2

m+2
|y|(m+2)/2,m=m1−m2>−1.

The oblique derivative boundary value problem for equation (5.1) may
be formulated as follows:

Problem P The another oblique derivative boundary value problem for
equation (5.1) is to find a continuously differentiable solution u(z) of (5.1)
in D∗ = D\{0, 2}, which is continuous in D̄\L0 and satisfies the boundary
conditions

1

2

∂u

∂ν
=

1

H1(y)
Re[λ(z)uz̃]=Re[Λ(z)uz]=r(z) on L1∪L2,

u(z1) = b0,
1

H(y)
Im[λ(z)uz̃]|z=z1

= Im[Λ(z)uz]|z=z1
= b1,

(5.4)

where ν is a given vector at every point z∈L1∪L2, λ(z), r(z), b0, b1 satisfy
the conditions

C1
α[λ(z), Ll]≤k0, C

1
α[r(z), Ll]≤k2, l=1, 2, |bj |≤k2, j=0, 1,

max
z∈L1

1

|Reλ(z)−Imλ(z)| ≤k0, max
z∈L2

1

|Reλ(z) + Imλ(z)| ≤ k0,
(5.5)

in which n is the outward normal vector at every point on L1 ∪ L2, k0, k2

are positive constants.

5.2 Representations of solutions of oblique derivative

problems for second order hyperbolic equations

Denote
W (z) = U+jV = [H1(y)ux − jH2(y)uy]/2

= uz̃ = H1(y)[ux − juY ]/2 = H1(y)uZ ,
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H1(y)WZ = H1(y)[Wx + jWY ]/2

= [H1(y)Wx+jH2(y)Wy ]/2=H1(y)Wz̃ in D,

we get

W¯̃z =
1

4
{H2

1uxx −H2
2uyy − jH1H2(uyx − uxy) +H2(jH1yux

−H2yuy)}=
1

4
[(
a

H1
+
jH2H1y

H1
)H1ux+(

b

H2
−H2y)H2uy+cu+d]

=
1

4
[(
a

H1
+
jH2H1y

H1
)(W+W )+j(

b

H2
−H2y)(W−W )+cu+d]

=
1

4
[
a

H1
+
jH2H1y

H1
− jb

H2
+ jH2y]W

+
1

4
[
a

H1
+
jH2H1y

H1
+

jb

H2
− jH2y]W +

1

4
(cu+ d)

=
e1
4
{[ a
H1

+
H2H1y

H1
− b

H2
+H2y](ReW + ImW )

+[
a

H1
+
H2H1y

H1
+

b

H2
−H2y](ReW − ImW ) + cu+ d}

+
e2
4
{[ a
H1

− H2H1y

H1
− b

H2
+H2y](ReW + ImW )

+[
a

H1
− H2H1y

H1
+

b

H2
−H2y](ReW− ImW )+cu+d} in D,

(5.6)

where e1 = (1 + j)/2, e2 = (1 − j)/2. Noting that

µ=x+

∫ y

0

H(t)dt=x+G(y), ν=x−
∫ y

0

H(t)dt=x−G(y),

µ+ ν = 2x, µ− ν = 2G(y),
∂G(y)

∂y
= H(y),

∂x

∂µ
=
∂x

∂ν
=

1

2
,
∂y

∂µ
= −∂y

∂ν
=

1

2H(y)
in D,

we can obtain
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W¯̃z =
1

2
[H1(U + jV )x + jH2(U + jV )y]

=
e1
2

[H1Ux+H2Vy+H1Vx+H2Uy]+
e2
2

[H1Ux+H2Vy−H1Vx−H2Uy]

=
e1
2

[H1(U+V )x+H2(U+V )y]+
e2
2

[H1(U−V )x−H2(U−V )y ]

= H1[e1(U + V )µ + e2(U − V )ν ]

=
e1
4
{[ a
H1

+
H2H1y

H1
− b

H2
+H2y](U + V )

+[
a

H1
+
H2H1y

H1
+

b

H2
−H2y](U − V ) + cu+ d}

+
e2
4
{[ a
H1

− H2H1y

H1
− b

H2
+H2y](U + V )

+[
a

H1
− H2H1y

H1
+

b

H2
−H2y](U − V ) + cu+ d} in D.

(5.7)
It is clear that Problem P for (5.1) is equivalent to the Riemann-Hilbert
problem (Problem A) for the complex equation of first order

Wz̃ = A1(z)W +A2(z)W +A3(z)u+A4(z) in D,

A1 =
1

4
[
a

H1
+
jH2H1y

H1
− jb

H2
+ jH2y], A3 =

c

4
,

A2 =
1

4
[
a

H1
+
jH2H1y

H1
+

jb

H2
− jH2y], A4 =

d

4
,

(5.8)

with the boundary conditions

Re[λ(z)W (z)]=H1(y)r(z) = R(z), z ∈ L = L1 ∪ L2,

Im[λ(z)uz̃]|z=z1
= H1(y1)b1 = b′1,

(5.9)

and the relation

u(z)=2Re

∫ z

z1

[
ReW

H1(y)
−j ImW

H2(y)
]dz+b0 in D. (5.10)

Moreover we see the complex equation of first order

Wz̃ = 0 in D, (5.11)
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or the system of first order equations

(U + V )µ = 0, (U − V )ν = 0 in Dτ . (5.12)

is a special case of equation (5.7). It is not difficult to see that the general
solution of Problem A for (5.12) in D can be expressed as

ξ = U(z) + V (z) = f(ν), η = U(z) − V (z) = g(µ),

U(z) = [f(ν) + g(µ)]/2, V (z) = [f(ν) − g(µ)]/2, i.e.

W (z) = U(z) + jV (z) = [(1 + j)f(ν) + (1 − j)g(µ)]/2,

(5.13)

in which f(t), g(t) are two arbitrary real continuous functions on L0 = [0, 2].
For convenience, denote by the functions a(x), b(x), R(x) of x the functions
a(z), b(z), R(z) of z in (5.9), thus (5.9) can be rewritten as

a(x)U(z) − b(x)V (z) = R(z) on L, i.e.

[a(x)−b(x)]f(x−G(y))+[a(x)+b(x)]g(x+G(y))=2R(x) on L, i.e.

[a(x) − b(x)]f(2x) + [a(x) + b(x)]g(0) = 2R(x), x ∈ [0, 1],

[a(x)−b(x)]f(2)+[a(x)+b(x)]g(2x−2)=2R(2x−2), x∈ [1, 2], and

[a(t/2) − b(t/2)]f(t) + [a(t/2) + b(t/2)]g(0) = 2R(t/2), t ∈ [0, 2],

[a(t/2+1)−b(t/2+1)]f(2)+[a(t/2+1)+b(t/2+1)]g(t)

= 2R(t/2 + 1), t ∈ [0, 2],

where

(a(1)−b(1))f(2)=(a(1)−b(1))(U(z1)+V (z1))=r(1)+b′1 or 0,

(a(1)+b(1))g(0)=(a(1)+b(1))(U(z1)−V (z1))=r(1)−b′1 or 0.

Moreover we can derive

U(z) =
1

2
{2R(ν/2)− [a(ν/2) + b(ν/2)]g(0)

a(ν/2) − b(ν/2)
+ g(µ)},

V (z) =
1

2
{2R(ν/2)− [a(ν/2) + b(ν/2)]g(0)

a(ν/2) − b(ν/2)
− g(µ)},

U(z) =
1

2
{f(ν) +

2R(µ/2 + 1) − [a(µ/2 + 1) − b(µ/2 + 1)]f(2)

a(µ/2 + 1) + b(µ/2 + 1)
},

V (z) =
1

2
{f(ν) − 2R(µ/2 + 1) − [a(µ/2 + 1) − b(µ/2 + 1)]f(2)

a(µ/2 + 1) + b(µ/2 + 1)
},
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if a(x) − b(x) 6= 0 on [0, 1] and a(x) + b(x) 6= 0 on [1, 2] respectively. From
the above formulas, the solution

W (z)=











































1

2
{(1 + j)

2R((x−G(y))/2) −K(z)

a((x −G(y))/2) − b((x−G(y))/2)

+(1 − j)
2R((x+G(y))/2 + 1) −N(z)

a((x+G(y))/2+1)+b((x+G(y))/2+1)
},

K(z) = [a((x −G(y))/2) + b((x−G(y))/2)]g(0),

N(z)=[a((x+G(y))/2+1)−b((x+G(y))/2+1)]f(2)

(5.14)

of Problem A for (5.11) is obtained. Similarly to Theorem 4.1, we have the
following theorem.

Theorem 5.1 Problem A of equation (5.11) or (5.12) has a unique

solution, which can be expressed in the form (5.14), and the solution

W (z) = W0(z) satisfying the estimate

|ReW0(z)|≤M1, |ImW0(z)|≤M1 in D,Cδ [W0(z), D]≤M2, (5.15)

where δ is a sufficiently small positive constant, and Ml = Ml(δ, k0,
k2, D) (l = 1, 2) are positive constants.

Now we give two representations of solutions for Problem P for equation
(5.1).

Theorem 5.2 Under Condition C, any solution u(z) of Problem P for

equation (5.1) can be can be expressed as in (5.10), where W (z) = uz̃ pos-

sesses the form

W (z) = W0(z) + Φ(z) + Ψ(z) in D,

W0(z)=f(ν)e1+g(µ)e2,Φ(z)= f̃(ν)e1+g̃(µ)e2,

Ψ(z) =

∫ µ

0

ĝ1(z)e1dµ+

∫ ν

2

ĝ2(z)e2dν,

ĝl(z) = Âlξ + B̂lη + Ĉlu+ D̂l, l = 1, 2,

(5.16)

in which e1 = (1 + j)/2, e2 = (1 − j)/2, µ = x+G(y), ν = x−G(y), and

Â1 =
1

4H1
[
a

H1
+
H2H1y

H1
− b

H2
+H2y], Ĉ1 =

c

4H1
,

B̂1 =
1

4H1
[
a

H1
+
H2H1y

H1
+

b

H2
−H2y], D̂1 =

d

4H1
,
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Â2 =
1

4H1
[
a

H1
− H2H1y

H1
− b

H2
+H2y], Ĉ2 =

c

4H1
,

B̂2 =
1

4H1
[
a

H1
− H2H1y

H1
+

b

H2
−H2y], D̂2 =

d

4H1
,

where W0(z) is a solution of Problem A for equation (5.11) in D, f(ν), g(µ)
are as stated in (5.13), and f̃(ν), g̃(µ) are similar to f(ν), g(µ) in (5.13),
which satisfy the boundary conditions

Re[λ(z)(Φ(z)+Ψ(z))]=0, z∈L1∪L2,

Im[λ(z1)(Φ(z1) + Ψ(z1))] = 0.
(5.17)

Proof Let u(z) be a solution of Problem P for equation (5.1), and denote
ξ = ReW (z) + ImW (z), η = ReW (z) − ImW (z). Substitute u, ξ, η in the
positions of u, ξ, η in (5.16), thus the function Ψ(z) in D can be determined.
Moreover from Theorem 5.1, we can find the solution Φ(z) in D of (5.11)
with the boundary condition (5.17), thus the function W (z) in the first
formula in (5.16), i.e.

W (z) = W0(z) + Φ(z) + Ψ(z) in D (5.18)

is the solution of Problem A in D for equation (5.8), and then the function
u(z) in (5.10) is just a solution of Problem P for (5.1).

Theorem 5.3 Under Condition C, any solution u(z) of Problem P for

equation (5.1) in D can be expressed as follows

u(z)=u(x)−2

∫ y

0

V (z)

H2(y)
dy=

∫ z

0

[

ReW

H1(y)
−j ImW

H2(y)

]

dz+b0 in D,

W (z) = W0(z) + φ(z) + ψ(z), φ(z) + ψ(z) = ξ(z)e1 + η(z)e2,

ξ(z)=ζ(z)+

∫ y

0

g1(z)dy, z∈s1, η(z)=θ(z)+
∫ y

0

g2(z)dy, z∈s2,

gl(z)=Ãl(U+V )+B̃l(U−V )+2C̃lU+2D̃lV +Ẽlu+F̃l, l=1, 2,

(5.19)

where u(0) = b0, W0(z) is as stated in Theorem 5.2, U = H1ux/2, V =
−H2uy/2, φ(z) =

∫

S1

g1(z)e1 +
∫

S2

g2(z)e2 is a solution of (5.11) in D, and

s1, s2 are two characteristics of families in D:

s1 :
dx

dy
=

√

K(y)=H(y), s2 :
dx

dy
=−

√

K(y)=−H(y) (5.20)
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passing through z = x+ jy ∈ D from two points on L0 respectively, and

W (z) = U(z) + jV (z) =
1

2
H1ux − j

2
H2uy,

ξ(z)=Reψ(z)+Imψ(z), η(z)=Reψ(z)−Imψ(z),

Ã1 =
1

4
[
h1y

h1
+
h2y

h2
], Ã2 =

1

4
[
h1y

h1
− h2y

h2
],

B̃1 =
1

4
[
h1y

h1
− h2y

h2
], B̃2 =

1

4
[
h1y

h1
+
h2y

h2
],

C̃1 =
a

4H1H2
+
m1

8y
, C̃2 = − a

4H1H2
+
m1

8y
,

D̃1 = − b

4H2
2

+
m2

8y
, D̃2 =

b

4H2
2

−m2

8y
,

Ẽ1 = −Ẽ2 =
c

2H2
, F̃1 = −F̃2 =

d

2H2
,

(5.21)

in which we choose Hl(y) = [|y|mlhl(y)]
1/2, l = 1, 2, ml, hl(y) (l = 1, 2) are

as stated before, and

dµ = d[x+G(y)] = 2H(y)dy on s1,

dν = d[x−G(y)] = −2H(y)dy on s2.

Proof It is not difficult to derive the expression (5.19) by (5.7). In the
following we shall derive (5.19) by the expression (5.16). In fact any solution
of Problem P for equation (5.1) in D can be expressed as

u(z)=u(x)−2

∫ y

0

V (z)

[|y|m2h2]1/2
dy=2Re

∫ z

0

[

ReW

H1(y)
−j ImW

H2(y)

]

dz+b0,

W (z)= W0(z)+φ(z)+ψ(z), φ(z) + ψ(z)=ξ(z)e1+η(z)e2,

ξ(z) =

∫ µ

0

ξµdµ =

∫ µ

0

1

2H(y)
[H(y)ξx + ξy]dµ

=

∫

S1

g1(z)dy +

∫ y

0

g1(z)dy = ζ(z) +

∫ y

0

g1(z)dy, z ∈ s1,

η(z) =

∫ ν

2

ηνdν =

∫ ν

2

1

2H(y)
[H(y)ξx − ξy]dν
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=

∫

S2

g2(z)dy +

∫ y

0

g2(z)dy=θ(z) +

∫ y

0

g2(z)dy, z ∈ s2, (5.22)

where φ(z) = ζ(z)e1 + θ(z)e2 =
∫

S1

g1(z)e1 +
∫

S2

g2(z)e2, s1, s2 are as

stated in (5.20), and S1, S2 are two characteristics as in (5.20) form the
corresponding points of L1, L2 to a point on L0 respectively. Noting (5.20)
and

ds1 =
√

(dx)2+(dy)2 =−
√

1+(dx/dy)2dy=−
√

1+Kdy=−
√

1+K√
K

dx,

ds2 =
√

(dx)2+(dy)2 =−
√

1+(dx/dy)2dy=−
√

1+Kdy=

√
1+K√
K

dx,

the system (5.22) is just (5.19), where the coefficients are as stated in (5.21).

From Theorem 5.3, we see that the function w(z) = φ(z) +ψ(z) is a so-
lution of the homogeneous problem (Problem A0) for the complex equation

wz̃ =A1(z)w+A2(z)w+A3(z)u+A(z), A(z)=A1W0+A2W0+A3u0

(5.23)
with the homogeneous boundary conditions

Re[λ(z)w(z)]=0 on L1∪L2, u(z1)==0, Im[λ(z1)w(z1)]=0. (5.24)

Due the solution W0(z) of Problem A for equation (5.11) satisfies the esti-
mate (5.15), it is clear that the coefficient A(z) of equation (5.23) satisfy
the condition

|y|τ |A(z)| ≤M3 in D, (5.25)

where τ = max(0, 1−m1/2−m2/2, 1−m2) and M3 =M3(α, k0, k2, D) are
positive constants.

Besides, Theorem 5.3 can be used to prove the existence of Darboux
type problem for equation (5.1) with the boundary conditions

u(x) = φ(x) on L1, u(x) = ψ(x) on L0,

in which φ(x), ψ(x) satisfy the conditions φ(0) = ψ(0), C2
α[φ(x), L1] ≤

k2, C
2
α[ψ(x), L0] ≤ k2, here α (0 < α < 1, k2 are positive constants, which

is the same as in the proof of Theorem 2.3, Chapter V below.

5.3 Unique solvability of oblique derivative problem

for second order hyperbolic equations

We first prove the uniqueness of Problem P for equation (5.1).
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Theorem 5.4 Let D be given as above and equation (5.1) satisfy Condi-

tion C. Then the oblique derivative problem (Problem P ) for (5.1) in D at

most has a solution.

Proof We assume that m1,m2 are positive numbers as stated before,
and m1 −m2 > −1, denote by u1(z), u2(z) two solutions of Problem P for
(5.1), by Theorem 5.2, we see that the function uz̃(z) = u1z̃(z) − u2z̃(z) =
U(z) + jV (z) in D is a solution of the homogeneous system of integral
equations

u(z) = 2Re

∫ z

z1

[

Rew

H1(y)
− j

Imw

H2(y)

]

dz in D,

w(z)=φ(z) + ψ(z) = ξ(z)e1 + η(z)e2,

ξ(z) =

∫ µ

0

g1(z)dµ =

∫ µ

0

[Â1ξ+B̂1η+Ĉ1u]dµ, z∈s1,

η(z) =

∫ ν

2

g2(z)dν =

∫ ν

2

[Â2ξ+B̂2η+Ĉ2u]dν, z∈s2,

(5.26)

where
ξ = U(z) + V (z) = [H1(y)ux −H2(y)uy]/2,

η = U(z) − V (z) = [H1(y)ux +H2(y)uy]/2.

We first consider the closed domain D0 = D ∩ {0 ≤ µ ≤ δ0, 2 ≤ ν ≤
2−δ0}, in which δ, δ0 are sufficiently small positive constants, such that the
following requirements hold. Noting that ux, uy are continuous in D\{0, 2},
we see that there exist positive numbers N(> 1), γ < 1 dependent on
u(z), D0, such that

|u(z)| ≤ Nγ, |ξ(z)| ≤ Nγ, |η(z)| ≤ Nγ. (5.27)

From (5.26) and (5.27), we can obtain

|ξ(z)| = |
∫ µ

0

[Â1ξ+B̂1η+Ĉ1u]dµ| ≤ |
∫ µ

0

3k3Nγdµ| ≤ k3Nγ
2,

where |Âl|, |B̂l|, |Ĉl| ≤ k3, l = 1, 2, k3 is a positive constant, and we require
3δ0 ≤ γ. Similarly we have

|η(z)|= |
∫ ν

2

[Â2ξ+B̂2η+Ĉ2u]dν| ≤ k3Nγ
2,

|u(z)| = 2|Re

∫ z

z1

[

Rew

H1(y)
−j Imw

H2(y)

]

dz| ≤ k3Nγ
2.
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Applying the repeated insertion, the inequalities

|u(z)|≤k3Nγ
k, |ξ(z)|≤k3Nγ

k, |η(z)| ≤ k3Nγ
k, k = 2, 3, ... (5.28)

can be obtained. This shows that u(z) = 0, ξ(z) = 0, η(z) = 0 in D0. By
the similar way, we may derive u(z) = 0, ξ(z) = 0, η(z) = 0 ∈ D1 =
{0 ≤ µ ≤ δ0, 2 − 2δ0 ≤ ν ≤ 2 − δ0} ∪ {δ0 ≤ µ ≤ 2δ0, 2 − δ0 ≤ ν ≤ 2}.
Moreover we can handle the above estimates along the positive direction of
µ = x+G(y), ν = x−G(y) succesively, and finally derive ξ(z) = 0, η(z) =
0, u(z) = 0 in D∗. Taking into account the arbitrariness of δ, we can obtain
ξ(z) = 0, η(z) = 0, u(z) = 0 in D.

Theorem 5.5 Problem P for equation (5.1) is solvable.

Proof On the basis of the solution W0(z) of Problem A for equation
(5.11) or (5.12), and the corresponding function of u0(z) determined by
(5.10), we see that the solution W (z) = w(z) + W0(z) of equation (5.8)
can be reduced to the solution w(z) of Problem A0 for equation (5.23). By
using the way as stated in the proof of Theorem 4.3, we can also prove the
result.

5.4 Oblique derivative problems for quasilinear

hyperbolic equations with degenerate rank 0

In this section, we consider the second order quasilinear hyperbolic equation

K1(y)uxx −K2(y)uyy + aux + buy + cu+ d = 0 in D, (5.29)

where a, b, c, d are functions of z(∈ D), u, ux, uy (∈ R), its complex form is
the following complex equation of second order

Wz̃ =F (z, u,W ), F =A1W+A2W+A3u+A4 in D, (5.30)

where Al = Al(z, u,W ), j = 1, 2, 3, 4, and

W (z)=uz̃ =
1

2
[H1ux+jH2uy],Wz̃ =

1

2
[H1Wx+jH2Wy],

A1 =
1

4
[
a

H1
+
jH1yH2

H1
− jb

H2
+ jH2y], A3 =

c

4
,

A2 =
1

4
[
a

H1
+
jH1yH2

H1
+

jb

H2
− jH2y], A4 =

d

4
,

(5.31)

where H1 =
√

|K1|, H2 =
√

|K2|.
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Suppose that the equation (5.29) satisfies the following conditions,
namely Condition C:

1) Al(z, u, uz) (l = 1, 2, 3) are continuous in z ∈ D for any continuously
differentiable function u(z) in D∗ = D\{0, 2}, and satisfy

C[yReA1/H2, D] ≤ ε1(y), m1 +m2 ≥ 2,

Ĉ [H1ReA1, D]≤k0, Ĉ[|y|τ Im(A1±A2), D]≤k0,

Ĉ [A3, D] ≤ k0, Ĉ [A4, D]≤k1.

(5.32)

2) For any continuously differentiable functions u1(z), u2(z) in D∗, the
equality

F (z, u1, u1z̃)−F (z, u2, u2z̃)=Ã1uz̃+Ã2uz̃+Ã3u (5.33)

in D holds, where u = u1 − u2, Ãj = Ãj(z, u1, u2) (j = 1, 2) satisfy the
conditions

C[ReÃ1|y|/H2, D] ≤ε1(y),m1+m2≥2, C̃[H1ReÃ1, D]≤k0,

Ĉ[|y|τ Im(Ã1 ± Ã2),D] ≤ k0, Ĉ[Ã3,D]≤k0,
(5.34)

in (5.32),(5.34), τ = max(1 − m2/2, 0), k0, k1 are positive constants, and
ε1(y) → 0 as y → 0. In particular, when (5.29) is a linear equation, the
condition (5.34) obviously holds.

For equation (5.29) with Condition C, we can similarly give the rep-
resentation of solutions of Problem P , and prove the unique solvability of
Problem P in D̄\L0 for equation (5.29).

6 The Cauchy Problem for Hyperbolic Equations of

Second Order with Degenerate Rank 0

This section deals with the Cauchy problem for hyperbolic equations of sec-
ond order with degenerate rank 0. We first transform the Cauchy problem
into the equivalent problem for system of integral equations by the complex
method, which is simpler and clearer than other methods, and then prove
the existence and uniqueness of solutions for the equations by using the
successive approximation. The result in this section includes the result in
[67]1) as a special case. Here we mention that the advantage of the method
in [67]1) is absorbed, and some mistakes in [67]1) are corrected, which can
be seen in (6.15) and (6.20) below.
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6.1 Formulation of Cauchy problem for second

order hyperbolic equations

We first consider the linear hyperbolic equation of second order with the
degenerate rank 0: (5.1), namely

K1(y)uxx −K2(y)uyy + a(x, y)ux + b(x, y)uy

+c(x, y)u+ d(x, y) = 0 in D,
(6.1)

and the coefficients of (6.1) satisfy Condition C as stated in Section 5.

The Cauchy problem for equation (6.1) may be formulated as follows:

Problem C Find a continuously differentiable solution u(z) of (6.1) in D
satisfying the initial conditions

u(x, 0) = τ(x), uy(x, 0) = γ(x), x ∈ L0 = [0, 2], (6.2)

in which D is a domain as stated before, and the functions τ(x), γ(x) in
(6.2) possess the third order continuous derivatives on 0 ≤ x ≤ 2, i.e.

C3[τ(x), L0] ≤ k2, C
3[γ(x), L0] ≤ k2, (6.3)

in which α (0 < α < 1), k2 are positive constants. The above Cauchy
problem is called Problem C. Problem C with the conditions τ(z) =
0, γ(z) = 0, z ∈ L will be called Problem C0.

Denote

U(z) = ux/2, V (z) = −uy/2, µ = x+G(y), ν = x−G(y),

where G(y) =
∫ y

0 H(t)dt, H(y) = H1(y)/H2(y), Hl(y) =
√

|Kl(y)|, l = 1, 2.
It is not difficult to see that Problem C for equation (6.1) is equivalent to
the boundary value problem (Problem P ), i.e. the system of first order
equations







(U + V )µ = Â1ξ + B̂1η + Ĉ1u+ D̂1,

(U − V )ν = Â2ξ + B̂2η + Ĉ2u+ D̂2,
in D,

Â1 =
1

4H1
[
a

H1
+
H2H1y

H1
− b

H2
+H2y],

B̂1 =
1

4H1
[
a

H1
+
H2H1y

H1
+

b

H2
−H2y],
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Â2 =
1

4H1
[
a

H1
− H2H1y

H1
− b

H2
+H2y],

B̂2 =
1

4H1
[
a

H1
− H2H1y

H1
+

b

H2
−H2y],

Ĉ1 = Ĉ2 =
c

4H1
, D̂1 = D̂2 =

d

4H1
,

(6.4)

and the boundary conditions

U(x) = ux/2 = τ ′(x)/2, V (x) = −uy/2 = −γ(x)/2, x ∈ L0, (6.5)

with the relation

u(z)=τ(x)−2

∫ y

0

V (z)

H2(y)
dy=2Re

∫ z

0

[

ReW

H1(y)
−j ImW

H2(y)

]

dz+b0 in D, (6.6)

in which W (z) = U(z) + jV (z), b0 = τ(0). The boundary condition (6.5)
can be rewritten as

{

Re[(1+j)W (x)]=U(x)+V (x)=[H1(0)τ ′(x)−H2(0)γ(x)]/2=0,

Re[(1−j)W (x)]=U(x)−V (x)=[H1(0)τ ′(x)+H2(0)γ(x)]/2=0
(6.7)

on L0.

6.2 Reduction of Cauchy problem for degenerate

hyperbolic equations to integral equations

In this subsection, we transform Problem C for equation (6.1) into a system
of integral equations. In the next subsection, we shall prove that the prob-
lem has a unique continuously differentiable solution by using the approx-
imation method. Equation (6.1) is hyperbolic in domain D and parabolic
on the partial boundary L0. The characteristics of (6.1) are given by the
two families of curves

s1 :
dx

dy
=

√

K(y)=H(y), s2 :
dx

dy
=−

√

K(y)=−H(y), (6.8)

in which K(y) = K1(y)/K2(y). Construct a new unknown function

v(x, y) = u(x, y) − yγ(x) − τ(x),
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then we have


















ux(x, y) = vx(x, y) + yγ′(x) + τ ′(x),

uxx(x, y) = vxx + yγ′′(x) + τ ′′(x),

uy(x, y)=vy(x, y)+γ(x), vyy(x, y)=vyy(x, y),

and equation (6.1) is reduced to the form

K1(y)vxx −K2(y)vyy + a(x, y)vx + b(x, y)vy + c(x, y)v +F (x, y)=0, (6.9)

here

F (x, y) = K1(y)[yγ
′′(x) + τ ′′(x)] + a(x, y)[yγ′(x) + τ ′(x)]

+b(x, y)γ(x) + c(x, y)[yγ(x) + τ(x)] + d(x, y)

is a differentiable function of x and y. The initial condition (6.2) becomes

v(x, 0) = vy(x, 0) = 0, 0 ≤ x ≤ 2. (6.10)

The Cauchy problem will be called Problem C0 for (6.9). In the fol-
lowing there is no harm in assuming the case: Hl(y) =

√

|Kl(y)| =
√

|y|mlhl(y), l = 1, 2, and first prove the existence of solutions of Prob-
lem C0 for (6.9). From (6.4), equation (6.9) can be written as the system
of integral equations

v(z) = −2

∫ y

0

V (z)

|y|m2/2h
1/2
2

dy =

∫ y

0

η − ξ

(|y|m2h2)1/2
dy,

U + V =

∫ y

0

[H1(U+V )x+H2(U+V )y ]/H2dy=

∫ y

0

g1(z)dy on s1,

U − V =−
∫ y

0

[H1(U−V )x−H2(U−V )y]/H2dy=

∫ y

0

g2(z)dy on s2,

gl(z)=Ãl(U+V )+B̃l(U−V )+2C̃lU+2D̃lV +Ẽlu+F̃l, l=1, 2,
(6.11)

in which s1, s2 are two characteristics from two points on L0 to a point
z = x+ jy ∈ D respectively, and

Ã1 =
1

4
[
h1y

h1
+
h2y

h2
], Ã2 =

1

4
[
h1y

h1
− h2y

h2
],

B̃1 =
1

4
[
h1y

h1
− h2y

h2
], B̃2 =

1

4
[
h1y

h1
+
h2y

h2
],
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C̃1 =
a

2H1H2
+
m1

4y
, C̃2 =− a

2H1H2
+
m1

4y
,

D̃1 =− b

2H2
2

+
m2

4y
, D̃2 =

b

2H2
2

− m2

4y
,

Ẽ1 = −Ẽ2 =
c

2H2
, F̃1 = −F̃2 =

d

2H2
,

(6.12)

where we use
dµ = d[x+G(y)] = 2H(y)dy on s1,

dν = d[x−G(y)]=−2H(y)dy on s2.
(6.13)

This is a system of integral equations, here the integrals of ξ = U + V, η =
U−V are along the direction of the characteristics s1, s2 respectively. Thus
the system of integral equations can be rewritten as

v(z) = −2

∫ y

0

V (z)

ym2/2h
1/2
2

dy =

∫ y

0

η − ξ

|y|m2/2h
1/2
2

dy,

ξ(z)=

∫ y

0

g1(z)dy, z∈s1, η(z)=
∫ y

0

g2(z)dy, z∈s2,

gl(z) = Ãlξ+B̃lη+C̃l(ξ+η)+D̃l(ξ−η)+Ẽlv+F̃l, l=1, 2.

(6.14)

It is clear that for any two points z̃1 = x̃1 + jỹ ∈ s1, z̃2 = x̃2 + jỹ ∈ s2,
where s1, s2 are two characteristic curves passing through a point z =
x + jy ∈ D and x1, x2 are the intersection points with the axis y = 0
respectively, we have

|x̃1−x̃2|≤|x1−x2|=2|
∫ y

0

√

|K(t)|dt|≤ 4 maxD

√
h

m+2
|y|m/2+1≤M |y|m/2+1

(6.15)
for −δ<y<0, herein m=m1−m2>−1, M(>max[2

√

h(x, y), 1, k0, k1]) is a
positive constant, δ is a sufficiently small positive constant. From (5.2), we
can assume that the coefficients of (6.12) possess continuously differentiable
with respect to x ∈ L0 and satisfy the conditions

|Ãl|,|Ãlx|,|B̃l|,|B̃lx|,|H2Ẽl|,|H2Ẽlx|,|H2F̃l|,|H2F̃lx|,

|1/
√

hl|, |hly/hl|, |hlx/hl|, |a|, |ax|, |b|, |bx|≤M in D, l = 1, 2,

|ya/H1H2| ≤ ε1(y), m1 +m2 ≥ 2,

(6.16)

in which ε1(y) is a positive function, |b/H2
2 | = |by/H2

2y| ≤ ε2(y)/|y|, ε2(y) =
|by|/H2

2 , εl(y) → 0 (l = 1, 2) as y → 0. We can find a solution of Problem C0
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on the segment −δ ≤ y ≤ 0, it is not difficult to see that if δ is a sufficiently
small positive number, then there exists a positive constant γ (< 1), such
that the following conditions are easily satisfied:

4M3

2 −m2
|y|β1 < γ,

(4ε1(y) + 2ε2(y))M +m1 +m2

2β′
< γ,

3M |y|β +
2ε2(y)M +m2

4β
+

2ε1(y)M +m1

4β′
|y|m1/2 < γ,

16M2

1−m2+β
|y|1−m2 +

2ε2(y)M+m2

2β
< γ, (

7M

1 −m2 + β

+
4ε2(y)M+m2

2β
)|y|1−m2 +

8M |y|+4(ε1(y)+ε2(y))M+m1+m2

2β′
<γ,

(6.17)
where 0 ≤ |y| ≤ δ, β = 1 −m2/2 − β1, β

′ = 1 + m1/2 −m2/2 − β1, β1 is
a sufficiently small positive constant. In the next section we shall find a
solution of Problem C0 for (6.9) with the condition 0 ≤ m2 < 1.

6.3 Existence of solutions of Cauchy problem for

degenerate hyperbolic equations

Let D0 be the domain bounded by a segment (0≤)a0 ≤x≤a1(≤ 2) of the
x-axis and the characteristics s1 and s2 of the families (6.8) emanating from
(a0, 0) and (a1, 0) respectively, which intersect at a point z = x + jy ∈ D.
We choose v0 = v0(z) = 0, ξ0 = ξ0(z) = 0, η0 = η0(z) = 0 and substitute
them into the corresponding positions of v, ξ, η in the right-hand sides of
(6.14), and obtain

v1(z) = −2

∫ y

0

V0(z)

(|y|m2h2)1/2
dy =

∫ y

0

η0 − ξ0
(|y|m2h2)1/2

dy,

ξ1(z) =

∫ y

0

[Ã1ξ0 + B̃1η0 + C̃1(ξ0 + η0)

+D̃1(ξ0 − η0) + Ẽ1v0 + F̃1]dy =

∫ y

0

F̃1dy, z ∈ s1,

η1(z) =

∫ y

0

[Ã2ξ0 + B̃2η0 + C̃2(ξ0+η0)

+D̃2(ξ0 − η0) + Ẽ2v0 + F̃2]dy =

∫ y

0

F̃2dy, z ∈ s2.

(6.18)
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By the successive approximation, we find the sequences of functions
{vk}, {ξk}, {ηk}, which satisfy the relations

vk+1(z) = −2

∫ y

0

Vk(z)

|y|m2/2h
1/2
2

dy =

∫ y

0

ηk−ξk
|y|m2/2h

1/2
2

dy,

ξk+1(z)=

∫ y

0

[Ã1ξk+B̃1ηk+C̃1(ξk+ηk)+D̃1(ξk−ηk)+Ẽ1vk+F̃1]dy,z∈s1,

ηk+1(z)=

∫ y

0

[Ã2ξk+B̃2ηk+C̃2(ξk+ηk)+D̃2(ξk−ηk)+Ẽ2vk+F̃2]dy,z∈s2,

k = 0, 1, 2, ....
(6.19)

We can prove that {vk}, {ξk}, {ηk} in D0 satisfy the estimates

|vk(z)|, |ξk(z)|, |ηk(z)|, |ξk(z)−ηk(z)|≤M
k

∑

j=0

γj |y|β ,

|vk+1(z)−vk(z)|, |ξk+1(z)−ξk(z)|, |ηk+1(z)−ηk(z)|≤Mγk|y|β,

|ξk+1(z) − ηk+1(z) − ξk(z) + ηk(z)| ≤Mγk|y|β ,

|ξk(z1)−ξk(z2)|≤M
k

∑

j=0

γj |y|β(|x1−x2|+|y|m1/2),

|vk(z1)−vk(z2)|, |ηk(z1)−ηk(z2)|≤M
k

∑

j=0

γj |y|β(|x1−x2|+|y|m1/2),

|vk+1(z1) − vk+1(z2) − vk(z1) + vk(z2)|≤Mγk|y|β(|x1−x2|+|y|m1/2),

|ξk+1(z1) − ξk+1(z2) − ξk(z1) + ξk(z2)|≤Mγk|y|β(|x1−x2|+|y|m1/2),

|ηk+1(z1)−ηk+1(z2)−ηk(z1)+ηk(z2)|≤Mγk|y|β(|x1−x2|+|y|m1/2),

|ξk(z) + ηk(z)| ≤M

k
∑

j=0

γj |y|β′

,

|ξk+1(z)+ηk+1(z)−ξk(z)−ηk(z)|≤Mγk|y|β′

,
(6.20)

in which z1 = x1 + jy, z2 = x2 + jy are the same as z̃1, z̃2 in (6.15),
|x1 − x2| < 1, β = 1 − m2/2 − β1, β

′ = 1 + m1/2 − m2/2 − β1, β1 is a
sufficiently small positive constant. In fact, from (6.18), it follows that the
first formulas with k = 1 hold, namely

|ξ1(z)|= |
∫ y

0

F̃1dy|= |
∫ y

0

M |y|−m2/2dy|≤ 2M

2 −m2
|y|β+β1
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≤M |y|β≤Mγ0|y|β ≤M
1

∑

j=0

γj |y|β , |η1(z)|, |v1(z)|≤M
1

∑

j=0

γj |y|β .

Next from (6.18), we can get

|ξ1(z)+η1(z)|=2|U1(z)|= |H1(y)v1x|≤|
∫ y

0

[F̃1(z1)+F̃2(z2)]dy|

≤|
∫ y

0

d(z1)−d(z2)
2H2(y)

dy|≤|
∫ y

0

dx|x1−x2|
2H2(y)

dy|≤M
2

2
|
∫ y

0

|y|−m2/2|x1−x2|dy|

≤ M3

2−m2
|y|1−m2/2|y|1+m/2 ≤Mγ|y|β|y|1+m/2≤M

1
∑

j=0

γj |y|β′

,

|ξ1(z)−η1(z)|=2|V1(z)|= |H2(y)v1y |≤|
∫ y

0

[F̃1(z1)−F̃2(z2)]dy|

≤2M |
∫ y

0

|y|−m2/2dy|≤ 4M

2−m2
|y|1−m2/2 =

4M

2−m2
|y|β+β1 ≤M

1
∑

j=0

γj |y|β,

|ξ1(z1) − ξ1(z2)| ≤ |
∫ y

0

[F̃1(x1 + jt) − F̃1(x2 + jt)]dt|

≤ |
∫ y

0

|F̃1x||x1 − x2|dy| ≤M |
∫ y

0

|y|−m2/2|x1−x2|dy|

≤ 2M

2 −m2
|y|1−m2/2|x1−x2|≤Mγ|y|β|x1−x2|≤M

1
∑

j=0

γj |y|β |x1−x2|,

|η1(z1)−η1(z2)|= |
∫ y

0

[F̃2(x1+jt)−F̃2(x2+jt)]dt|≤
1

∑

j=0

γj |y|β |x1−x2|,

|v1(z1) − v1(z2)| ≤M
1

∑

j=0

γj |y|β |x1 − x2|,

|ξ1(z) − ξ0(z)| = |ξ1(z)| ≤Mγ0|y|β,

|η1(z)−η0(z)|= |η1(z)|≤Mγ0|y|β , |v1(z)−v0(z)|= |v1(z)|≤Mγ0|y|β ,

|ξ1(z)−η1(z)−ξ0(z)+η0(z)|= |ξ1(z)−η1(z)|≤Mγ0|y|β ,

|ξ1(z)+η1(z)−ξ0(z)−η0(z)|= |ξ1(z)+η1(z)|≤Mγ0|y|β′

,

|ξ1(z1)−ξ1(z2)−ξ0(z1)+ξ0(z2)|= |ξ1(z1)−ξ1(z2)|≤Mγ0|y|β|x1−x2|,

|η1(z1)−η1(z2)−η0(z1)+η0(z2)|= |η1(z1)−η1(z2)|≤Mγ0|y|β |x1−x2|,

|v1(z1)−v1(z2)−v0(z1)+v0(z2)|= |v1(z1)−v1(z2)| ≤Mγ0|y|β |x1−x2|.
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In addition, we use the inductive method, namely suppose the estimates
in (6.20) for k = n are valid, then they are also valid for k = n + 1. In
the following, we only give the estimates of |ξn+1(z)|, |ξn+1(z1) − ξn+1(z2)|
and |ξn+1(z) + ηn+1(z)|, the other estimates can be similarly given. From
(6.19), we have

|ξn+1(z)|≤|
∫ y

0

{[|Ã1|+|B̃1|+|Ẽ1|]|y|β +|C̃1||y|β
′

+|D̃1||y|β ]

×M
n

∑

j=0

γj +|F̃1|}dy|≤M |
∫ y

0

{[3M |y|β−m2/2+

(

ε1(y)

2|y| +
m1

4|y|

)

|y|β′

+

(

ε2(y)

|y| +
m2

4|y|

)

|y|β ]

n
∑

j=0

γj + |y|−m2/2}dy|

≤M{[3M |y|β + (2ε1(y) +m1)
|y|m1/2

4β′

+(2ε2(y) +m2)
1

4β
]

n
∑

j=0

γj + 1}|y|β ≤M
n+1
∑

j=0

γj |y|β .

Moreover we have

|ξn+1(z1) − ξn+1(z2)| ≤ |
∫ y

0

[Ã1(z1)ξn(z1) + B̃1(z1)ηn(z1)

+C̃1(z1)(ξn(z1)+ηn(z1))+D̃1(z1)(ξn(z1)−ηn(z1))+Ẽ1(z1)vn(z1)

+F̃1(z1) − Ã1(z2)ξn(z2)−B̃1(z2)ηn(z2)−C̃1(z2)(ξn(z2)+ηn(z2))

−D̃1(z2)(ξn(z2) − ηn(z2)) − Ẽ1(z2)vn(z2) − F̃1(z2)]dy|

≤|
∫ y

0

{M
n

∑

k=0

γk|y|β [(8M |y|−m2 +
2ε2(y)M+m2

2|y| )|x1−x2|

+(
2ε2(y)M +m2

2|y| +
4ε1(y)M +m1

2|y| )|y|β′

]+M2|y|−m2/2|x1−x2|}dy|

≤M [(
16M2

1−m2+β
|y|1−m2 +

2ε2(y)M+m2

2β
)|y|β |x1−x2|

+(
2ε2(y)M+m2

2β′
+

4ε1(y)M+m1

2β′
)|y|β′

]

n
∑

k=0

γk

+
2M2

2−m2
|y|1−m2/2|x1−x2||≤M(

n
∑

k=0

γk + 1)|y|β(|x1−x2|+|y|m1/2)
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≤M

n+1
∑

k=0

γk|y|β(|x1 − x2| + |y|m1/2),

in which we use

|Ẽ1(z1)vn(z1)−Ẽ1(z2)vn(z2)|≤|(Ẽ1(z1)−Ẽ1(z2))vn(z1)

+Ẽ1(z2)(vn(z1) − vn(z2))| ≤M2
n

∑

k=0

γk|y|β|x1 − x2|[2|y|−m2/2

+|y|m1/2−m2/2]≤M2
n

∑

k=0

γk|y|β−m2/2[2|x1−x2|+|y|m1/2],

|C̃1(z1)(ξn(z1) + ηn(z1)) − C̃1(z2)(ξn(z2) + ηn(z2))

+D̃1(z1)(ξn(z1) − ηn(z1)) − D̃1(z2)(ξn(z2) − ηn(z2))|

≤ 1

2H1H2
|(a(z1)−a(z2))(ξn(z1)+ηn(z1))+a(z2)(ξn(z1)+ηn(z1)

−ξn(z2) − ηn(z2))| +
1

2H2
2

|(b(z1) − b(z2))(ξn(z1) − ηn(z1))

+b(z2)(ξn(z1) − ηn(z1) − ξn(z2) + ηn(z2))|

+|m1

4y
(ξn(z1) + η(z1) − ξn(z2) − ηn(z2))|

+|m2

4y
(ξn(z1) − ηn(z1) − ξn(z2) + ηn(z2))|

≤M
n

∑

k=0

γk[(2M2|y|−m2 +
ε2(y)M

|y| +
m2

2|y|)|y|
β |x1−x2|

+(
2ε2(y)M +m2

2|y| +
4ε1(y)M +m1

2|y| )|y|β′

].

In addition we consider

|ξn+1(z)+ηn+1(z)|≤|
∫ y

0

[Ã1(z1)ξn(z1)+Ã2(z2)ξn(z2)+B̃1(z1)ηn(z1)

+B̃2(z2)ηn(z2)+C̃1(z1)(ξn(z1)+ηn(z1))+C̃2(z2)(ξn(z2)+ηn(z2))

+D̃1(z1)(ξn(z1) − ηn(z1)) + D̃2(z2)(ξn(z2) − ηn(z2))

+Ẽ1(z1)vn(z1) + Ẽ2(z2)vn(z2) + F̃1(z1) + F̃2(z2)]dy|,



Chapter III Hyperbolic Complex Equations 199

taking into account Ã1(z2) + Ã2(z2) = B̃1(z2) + B̃2(z2) and

|Ã1(z1)ξn(z1)+Ã2(z2)ξn(z2)+B̃1(z1)ηn(z1)

+B̃2(z2)ηn(z2)+Ẽ1(z1)vn(z1)+Ẽ2(z2)vn(z2)|

≤|[Ã1(z1)−Ã1(z2)]ξn(z1)+[Ã1(z2)+Ã2(z2)]ξn(z1)

+Ã2(z2)[ξn(z2) − ξn(z1)] + [B̃1(z1) − B̃1(z2)]ηn(z1)

+[B̃1(z2) + B̃2(z2)]ηn(z1) + B̃2(z2)[ηn(z2) − ηn(z1)]

+[Ẽ1(z1) − Ẽ2(z2)]vn(z1) + Ẽ2(z2)[vn(z2) − vn(z1)]|

≤M2[(3|y|−m2/2 + 3|y|−m2/2)|x1−x2|+4|y|m1/2]

n
∑

j=0

γj |y|β

≤M2
n

∑

j=0

γj [6|y|β−m2/2|x1−x2|+4|y|β+m1/2],

|C̃1(z1)(ξn(z1) + ηn(z1)) + C̃2(z2)(ξn(z2) + ηn(z2))|

= |[C̃1(z1) − C̃2(z2)](ξn(z1) + ηn(z1))+C̃2(z2)[ξn(z2)

+ηn(z2) + ξn(z1)+ηn(z1)]|≤M [
2ε1(y)M

|y| +
m1

2|y|)|y|
β′

]

k
∑

j=0

γj ,

|D̃1(z1)(ξn(z1) − ηn(z1)) + D̃2(z2)(ξn(z2) − ηn(z2))|

= |[D̃1(z1) + D̃2(z2)](ξn(z1) − ηn(z1))

+D̃2(z2)[ξn(z2) − ηn(z2) − ξn(z1) + ηn(z1)]|

≤M [
|b(z1)−b(z2)|

2H2
2

|y|β+(
|b|
H2

2

+
m2

2|y|)|y|
β(|x1 − x2|

+|y|m1/2)]

k
∑

j=0

γj ≤ M2

2
|y|−m2 |x1 − x2|

+M(
2ε2(y)M

|y| +
m2

2|y|)
k

∑

j=0

γj |y|β(|x1−x2|+|y|m1/2),

where ε2(y) = |by|/H2(y), thus provided that δ is small enough, the in-
equality

|ξn+1(z)+ηn+1(z)|≤ |
∫ y

0

{[7M2|y|−m2 +M(
2ε2(y)M

|y| +
m2

2|y| )]
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×
n

∑

j=0

γj |y|β|x1 − x2| + (4M2 +
2(ε1(y) + ε2(y))M

|y|

+
m1 +m2

2|y| )

n
∑

j=0

γj |y|β′

+M2|y|−m2/2|x1 − x2|}dy|

≤M{[ 7M |y|1−m2

1 −m2 + β
+

4ε2(y)M +m2

2β
]

n
∑

j=0

γj |y|β|x1 − x2|

+
8M2|y|+4ε1(y)M+m1

2β′

n
∑

j=0

γj |y|β′

+
4ε2(y)M +m2

2β′

k
∑

j=0

γj |y|β′

+
2M

2−m2
|y|1−m2/2|x1−x2|} ≤M{

n
∑

j=0

γj [
7M

1−m2+β
|y|1−m2

+
4ε2(y)M+m2

2β
|y|β +

4ε2(y)M+m2

2β′
+

8M |y|+4ε1(y)M+m1

2β′
]

+1}|y|β′ ≤M [
n+1
∑

j=1

γj + 1]|y|β′ ≤M
n+1
∑

j=0

γj |y|β′

is derived. Similarly we can verify

|ξn+1(z) − ξn(z)| ≤Mγn|y|β,

|ξn+1(z)+ηn+1(z)−ξn(z)−ηn(z)|≤Mγn|x1 − x2|β1 |y|β′

,

|ξn+1(z1)−ξn+1(z2)−ξn(z1)+ξn(z2)|≤Mγn|y|β[|x1−x2|+|y|m1/2].

From the estimate (6.20), the convergence of {vn(z)}, {ξn(z)}, {ηn(z)},
and the comparison test, we can derive that {vn(z)}, {ξn(z)}, {ηn(z)} in
D0 uniformly converge to v∗(z), ξ∗(z), η∗(z) satisfying

v∗(z) = −2

∫ y

0

V∗(z)

(|y|m2h2)1/2
dy =

∫ y

0

η∗ − ξ∗
(|y|m2h2)1/2

dy,

ξ∗(z)=

∫ y

0

[Ã1ξ∗+B̃1η∗+C̃1(ξ∗+η∗)+D̃1(ξ∗−η∗)+Ẽ1v∗+F̃1]dy, z∈s1,

η∗(z)=

∫ y

0

[Ã2ξ∗+B̃2η∗+C̃2(ξ∗+η∗)+D̃2(ξ∗−η∗)+Ẽ2v∗+F̃2]dy, z∈s2,

and the function v(z) = v∗(z) satisfies equation (6.9) and boundary condi-
tion (6.10), hence u(z) = v(z) + yγ(x) + τ(x) is a solution of Problem C
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for (6.1). Thus the existence of solutions of Problem C for equation (6.1) is
proved. Moreover it is easy to prove the uniqueness of solutions of Problem
C for (6.1).

Theorem 6.1 Under Condition C, the Cauchy problem (Problem C) for

equation (6.1) has a unique solution.

Remark 6.1 The condition m2 < 1 in K2(y) = −|y|m2h2(y) can be
cancelled, provided that the last four conditions in (5.2) are replaced by
the conditions Ĉ[a/|y|[m2], D] ≤ k0, Ĉ[b/|y|[m2], D] ≤ k0, Ĉ[c/|y|[m2], D] ≤
k0, Ĉ[d/|y|[m2], D] ≤ k1, where [m2] is the integer part ofm2, then Theorem
6.1 is also valid.

From Section 3, Chapter III, [12]3), we know that in general Problem C
for equation (6.1) is ill-posed, and (6.16) is a sufficient condition of unique
solvability of Problem C for (6.1). Besides, if the coefficients Kl(y)(j=1, 2)
of equation (6.1) are replaced by the functions Kl(x, y)(l=1, 2) with some
conditions, namely we consider the quasilinear equation of second order

K1(x, y)uxx−K2(x, y)uyy + aux + buy + cu+ d=0 in D, (6.21)

satisfying the conditions as stated in Section 5, in which

−Kl(x, y) = [Hl(x, y)]
2 = |y|mlhl(x, y), l = 1, 2,

herein ml (l = 1, 2,m2 < 1) are positive numbers, hl(x, y) (l = 1, 2) are
continuously differentiable positive functions. Similarly to (5.30), W (z) =
[H1(x, y)ux−jH2(x, y)uy]/2 in D can be written in the complex form

Wz̃ =F (z, u,W ), F =A1W+A2W+A3u+A4 in D,

where Aj = Aj(z, u,W ), j = 1, 2, 3, 4, and the system corresponding to
(6.4) and its coefficients are replaced by

(U+V )µ =Â1(U+V )+B̂1(U−V )+Ĉ1u+D̂1,

(U−V )ν =Â2(U+V )+B̂2(U−V )+Ĉ2u+D̂2,
(6.22)

and

Â1 =
1

4H1
[
a

H1
+
H1H2x

H2
+
H2H1y

H1
− b

H2
+H1x +H2y],

B̂1 =
1

4H1
[
a

H1
− H1H2x

H2
+
H2H1y

H1
+

b

H2
+H1x −H2y],
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Â2 =
1

4H1
[
a

H1
− H1H2x

H2
− H2H1y

H1
− b

H2
+H1x +H2y],

B̂2 =
1

4H1
[
a

H1
+
H1H2x

H2
− H2H1y

H1
+

b

H2
+H1x +H2y],

Ĉ1 = Ĉ2 =
c

4H1
, D̂1 = D̂2 =

d

4H1
.

Applying the similar method as stated before, the following theorem can
be obtained.

Theorem 6.2 Suppose that equation (6.21) satisfies Condition C. Then

Problem C for (6.21) has a unique solution in D.



CHAPTER IV

FIRST ORDER COMPLEX EQUATIONS

OF MIXED TYPE

In this chapter, we mainly discuss the discontinuous Riemann-Hilbert
boundary value problem for first order complex equations of mixed (elliptic-
hyperbolic) type with parabolic degeneracy. In Section 1, we first introduce
the corresponding results of the Riemann-Hilbert boundary value problem
for first order complex equations of mixed type without parabolic degener-
acy.

1 The Riemann-Hilbert Problem for First Order

Complex Equations of Mixed Type

In this section we discuss the Riemann-Hilbert boundary value problem for
first order linear complex equations of mixed (elliptic-hyperbolic) type in a
simply connected domain. Firstly, we give the representation theorem and
prove the uniqueness of solutions for the above boundary value problem.
Secondly by using the method of successive approximation, the existence
of solutions for the above problem is proved.

1.1 Formulation of Riemann-Hilbert problem

of complex equations of mixed type

Let D be a simply connected bounded domain in the complex plane C with
the boundary ∂D = Γ ∪ L, where Γ(⊂ {y > 0}) ∈ C1

µ(0 < µ < 1) with the
end points z = 0, 2 and L=L1∪L2, L1 = {x=−y, 0 ≤ x ≤ 1}, L2 = {x =
y + 2, 1 ≤ x ≤ 2}. Denote D+ = D ∩ {y > 0}, D− = D ∩ {y < 0} and
z0 = 1 − j. Without loss of generality, we may assume that Γ={|z − 1|=
1, y≥0}, otherwise through a conformal mapping, this requirement can be
realized. In the following, we use the complex number x+ iy and complex
function w(z) = u(z) + iv(z) in D+, and apply the hyperbolic unit j with
the condition j2 = 1 in D−, and x+ jy, w(z) = u(z) + jv(z) are called the
hyperbolic number and hyperbolic function in D− respectively. We discuss

203
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the first order linear system of mixed (elliptic-hyperbolic) type equations

{

ux−sgny vy =au+bv+f,

vx + uy = cu+ dv + g,
in D, (1.1)

in which a, b, c, d, f, g are real functions of (x, y) (∈ D). Denote

w(z)=u+iv, wz =
1

2
[wx−iwy], wz̄ =

1

2
[wx+iwy] in D+,

w(z)=u+jv, wz =
1

2
[wx−jwy], wz̄ =

1

2
[wx+jwy] in D−,

then system (1.1) in D can be reduced to the complex form

wz̄ = A1(z)w +A2(z)w̄ +A3(z) in D,

A1 =















1

4
[a− ib+ ic+ d],

1

4
[a+ jb+ jc+d],

A2 =















1

4
[a+ ib+ ic− d],

1

4
[a− jb+ jc−d],

A3 =















1

2
[f + ig]

1

2
[f + jg]

in

{

D+

D−

}

.

(1.2)

In particular, if Al(z) = 0, l = 1, 2, 3, then equation (1.2) becomes

wz̄ = 0 in D. (1.3)

Suppose that the complex equation (1.2) satisfies the following condi-
tions, namely Condition C.

The coefficients Al(z) (l = 1, 2, 3) are measurable in z ∈ D+ and contin-
uous in D− in D∗ = D̄\{0, 2}, and satisfy

Lp[Al, D+] ≤ k0, l = 1, 2, Lp[A3, D+] ≤ k1,

Ĉ[Al, D−]=C[Al, D−]+C[Alx, D−]≤k0, l=1, 2, Ĉ[A3, D−]≤k1,
(1.4)

where p(> 2), k0, k1 are positive constants.

The Riemann-Hilbert boundary value problem for the complex equation
(1.2) may be formulated as follows:
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Problem A Find a continuous solution w(z) of (1.2) in D∗ = D̄\{0, 2}
satisfying the boundary conditions

Re[λ(z)w(z)] = r(z), z ∈ Γ, (1.5)

Re[λ(z)w(z)]=r(z), z∈Ll (l=1 or 2), Im[λ(z0)w(z0)]=b0, (1.6)

where λ(z) = a(z) + ib(z) 6= 0, z ∈ Γ∪Ll (l = 1 or 2), b1 is a real constant,
and λ(z), r(z), b0 satisfy the conditions

Cα[λ(z),Γ] ≤ k0, Cα[r(z),Γ] ≤ k2, |b0| ≤ k2,

Cα[λ(z), Ll]≤k0, Cα[r(z), Ll]≤k2, l=1 or 2,

max
z∈L1

1

|a(z)−b(z)| ≤k0, or max
z∈L2

1

|a(z)+b(z)| ≤k0,

(1.7)

in which α(0 < α < 1), k0, k2 are positive constants. For convenience, later
on sometimes we assume that w(z0) = 0.

This Riemann-Hilbert problem (Problem A) for (1.2) with r(z) = 0, z ∈
Γ ∪ L1 (or L2) and b1 = 0 will be called Problem A0. The number

K =
1

2
(K1 +K2), (1.8)

is called the index of Problem A and Problem A0 on the boundary ∂D+ of
D+, where

Kl =

[

φl

π

]

+Jl, Jl =0 or 1, eiφl =
λ(tl−0)

λ(tl+0)
, γl =

φl

π
−Kl, l=1, 2, (1.9)

in which t1 = 0, t2 = 2, λ(t) = 1 + i on L0 = [0, 2] or λ(t) = 1 − i on
L0 = [0, 2] and λ(t1 + 0) = λ(t2 − 0) =

√
2 exp(πi/4) or

√
2 exp(7πi/4).

Here we only discuss the case of K = (K1 +K2)/2 = −1/2 on ∂D+.

1.2 Representation of Riemann-Hilbert problem

for mixed complex equations

We first introduce a lemma, which is a special case of Theorem 1.1, Chapter
I.

Lemma 1.1 Suppose that the complex equation (1.2) satisfies Condition

C. Then any solution of Problem A for (1.2) in D+ with the boundary

conditions (1.5) and

Re[λ(x)w(x)]=s(x), λ(x)=1 + i or 1 − i, x∈L0, Cα[s(x),L0]≤k3, (1.10)
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can be expressed as

w(z) = Φ(z)eφ(z) + ψ(z), z ∈ D+, (1.11)

where Im[φ(z)] = 0, z ∈ L0 = [0, 2], and φ(z), ψ(z) satisfies the estimates

Cδ[φ,D+]+Lp0
[φz̄ , D+]≤M1, Cδ [ψ,D+]+Lp0

[ψz̄, D+]≤M2, (1.12)

in which k3, δ (0 < δ ≤ α), p0 (2 < p0 ≤ 2), Mj = Mj(p0, δ, k,D
+) (j =

1, 2) are positive constants, k = (k0, k1, k2, k3), Φ(z) is analytic in D+ and

w(z) satisfies the estimate

Cδ [X(z)w(z), D+] ≤M3(k1 + k2 + k3), (1.13)

in which

X(z) = |z − t1|η1 |z − t2|η2 , ηl = max(−2γl, 0) + 4δ, l = 1, 2, (1.14)

here γj (j = 1, 2) are real constants as stated in (1.9) and δ is a sufficiently

small positive constant, and M3 = M3(p0, δ, k0, D
+) is a positive constant.

Theorem 1.2 If the complex equation (1.2) satisfies Condition C in D,

then any solution of Problem A with the boundary conditions (1.5), (1.6) for

(1.2) can be expressed as

w(z) = w0(z) +W (z), (1.15)

where w0(z) is a solution of Problem A for the complex equation (1.3) and

W (z) possesses the form

W (z)=w(z)−w0(z), w(z)=Φ̃(z)eφ̃(z)+ψ̃(z) in D+,

φ̃(z)= φ̃0(z)+Tg= φ̃0(z)−
1

π

∫ ∫

D+

g(ζ)

ζ−z dσζ , ψ̃(z)= Tf in D+,

W (z)=Φ(z)+Ψ(z),Ψ(z)=

∫ µ

0

g1(z)dµe1+

∫ ν

2

g2(z)dνe2 in D−,

(1.16)

in which Imφ̃(z) = 0 on L0, φ̃0(z) is an analytic function in D+,

e1 = (1 + j)/2, e2 = (1 − j)/2, µ = x+ y, ν = x− y,

g(z)=











A1+A2
W̃ (z)

W̃ (z)
, W̃ (z) 6=0,

0, W̃ (z) = 0,

f=A1ψ̃+A2ψ̃+A3 in D+,

g1(z) = Aξ +Bη +E, g2(z) = Cξ +Dη + F in D−,

(1.17)
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where

W̃ (z) = w(z)−ψ̃(z), ξ = Rew +Imw, η = Rew−Imw,

A=ReA1+ImA1, B=ReA2+ImA2, E=ReA3+ImA3,

C=ReA2−ImA2, D=ReA1−ImA1, F =ReA3−ImA3,

and φ̃(z), ψ̃(z) satisfy the estimates

Cδ [φ̃(z), D+]+Lp0
[φ̃z̄ , D+]≤M4, Cδ [ψ̃(z), D+]+Lp0

[ψ̃z̄, D+]≤M4, (1.18)

herein M4 = M4(p0, δ, k,D
+) is a positive constant, Φ̃(z) in D+ and Φ(z)

in D− are the solutions of (1.3) satisfying the boundary conditions

Re[λ(z)(eφ̃(z)Φ̃(z) + ψ̃(z))] = r(z), z ∈ Γ,

Re[λ(x)(Φ̃(x)eφ̃(x) + ψ̃(x))] = s(x), x ∈ L0,

Re[λ(x)Φ(x)]=Re[λ(x)(W (x)−Ψ(x))], x∈L0,

Re[λ(z)Φ(z)] = −Re[λ(z)Ψ(z)], z ∈ L1 or L2,

Im[λ(z0)Φ(z0)] = −Im[λ(z0)Ψ(z0)],

(1.19)

where λ(x) = 1 + i or 1 − i, x ∈ L0 in the second formula of (1.19), and

λ(x) = 1+j or 1−j, x ∈ L0 in the third formula of (1, 19), s(x) is a known

continuous function. Moreover the solution w0(z) of Problem A for (1.3)
satisfies the estimate

Cδ[X(z)w0(z), D+] + Cδ[Y
±(z)w±

0 (z), D−] ≤M5(k1 + k2), (1.20)

in which w±

0 (z) = Rew0 ± Imw0 and

X(z)=

2
∏

l=1

|z−tl|ηl , Y ±(z)=

2
∏

l=1

|x± y−tl|ηl ,

ηl = max(−2γl, 0) + 4δ, l = 1, 2,

(1.21)

herein δ (≤ α) is a sufficiently small positive constant, and M5 = M5(p0,
δ, k0, D) is a positive constant (see[86]21)).

Proof Let the solution w(z) be substituted into the position of w in
the complex equation (1.2) and (1.17), thus the functions g1(z), g2(z) and
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Ψ(z) in D− in (1.16), (1.17) can be determined. Moreover we can find the
solution Φ(z) of (1.3) with the boundary condition (1.19), in which

s(x)=











































2r((1 − i)x/2) − 2R((1− i)x/2)

a((1 − i)x/2) − b((1 − i)x/2)

+Re[(1 − i)Ψ(x)], or

2r((1+i)x/2+1−i)−2R((1+i)x/2+1−i)
a((1+i)x/2+1−i)+b((1+i)x/2+1−i)

+Re[(1 + i)Ψ(x)],

(1.22)

herein x∈L0, R(z) = Re[λ(z)Ψ(z)], λ(z) on L1 or L2, thus

w(z) = w0(z) +W (z) =







Φ̃(z)eφ̃(z) + ψ̃(z) in D+,

w0(z)+Φ(z)+Ψ(z) in D−,
(1.23)

is the solution of Problem A for the complex equation

wz = A1w +A2w̄ +A3 in D, (1.24)

which can be expressed as in (1.15) and (1.16).

1.3 Unique solvability of Riemann-Hilbert problem

for complex equations of mixed type

Theorem 1.3 Let the mixed complex equation (1.2) satisfy Condition C.

Then Problem A for (1.2) has a solution in D.

Proof In order to find a solution w(z) of Problem A in D, we consider the
representation: w(z) in the form (1.15)− (1.17). In the following, we shall
find a solution of Problem A by using the successive approximation. First
of all, denoting the solution w0(z) (= ξ0e1 + η0e2) of Problem A for (1.3),
and substituting it into the position of w (= ξe1 + ηe2) in the right-hand
side of (1.2), we can find the functions

W1(z) = w1(z) − w0(z), w1(z) = Φ̃1(z)e
φ̃1(z) + ψ̃1(z),

φ̃1(z) = φ̃0(z) −
1

π

∫ ∫

D+

g0(ζ)

ζ − z
dσζ , ψ̃1(z) = Tf0 in D+,
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w1(z) = w0(z) +W1(z), W1(z) = Φ1(z) + Ψ1(z),

Ψ1(z)=

∫ µ

0

[Aξ0+Bη0+E]e1dµ+

∫ ν

2

[Cξ0+Dη0+F ]e2dν in D−,
(1.25)

where f0(z), g0(z),Ψ1(z) are known, µ = x+ y, ν = x− y, and the solution
w0(z) satisfies the estimate (1.20). Next we find the solutions φ̃(z) in D+

satisfying the boundary conditions

Re[λ(z)(eφ̃1(z)Φ̃1(z) + ψ̃1(z))] = r(z), z ∈ Γ,

Re[λ(x)(Φ̃1(x)e
φ̃1(x) + ψ̃1(x))] = s1(x), x ∈ L0,

(1.26)

where λ(x) = 1 + i or 1 − i on L0 is as stated in (1.19) and

s1(x)=



















2r((1−i)x/2)−2R1((1−i)x/2)

a((1−i)x/2)−b((1−i)x/2)
+Re[(1−i)Ψ1(x)], or

2r((1+i)x/2+1−i)−2R1((1+i)x/2+1−i)
a((1+i)x/2+1−i)+b((1+i)x/2+1−i) +Re[(1+i)Ψ1(x)].

Moreover we find the function Φ1(z) in D− of (1.3) satisfying the boundary
conditions

Re[λ(x)Φ1(x)]=Re[λ(x)(W1(x)−Ψ1(x))], x∈L0,

Re[λ(z)Φ1(z)] = −Re[λ(z)Ψ1(z)], z ∈ L1 or L2,

Im[λ(z0)Φ1(z0)] = −Im[λ(z0)Ψ1(z0)],

where λ(x) = 1 + j or 1− j on L0. Thus we obtain the function

w1(z) = w0(z) +W1(z) =







Φ̃1(z)e
φ̃1(z) + ψ̃1(z) in D+,

w0(z)+Φ1(z)+Ψ1(z) in D−,
(1.27)

which satisfies the estimate

Cδ [X(z)w1(z), D+]+C[Y ±(z)w±

1 (z), D−]≤M6 =M6(p0, δ, k,D), (1.28)

where φ̃1(z), ψ̃1(z), Φ̃1(z) are similar to the functions φ̃(z), ψ̃(z), Φ̃(z) in
Theorem 1.2. In addition we substitute w1(z) = w0(z)+W1(z) and the cor-
responding functions w+

1 (z) = ξ1(z) = Rew1(z)+Imw(z), w−

1 (z) = η1(z) =
Rew1(z)−Imw(z) into the positions of w, ξ, η in (1.16), (1.17), and similarly
to (1.25)–(1.27), we can find the corresponding functions φ̃2(z), ψ̃2(z), Φ̃2(z)
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inD+ and Ψ2(z),Φ2(z) andW2(z) = Φ2(z)+Ψ2(z) inD−, and the function

w2(z) = w0(z) +W2(z) =







Φ̃2(z)e
φ̃2(z) + ψ̃2(z) in D+,

w0(z)+Φ2(z)+Ψ2(z) in D−

(1.29)

satisfies a similar estimate in the form (1.28). Thus there exists a sequence
of functions {wn(z)} as follows

wn(z)=w0(z) +Wn(z)=











































Φ̃n(z)eφ̃n(z) + ψ̃n(z) in D+,

w0(z)+Φn(z)+Ψn(z) in D−,

Ψn(z)=

∫ µ

0

[Aξn−1+Bηn−1+E]e1dµ

+

∫ ν

2

[Cξn−1+Dηn−1+F ]e2dν in D−,

(1.30)

and then

|Y ±[w±

1 −w±

0 ]|≤|Y ±Φ±

1 |+
√

2[|Y +

∫ µ

0

[Aξ0+Bη0+E]e1dµ|

+|Y −

∫ ν

2

[Cξ0+Dη0+F ]e2dν|]≤2M7M(4m+1)R′ in D−,

(1.31)

where M7 = max
z∈D−

(|A|, |B|, |C|, D||E|, |F |), m = max{C[Y +(z)w+
0 (z),

D−]+C[Y −(z)w−

0 (z), D−]}, R′ = 2, M = 1+4k2
0(1+2k2

0). It is clear that
wn(z) − wn−1(z) satisfies

wn(z)−wn−1(z)=Φn(z)−Φn−1(z)

+

∫ µ

0

[A(ξn−ξn−1)+B(ηn−ηn−1)]e1dµ

+

∫ ν

2

[C(ξn − ξn−1) +D(ηn − ηn−1)]e2dν in D−,

(1.32)

where n = 1, 2, .... From the above equality, we can obtain

|Y ±(z)[w±
n − w±

n−1]| ≤ [2M7M(4m+ 1)]n

×
∫ R′

0

R′n−1

(n− 1) !
dR′ ≤ [2M7M(4m+ 1)R′]n

n !
in D−,

(1.33)
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and then we can see that the sequence of functions {Y ±(z)w±
n (z)}, i.e.

Y ±(z)w±
n (z) = Y ±(z){w±

0 (z)+[w±

1 (z)−w±

0 (z)] + · · · + [w±
n (z)−w±

n−1(z)]}
(1.34)

(n=1, 2, ...) in D− uniformly converge to functions Y ±(z)w±
∗ (z), and w∗(z)

satisfies the equality

w∗(z) = w0(z) + Φ∗(z) + Ψ∗(z),

Ψ∗(z)=

∫ µ

0

[Aξ∗+Bη∗+E]e1dµ+

∫ ν

2

[Cξ∗+Dη∗+F ]e2dν in D−,
(1.35)

in which ξ∗ = Rew∗ + Imw∗, η = Rew∗ − Imw∗, and w∗(z) satisfies the
estimate

C[Y ±(z)w±
∗ (z), D−] ≤ e2M7M(4m+1)R′

. (1.36)

In addition, we can find a sequence of functions {wn(z)} (wn(z) =

Φ̃n(z)eφ̃n(z) + ψ̃n(z)) in D+ and Φ̃n(z) is an analytic function in D+ satis-
fying the boundary conditions

Re[λ(z)(Φ̃n(z)eφ̃n(z) + ψ̃n(z))] = r(z), z ∈ Γ,

Re[λ(x)(Φ̃n(x)eφ̃n(x)+ψ̃n(x))] = s(x), x ∈ L0,
(1.37)

in which

sn(x)=



















2r((1−i)x/2)−2Rn((1−i)x/2)

a((1−i)x/2)−b((1−i)x/2)
+Re[(1−i)Ψn(x)], or

2r((1+i)x/2+1−i)−2Rn((1−i)x/2 +1−i)
a((1+i)x/2+1−i)+b((1+i)x/2+1−i) +Re[(1+i)Ψn(x)],

(1.38)
herein x ∈ L0, Rn(z) = Re[λ(z)Ψn(z)], λ(z) on L1 or L2. From (1.33), it
follows that

Cδ[X(x)sn(x), L0]≤2k2k0+ (1+2k0)
[2M7M(4m+1)R′]n

n !
=M8, (1.39)

and the estimate

Cδ [X(z)wn(z), D+] ≤M3(k1 + k2 +M8), (1.40)

thus from {X(z)wn(z)}, we can choose a subsequence which uniformly con-
verges a function X(z)w∗(z) in D+. Combining (1.36) and (1.40), it is
obvious that the solution w∗(z) of Problem A for (1.2) in D̄ satisfies the
estimate

Cδ [X(z)w∗(z), D+]+C[Y ±(z)w±
∗ (z), D−]≤M9 =M9(p0, δ, k,D), (1.41)
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where M9 is a positive constant.

Theorem 1.4 Suppose that the complex equation (1.2) satisfies Condition

C. Then Problem A for (1.2) has at most one solution in D.

Proof Let w1(z), w2(z) be any two solutions of Problem A for (1.2). By
Condition C, we see that w(z) = w1(z) − w2(z) satisfies the homogeneous
complex equation and boundary conditions

Lw = Ã1w + Ã2w̄ in D, (1.42)

Re[λ(z)w(z)] = 0, z ∈ Γ,Re[λ(x)w(x)] = s(x), x ∈ L0,

Re[λ(z)w(z)] = 0, z ∈ L1 or L2, Re[λ(z0)w(z0)] = 0.
(1.43)

From Theorem 1.2, the solution w(z) can be expressed in the form

w(z)=























































Φ̃(z)eφ̃(z), φ̃(z) = T̃ g in D+,

g(z)=

{

A1+A2w/w,w(z) 6=0, z∈D+,

0, w(z) = 0, z ∈ D+,

Φ(z) + Ψ(z) in D−,

Ψ(z)=

∫ µ

0

[Aξ+Bη]e1dµ+

∫ ν

2

[Cξ+Dη]e2dν in D−,

(1.44)

where Φ̃(z) is analytic in D+ and Φ(z) is a solution of (1.3) in D− satisfying
the boundary condition (1.19), but ψ̃(z) = 0, z ∈ D+, r(z) = 0, z ∈ Γ, and

s(x)=



















−2R[(1− i)x/2]

a[(1 − i)x/2] − b[(1 − i)x/2]
+ Re[(1 − i)Ψ(x)], or

−2R[(1−i)x/2+1−i]
a[(1+i)x/2+1−i]+b[(1+i)x/2+1−i]+Re[(1+i)Ψ(x)],

herein x ∈ L0, R(z) = Re[λ(z)Ψ(z)], λ(z) on L1 or L2. By using the
method in the proof of Theorem 1.3, we can derive that

|Y ±(z)w±(z)|≤ [2M7M(4m+1)R′]n

n !
in D−. (1.45)

Let n → ∞, we get w±(z) = 0, i.e. w(z) = w1(z) − w2(z) = 0, Ψ(z) =

Φ(z) = 0 in D−. Noting that w(z) = Φ̃(z)eφ̃(z) satisfies the boundary
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conditions in (1.43), we see that the analytic function Φ̃(z) in D+ satisfies
the boundary conditions

Re[λ(z)eφ̃(z)Φ̃(z)] = 0, z ∈ Γ, Re[λ(x)Φ̃(x)] = 0, x ∈ L0, (1.46)

and the index of the boundary value problem (1.46) is K = −1/2, hence

Φ̃(z) = 0 in D+, and then w(z) = Φ̃(z)eφ̃(z) = 0 in D+, namely w(z) =
w1(z)−w2(z) = 0 inD+. This proves the uniqueness of solutions of Problem
A for (1.2).

From Theorems 1.3 and 1.4, we see that under Condition C, Problem A
for equation (1.2) has a unique solution w(z), which can be found by using
successive approximation, and w(z) of Problem A satisfies the estimates

Cδ [X(z)w(z), D+] ≤M10, C[Y ±(z)w±(z), D−] ≤M11, (1.47)

where w±(z) = Rew(z)± Imw(z), X(z), Y ±(z) are as stated in (1.21), and
δ(0 < δ ≤ α), Mj = Mj(p0, δ, k,D) (j = 10, 11) are positive constants,
k = (k0, k1, k2). Moreover, we can derive the following theorem.

Theorem 1.5 Suppose that equation (1.2) satisfies Condition C. Then

any solution w(z) of Problem A for (1.2) satisfies the estimates

Cδ [X(z)w(z), D+] ≤M12(k1 + k2),

C[Y ±(z)w±(z), D−] ≤M13(k1 + k2),
(1.48)

in which Mj = Mj(p0, δ, k0, D)(j = 12, 13) are positive constants.

Proof When k = k1 + k2 = 0, from Theorem 1.4, it is easy to see that
(1.48) holds. If k = k1 + k2 > 0, then we see that the function W (z) =
w(z)/k is a solution of the homogeneous boundary value problem

Lw = F (z, w)/k, F/k = A1W +A2W +A3/k in D,

Re[λ(z)W (z)] = r(z)/k, z ∈ Γ, Im[λ(z0)W (z0)] = b0/k,

Re[λ(z)W (z)] = r(z)/k, z ∈ Lj , j = 1 or 2,

where

Lp[A3/k,D+] ≤ 1, Ĉ[A3/k,D−] ≤ 1, Cα[r(z)/k,Γ] ≤ 1,

Cα[r(z)/k, Ll] ≤ 1, l = 1 or 2, |b0/k| ≤ 1.

On the basic of the estimate (1.47), we can obtain the estimates

Cδ [X(z)w(z), D+] ≤M12, C[Y ±(z)w±(z), D−] ≤M13, (1.49)
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where Ml = Ml(p0, δ, k0, D) (l = 12, 13) are positive constants. From
(1.49), it follows the estimate (1.48).

From the estimates (1.48), (1.49), we can see the regularity of solutions of
Problem A for (1.2). Moreover, we can give the Hölder continuous estimate
of solutions of Problem A for first order quasilinear complex equation of
mixed type with the more restrictive conditions than Condition C, which
includes the linear complex equation (1.2) as a special case (see [86]21)).

Finally, we mention that if the index K is an arbitrary integer or 2K
is an arbitrary odd integer, the above Riemann-Hilbert problem for (1.2)
can be considered, but in general the boundary value problem for K < −1
have some solvability conditions or its solution for K ≥ 0 is not unique.

2 The Riemann-Hilbert Problem for First Order

Linear Complex Equations of Mixed Type with

Parabolic Degeneracy

This section deals with the Riemann-Hilbert problem for linear mixed
(elliptic-hyperbolic) complex equations of first order in a simply connected
domain. Firstly, we give the representation theorem and prove the unique-
ness of solutions for the above boundary value problem. Afterwards by
using the method of successive approximation, the existence of solutions
for the above problem is proved.

2.1 Formulation of Riemann-Hilbert problem for

linear degenerate mixed complex equations

Let D be a simply connected bounded domain in the complex plane C with
the boundary ∂D = Γ ∪ L, where Γ(⊂ {y > 0}) ∈ C1

µ(0 < µ < 1) with the
end points z = 0, 2, L = L1 ∪ L2, L1 = {x + G(y) = 0, 0 ≤ x ≤ 1}, L2 =
{x − G(y) = 2, 1 ≤ x ≤ 2} are two characteristic curves, and z0 is the
intersection point of L1 and L2, in which G(y) =

∫ y

0

√

|K(t)|dt, K(y) =
sgny|y|mh(y), m is a positive number, h(y) is a continuously differentiable
positive function in D. Similarly to Section 2, Chapter II, we may assume
that the boundary Γ is a smooth curve with the form x = G̃(y) and x =
2 − G̃(y) near to the points z = 0, 2, where x = G̃(y) and x = 2 − G̃(y)
are vertical to the axis Imz = 0 at z = 0, 2 respectively. Denote D+ =
D ∩ {y > 0} and D− = D ∩ {y < 0}. We consider the linear degenerate
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mixed system of first order equations







H(y)ux−sgny vy =a1u+b1v+c1

H(y)vx + uy = a2u+ b2v + c2
in D, (2.1)

where H(y) = G′(y) =
√

|K(y)|, and al, bl, cl(l = 1, 2) are real functions of
z(∈ D). The following degenerate mixed system is a special case of system
(2.1) with H(y) = |y|m/2:







|y|m/2ux−sgny vy =a1u+b1v+c1

|y|m/2vx + uy = a2u+ b2v + c2

in D, (2.2)

where m is a positive constant. We denote

w(z)=u+iv, wz̃ =
1

2
[H(y)wx−iwy], w¯̃z =

1

2
[H(y)wx+iwy] in D+,

w(z)=u+jv, wz̃ =
1

2
[H(y)wx−jwy], w¯̃z =

1

2
[H(y)wx+jwy] inD−.

(2.3)

then system (2.2) in D can be reduced to the form

w¯̃z = A1(z)w +A2(z)w̄ +A3(z) = g(Z) in D, (2.4)

where

Z = x+ iY = x+ iG(y) in D+, Z = x+ jY = x+ jG(y) in D−,

the above coefficients are as follows

A1 =















1

4
[a1 + ia2 − ib1 + b2],

1

4
[a1 + ja2 + jb1 + b2],

A2 =















1

4
[a1 + ia2 + ib1 − b2],

1

4
[a1 + ja2 − jb1 − b2],

A3 =















1

2
[c1 + ic2]

1

2
[c1 + jc2]

in

{

D+

D−

}

.

(2.5)

Suppose that equation (2.4) satisfies the following conditions: Condi-

tion C
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The coefficients Aj(z) (l = 1, 2, 3) in (2.4) are measurable in D+ and

continuous in D−, and satisfy

L∞[Al, D
+] ≤ k0, l = 1, 2, L∞[A3, D

+] ≤ k1,

Ĉ[Al, D−]=C[Al, D−]+C[Alx, D−]≤k0, l=1, 2, Ĉ[A3, D−]≤k1,
(2.6)

where k0, k1 (≥ max[1, 6k0]) are positive constants.

Now we formulate the Riemann-Hilbert problem as follows:

Problem A Find a continuous solution w(z) of (2.4) in D∗ = D̄\{0, 2},
which satisfies the boundary conditions

Re[λ(z)w(z)] = r(z), z∈Γ ∪ L1, Im[λ(z0)w(z0)] = b0, (2.7)

where λ(z) = a(x) + ib(x), b0 is a real constants, and λ(z) 6= 0, r(z), b0
satisfy the conditions

Cα[λ(z),Γ]≤k0, Cα[λ(z),L1]≤k0, Cα[r(z),Γ]≤k2,

Cα[r(z),L1]≤k2, |b0| ≤ k2, max
z∈L1

1

|a(z) − b(z)| ≤ k0,
(2.8)

in which α (0 < α < 1), k0, k2 are positive constants. In particular, if
λ(z) = a(x) + ib(x) = 1, then Problem A is the Dirichlet boundary value
problem, which will be called Problem D. For convenience, we may assume
that w(z0) = 0. Problem A with the conditions A3 = 0 in D, r(z) = 0 on
Γ ∪ L1 and b0 = 0 is called Problem A0.

The number

K =
1

2
(K1 +K2) (2.9)

is called the index of Problem A and Problem A0, where

Kl =

[

φl

π

]

+Jl, Jl =0 or 1, eiφl =
λ(tl−0)

λ(tl+0)
, γl =

φl

π
−Kl, l=1, 2, (2.10)

in which t1 = 0, t2 = 2 on L0 = [0, 2]. Later on we shall only discuss the
case: K = −1/2, and the other cases can be similarly discussed.

2.2 Representation and uniqueness of solutions of

Riemann-Hilbert problem

Now we give the representation theorems of solutions for equation (2.4).
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Theorem 2.1 Suppose that the equation (2.4) satisfies Condition C.

Then any solution of Problem A for (2.4) in D+ can be expressed as

w(z)=w0(z)+Φ[Z(z)]+Ψ[Z(z)]=Φ0[Z(z)]eφ[Z(z)]+ψ[Z(z)] in D+, (2.11)

where w0(z) is a solution of Problem A for the complex equation

w¯̃z = 0 in D+, i.e. wZ = 0 in D+
Z (2.12)

with the boundary condition (2.7), and W (z) in D+ possesses the form

W [z(Z)]=Φ[Z(z)]+Ψ[Z(z)], Ψ(Z)= T̃F =− 1

π

∫ ∫

D+

t

F (t)

t−Zdσt in D+
Z ,

(2.13)
in which Z = x+ iG(y), and

F (Z)=
g(Z)

H(y)
=

1

H(y)
[A1(z)w +A2(z)w +A3(z)] in D+

Z ,

ψ(Z)=− 1

π

∫ ∫

Dt

f(t)

t−Z dσt in D+
Z , H(y)f(Z) ∈ L∞(D+

Z ),

φ(Z)=− 1

π

∫ ∫

D+

t

h(t)

t−Zdσt in D+
Z ,

h(Z)=











1

H(y)
{A1[z(Z)]+A[z(Z)]

W [z(Z)]

W [z(Z)]
} if W [z(Z)] 6=0, Z∈D+

Z ,

0 in if W [z(Z)] = 0, Z ∈ D+
Z ,

(2.14)
where W (z) = w(z) − ψ[Z(z)], z(Z) is the mapping from Z ∈ D+

Z to

z ∈ D+, Φ(Z),Φ0(Z) are solutions of equation (2.12), ψ(Z) satisfies the

estimate as that of the function ψ(Z) in (2.13), Chapter I, and Φ(Z)+Ψ(Z)
in ∂D+ satisfy the homogeneous boundary conditions

Re[λ(z)(Φ[Z(z)]+Ψ[Z(z)])]=0 in Γ,

Re[(1 − i)(Φ(Z) +Ψ(Z))] = 0 on L0.
(2.15)

Proof Let w(z) be a solution of Problem A for equation (2.4), and be
substituted in the positions of w in (2.13),(2.14), thus the functions F (Z)

and Ψ(Z) in D+
Z are determined. Moreover we can find the solutions

w0(z),Φ(Z) in D+ of (2.12) with the boundary conditions (2.7) and (2.15)
respectively, thus

w(z) = w0(z) +W (z) in D+ (2.16)
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is the solution of Problem A in D+ for equation (2.4), where W (z) =
Φ(z) + Ψ(z) satisfies the homogeneous boundary condition of Problem A.

Theorem 2.2 Suppose that the equation (2.4) satisfies Condition C.

Then any solution of Problem A for (2.4) in D can be expressed as

w(z) = u(z) + jv(z) = w0(z) +W (z) in D, (2.17)

where w0(z) is a solution of Problem A for the complex equation

w¯̃z = 0 in D (2.18)

with the boundary condition (2.7), and W (z) in D possesses the form

W (z) = Φ[Z(z)] + Ψ[Z(z)] in D+,

Ψ(Z)= T̃ f=− 1

π

∫ ∫

D+

t

F (t)

t− Z
dσt in D+

Z ,

W (z)=φ(z)+ψ(z)=ξ(z)e1+η(z)e2 in D−,

ξ(z)=

∫ µ

0

[g1(z)/2H(y)]dµ=ζ(z)+

∫ y

0

g1(z)dy, z ∈ s1,

η(z)=

∫ ν

2

[g2(z)/2H(y)]dν=θ(z)+

∫ y

0

g2(z)dy, z ∈ s2,

gl(z) = Âl(U + V ) + B̂l(U − V ) + Ĉl, l = 1, 2,

g1(z)

2H
= A(U + V ) +B(U − V ) +E,

−g2(z)
2H

=C(U + V ) +D(U−V ) + F,

(2.19)

where F (z) is as stated in (2.13), Φ(z) in D+ and φ(z) = ζ(z)e1 + θ(z)e2
in D− are the solutions of (2.18), ζ(z) =

∫

S1
g1(z)dy D

−, and s1, s2 are

two families of characteristics in D−:

s1 :
dx

dy
=

√

|K(y)|=H(y), s2 :
dx

dy
=−

√

|K(y)|=−H(y) (2.20)

passing through z = x + jy ∈ D−, S1 is the characteristic curve from a

point on L1 to a point on L0, and

W (z) = ξ(z)e1 + η(z)e2,

Â1 =
a1+a2+b1+b2

2
, B̂1 =

a1+a2−b1−b2
2

,
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Â2 =
a2−a1+b2−b1

2
, B̂2 =

a2−a1−b2+b1
2

,

Ĉ1 = c1 + c2, Ĉ2 = c2 − c1 in D−.

Moreover Φ(z) and φ(z) satisfy the boundary conditions

Re[λ(z)(Φ(z) + Ψ(z))] = 0, z ∈ Γ,

Re[λ(x)(Φ(x) + Ψ(x))] = s(x), x ∈ L0,

Re[λ(x)φ(x)] = Re[λ(x)(W (x) − ψ(x))], x ∈ L0,

Re[λ(z)φ(z)] = −Re[λ(z)ψ(z)], z ∈ L1 or L2,

Im[λ(z0)φ(z0)] = −Im[λ(z0)ψ(z0)],

(2.21)

in which λ(x) = 1 + i, x ∈ L0 in the second formula of (2.21), and

λ(x) = 1 + j, x ∈ L0 in the third formula of (2.21), s(x) is a known

continuous function. Here we choose H(y) = [|y|mh(y)]1/2, m, h(y) are as

stated before, and

dµ = d[x+G(y)] = 2H(y)dy on s1,

dν = d[x −G(y)] = −2H(y)dy on s2.
(2.22)

Proof It is clear that the formulas in D+ are true. As to the formulas in
D−, from (2.4), we have

w¯̃z = [H(y)wx + jwy]/2 = [H(y)(u+ jv)x + j(u+ jv)y ]/2

=
e1
2

[H(y)ux+vy+H(y)vx+uy]+
e2
2

[H(y)ux+vy−H(y)vx−uy]

=H(y)[e1

(

ux

2
+

vy

2H(y)
+
vx

2
+

uy

2H(y)

)

+e2

(

ux

2
+

vy

2H(y)
−vx

2
− uy

2H(y)

)

]

= H(y)e1(u+ v)µ +H(y)e2(u− v)ν in D−,
(2.23)

where e1 = (1 + j)/2, e2 = (1 − j)/2, and

µ=x+G(y)=x+

∫ y

0

√

−K(t)dt, ν=x−G(y)=x−
∫ y

0

√

−K(t)dt,

µ+ ν = 2x, µ− ν=2G(y),
∂x

∂µ
=
∂x

∂ν
=

1

2
,
∂y

∂µ
= −∂y

∂ν
=

1

2H(y)
.

(2.24)
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Similarly to (2.12), Chapter III, that equation (2.3) in D− can be reduced
to the system of integral equations

W (z) = φ(z) + ψ(z) = ξ(z)e1 + θ(z)e2,

ξ(z)=

∫ µ

0

ξµdµ=ζ(z)+

∫ y

0

[Hξx+ξy]dy=ζ(z)+

∫ y

0

g1(z)dy, z ∈ s1,

η(z)=

∫ ν

2

ξνdν=θ(z)+

∫ y

0

[−Hηx+ηy]dy=θ(z)+

∫ y

0

g2(z)dy, z∈s2,

gl(z) = Âl(U+V )+B̂l(U−V )+Ĉl, l = 1, 2.
(2.25)

Noting (2.20) and

ds1 =
√

(dx)2+(dy)2 =−
√

1+(dx/dy)2dy=−
√

1−Kdy=−
√

1−K√
−K dx,

ds2 =
√

(dx)2+(dy)2 =−
√

1+(dx/dy)2dy=−
√

1−Kdy=

√
1−K√
−K dx,

(2.26)
it is clear that the system (2.25) is just (2.19) in D−.

Theorem 2.3 Suppose that equation (2.4) satisfies Condition C. Then

Problem A for (2.4) has at most one solution in D.

Proof Let w1(z), w2(z) be any two solutions of Problem A for (2.4). It is
easy to see that w(z) = w1(z) − w2(z) satisfies the homogeneous equation
and boundary conditions

w¯̃z = A1w +A2w in D, (2.27)

Re[λ(z)w(z)] = 0, z ∈ Γ ∪ L1, Im[λ(z0)w(z0)] = 0. (2.28)

On the basis of Theorem 2.2, the solution w(z) in the domain D can be
expressed in the form

w(z) = Φ(Z)+Ψ(Z) in D+,Ψ(z) = −2iImTf,

Tf=− 1

π

∫ ∫

D+

t

f(t)

t− Z
dσt, f(Z)=

g(Z)

H(y)
in D+,

w(z)=φ(z)+ψ(z)=ξ(z)e1+η(z)e2 in D−,

ξ(z) = ζ(z) +

∫ y

0

[Â1(U + V ) + B̂1(U − V )]dy, z∈s1,
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η(z) = θ(z) +

∫ y

0

[Â2(U + V ) + B̂2(U − V )]dy, z∈s2, (2.29)

where Φ(Z) is an analytic function in D+.

Firstly we can prove the solution w(z) = 0 in D−. In fact, choose any
closed set D0 = D− ∩ {0 < d0 < x < d1 < 2}, where d0, d1 are positive
numbers. According to the proof of Theorem 1.4, and noting that the
continuity of U(z), V (z) in D0, there exists a positive number N dependent
on w(z), D0, such that

|ξ(z)| ≤ N, |η(z)| ≤ N in D0.

From (2.19) and similar to (1.45), we can obtain

|ξ(z)|= |
∫ y

y1

[Â1ξ + B̂1η]dy|≤ |
∫ y

y1

N [|Â1|+|B̂1|]dy|

≤ |
∫ y

y1

Nk3dy| ≤ Nk3|y − y1|=N
(k3|y − y1|)k

k!
on s1, k = 1.

Similarly we have

|η(z)−θ(z)|=|
∫ y

y′

1

[Â2ξ+B̂2η]dy|≤N
(k3|y − y′1|)k

k!
on s2, k = 1,

where maxD0
[|Â1|, |B̂1|] ≤ k3/2, k3 is a positive constant, where z1 = x1 +

jy1, z
′
1 = x′1 + jy′1 are two intersection points of L1, L2 and two families of

characteristics lines: s1, s2 as stated in (2.20) passing through z = x+ jy ∈
D− respectively. Applying the repeated insertion, the inequalities

|ξ(z)| ≤ N
(k3|y − y1|)k

k!
,

|η(z)−θ(z)|≤N (k3|y−y′1|)k

k!
, k=2, 3, ...

can be obtained. This shows that ξ(z) = 0, η(z) = 0 in D0. Taking into
account the arbitrariness of d0, d1, we can derive ξ(z) = 0, η(z) = 0 in D−,
thus w(z) = 0 in D−. Moreover noting that w(z) satisfies the homogeneous
equation (2.27), the homogeneous boundary condition (2.28), and the index
K = −1/2 of Problem A on ∂D+, we can derive the solution w(z) = 0 in
D+.
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2.3 Solvability of Riemann-Hilbert problem for

degenerate mixed equations

We first prove the existence and representation of solutions for Problem A
for equation

wz = A3(z) i.e. wZ = A3/H(y) in D, or

(U + iV )Z = A3/H in D+,

(U+V )µ =g0
1 , (U−V )ν =g0

2 in D−.

(2.30)

For this, we first find the solution of the system of first order equations
(2.30) in D− with the boundary condition

Re[λ(z)(U+jV )]=r(z) −R(z), z ∈ L1,

Re[λ(z)(U + jV )]=R0(x) −R(x), x ∈ L0,
(2.31)

where λ(z) = a(z) + jb(z) on L1, and λ(x) = 1 + j on L0, R0(x) on
L0 is an undetermined real function, and R(z) = Re[λ(z)ψ(z)], ψ(z) =
∫ µ

0 g0
1dµe1 +

∫ ν

2 g
0
2dνe2 = ψ1(z)e1 +ψ2(z)e2. In fact the solution of Problem

A for (2.30) in D− can be expressed as

ξ=U+V +ψ1(z)=f(ν)+ψ1(z), ν=x−G(y),

η=U−V +ψ2(z)=g(µ)+ψ2(z), µ=x+G(y),

U(x, y) = [f(ν) + g(µ)]/2, V (x, y) = [f(ν) − g(µ)]/2, and

w(z) = [(1 + j)(f(ν) + ψ1(z)) + (1 − j)(g(µ) + ψ2(z)]/2,

(2.32)

in which f(t), g(t) are two arbitrary real continuous functions on L0 = [0, 2],
thus the formulas in (2.31) can be rewritten as

a(z)U(z)−b(z)V (z)=r(z) −R(z) on L1,

U(x)−V (x)=R0(x) −R(x) on L0, i.e.

[a(z)−b(z)]f(x−G(y))+[a(z)+b(z]g(x+G(y))

= 2[r(z) −R(z)] on L1,

U(x)−V (x)=R0(x) −R(x) on L0, i.e.

[a(h(x))−b(h(x))]f(2x)+[a(h(x))+b(h(x))]g(0)
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= 2[r(h(x)) −R(h(x))] on L1,

U(x)−V (x)=R0(x)−R(x) on L0, i.e.

[a(h(t/2)) − b(h(t/2))]f(t) + [a(h(t/2)) + b(h(t/2))]g(0)

= 2[r(t/2)−R(h(t/2))],

U(t) − V (t)=R0(t) −R(t), t ∈ [0, 2],

(2.33)

where

(a(h(1)/2)+b(h(1/2)))g(0)=(a(h(1/2))+b(h(1/2)))(U(z0)−V (z0))

= r(h(1/2)) −R(h(1/2)) − b0 + b′0 or 0,

and h(x) = x + j(−G)−1(x), y = (−G)−1(x) is the inverse function of
x = −G(y), b′0 = Im[λ(h(1)ψ(h(1))]. Noting the boundary conditions in
(2.31), we can derive

U =
1

2
{2[r(h(ν/2)) −R(h(ν/2))] − (a(h(ν/2)) + b(h(ν/2)))g(0)

a(h(ν/2)) − b(h(ν/2))

+R0(µ) −R(µ)},

V =
1

2
{2[r(h(ν/2)) −R(h(ν/2))] − (a(h(ν/2)) + b(h(ν/2)))g(0)

a(h(ν/2)) − b(h(ν/2))

−R0(µ) +R(µ))},

if a(z) − b(z) 6= 0 on L1. From the above formulas, it follows that

Re[(1 + j)W (x)] = U(x) + V (x)

=
2[r(h(x/2))−R(h(x/2))]−(a(h(x/2))+b(h(x/2)))g(0)

a(h(x/2)) − b(h(x/2))
, i.e.

Re[(1 − i)W (x)] = U(x) + V (x)

=
2[r(h(x/2))−R(h(x/2))]−(a(h(x/2))+b(h(x/2)))g(0)

a(h(x/2)) − b(h(x/2))
, x∈ [0, 2].

(2.34)
In addition, from the above condition and the first boundary condition
in (2.7), noting that the index K = −1/2, there exists a unique solution
w(z) = U+iV of the equation (2.12) in D+, and then the function R0(x) =
U(x) − V (x) on L0 and the solution
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w(z) = W (z) + Ψ(z) = U(z) + iV (z) + Ψ(z) in D+,

w(z)=
1

2
[(1+j)

2[r(h(ν/2))−R(h(ν/2))]−(a(h(ν/2))+b(h(ν/2)))g(0)

a(h(ν/2)) − b(h(ν/2))

+(1− j)(R0(µ) − ψ2(µ))]

=
2[r(h(ν/2))−R(h(ν/2))]−(a(h(ν/2))+b(h(ν/2)))g(0)

a(h(ν/2)) − b(h(ν/2))

+R0(µ) − ψ2(µ)

+j{2[r(h(ν/2))−R(h(ν/2))]−(a(h(ν/2))+b(h(ν/2)))g(0)

a(h(ν/2)) − b(h(ν/2))

−(R0(µ) − ψ2(µ))} in D−

(2.35)
are obtained. Hence we have the following theorem.

Theorem 2.4 Problem A for (2.12) in D has a unique solution in the

form (2.32) and (2.35), which satisfies the estimates

|w(z)| = |U(z) + iV (z) + Ψ(z)| ≤M1 in D+
ε ,

|f(ν) + ψ1(z)| ≤M1, |g(µ) + ψ2(z)| ≤M1 in D−
ε ,

(2.36)

where ν = x−G(y), µ = x+G(y), D±
ε = D±∩{|z−t1| ≥ ε}∩{|z−t2| ≥ ε},

ε is a sufficiently small positive number, and M1 = M1(α, k0, k1, D
±
ε ) is a

positive constant.

Moreover we shall give the estimates of solutions of the Riemann-Hilbert
problem (Problem A) for mixed complex equation (2.4).

Theorem 2.5 Suppose that complex equation (2.4) satisfies Condition C.

Then any solution w(z) of Problem A for (2.4) satisfies the estimates

Cδ [X(z)w(z), D+] + C[Y ±(z)w±(z), D−] ≤M2, (2.37)

where

X(z)=

2
∏

l=1

|z−tl|ηl , Y ±(z)=

2
∏

l=1

|x± y−tl|ηl ,

ηl = max(−2γl, 0) + 4δ, l = 1, 2,

herein δ (≤ α) is a sufficiently small positive constant, and M2 = M2(p0,
δ, k,D) is a positive constant.
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Proof By using the method in Section 1 and the result as in Theorem 2.2,
the above solution w(z) = w0(z) + W (z) possesses the expressions (2.17)
and (2.19), where W (z) = Φ(z) + Ψ(z) in D+ and W (z) = φ(z) + ψ(z) in
D− satisfy the boundary condition (2.21). From the boundary condition
(2.21) on Γ ∪ L0, namely

Re[λ(z)(Φ(z) + Ψ(z))] = 0, z ∈ Γ,

Re[λ(x)(Φ(x) + Ψ(x))] = s(x), x ∈ L0,

s(x)=
2r(h(x/2))−2R(h(x/2))

a(h(x/2))−b(h(x/2))
+Re[λ(x)ψ(x)],

in which λ(x) = 1+i on L0, h(x) is as stated in (2.33) below, and the result
in Theorem 2.4, Chapter I, we can obtain the estimate of the solution w(z)
as follows

Ĉδ [w(z),D+]=Cδ [X(Z)w(z(Z)),D+
Z ]≤M3, Ĉδ[w(z), D+]≤M4(k1+k2),

where M3 = M3(δ, k,H,D), M4 = M4(δ, k0, H,D) are non-negative con-
stants. Moreover from the boundary condition (2.21) on L1 ∪ L0, namely

Re[λ(x)φ(x)] = Re[λ(x)(W (x) − ψ(x))], x ∈ L0,

Re[λ(z)φ(z)] = −Re[λ(z)ψ(z)], z ∈ L1,

Im[λ(z0)φ(z0)] = −Im[λ(z0)ψ(z0)],

where λ(x) = 1 + j on L0, and by using the way in the proof of Theorem
1.5, the following estimate can be derived

C[Y ±(z)w±(z), D−] ≤M5,

where M5 = M5(p0, δ, k0, D) is a positive constant. Hence the estimate
(2.37) is derived.

Finally we find a solution of the Riemann-Hilbert problem (Problem A)
for general degenerate mixed complex equation (2.4) with the boundary
condition (2.7), i.e. the following theorem.

Theorem 2.6 If the complex equation (2.4) satisfies Condition C, then

Problem A for (2.4) has a solution.

Proof According to the proof of Theorem 1.3, and noting the results in
Section 2, Chapter I and Section 2, Chapter III, we know that it is sufficient
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to find the solutions of two boundary value problems, i.e. Problem A+:
(2.4) in D+ and the boundary conditions

Re[λ(z)w(z)] = R(z) on Γ ∪ L0, (2.38)

and Problem A−: (2.4) in D− and the boundary conditions

Re[λ(z)w(z)] = R(z) on L1 ∪ L0, Im[λ(z0)w(z0)] = b0, (2.39)

where R(z) = r(z) on Γ ∪ L1 in (2.7) and λ(x) = 1 + i, R(x) = R̂0(x) and
λ(x) = 1+j, R(x) = R̃0(x) on L0 = [0, 2]. In fact according to Theorem 2.5,
Chapter I, we see that Problem A+ for equation (2.4) in D+ has a unique
solution w(z), thus the function R̃0(x) on L0 = [0, 2] is obtained. Moreover
by using the way of successive approximation, a solution of Problem A−

for equation (2.4) in D− can be found. Hence the solvability of Problem A
for (2.4) is proved.

In order to find a solution w(z) of Problem A in D, we consider the
representation: w(z) in the form (2.17), (2.19). In the following, we shall
find a solution of Problem A. First of all, denoting the solution w0(z) (=
ξ0e1 + η0e2 = f0e1 + g0e2) of Problem A for (2.18), and substituting it into
the position of w (= ξe1 + ηe2) in the right-hand side of (2.4) and (2.19),
we can find the functions

W1(z) = w1(z) − w0(z), w1(z) = Φ1(z) + Ψ1(z),

Ψ1(z) = TF0(z) = − 1

π

∫ ∫

D+

F0(ζ)

ζ − z
dσζ ,

F0 =
1

H(y)
[A1w0 +A2w0 +A3] in D+,

w1(z) = w0(z) +W1(z), W1(z) = φ1(z) + ψ1(z),

ψ1(z)=

∫ µ

0

[Aξ0+Bη0+E]e1dµ+

∫ ν

2

[Cξ0+Dη0+F ]e2dν in D−,

(2.40)

where f0(z), g0(z), ψ1(z) are known, µ = x+ y, ν = x− y, and the solution
w0(z) satisfies the estimate (2.36). Next we find the solutions Φ(z) in D+

satisfying the boundary conditions

Re[λ(z)(Φ1(z) + Ψ1(z))] = 0, z ∈ Γ,

Re[λ(x)(Φ1(x)+Ψ1(x))]=s1(x), x∈L0,
(2.41)

where λ(x) = 1 + i on L0 is as stated in (2.21) and

s1(x)=
2r(h(x/2))−2R1(h(x/2))

a(h(x/2))−b(h(x/2))
+Re[λ(x)ψ1(x)],
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in which λ(x) = 1 + i on L0, and h(x) is as stated in (2.33). Moreover we
find the function Φ1(z) in D− of (2.18) satisfying the boundary conditions

Re[λ(x)φ1(x)] = Re[λ(x)(W1(x) − ψ1(x))], x ∈ L0,

Re[λ(z)φ1(z)] = −Re[λ(z)ψ1(z)], z ∈ L1,

Im[λ(z0)φ1(z0)] = −Im[λ(z0)ψ1(z0)].

where λ(x) = 1 + j on L0. From Theorem 2.5, we can obtain the estimate

Cδ [X(z)w1(z), D+]+C[Y ±(z)w±
1 (z), D−]≤M6 =M6(p0, δ, k,D), (2.42)

where Φ1(z), Ψ1(z) are similar to the functions Φ(z), Ψ(z) in Theorem
2.2. In addition we substitute w1(z) = w0(z) + W1(z) and the cor-
responding functions w+

1 (z) = ξ1(z) = Rew1(z) + Imw1(z), w
−

1 (z) =
η1(z) = Rew1(z) − Imw(z) into the positions of w, ξ, η in (2.4), (2.19),
and similarly to (2.38)-(2.41), we can find the corresponding functions
Φ2(z), Ψ2(z), W2(z) = Φ2(z) + Ψ2(z) in D+ and φ2(z), ψ2(z),W2(z) =
φ2(z) + ψ2(z) in D−, and then the function

w2(z) = w0(z) +W2(z) =







Φ2(z) + Ψ2(z) in D+,

w0(z)+φ2(z)+ψ2(z) in D−,
(2.43)

satisfies a similar estimate as in the form (2.42). Thus there exists a se-
quence of functions {wn(z)} as follows

wn(z)=w0(z) +Wn(z)=











































Φn(z) + Ψn(z) in D+,

w0(z)+φn(z)+ψn(z) in D−,

ψn(z)=

∫ µ

0

[Aξn−1+Bηn−1+E]e1dµ

+

∫ ν

2

[Cξn−1+Dηn−1+F ]e2dν in D−,

(2.44)

and then

|Y ±[w±

1 −w±

0 ]|≤|Y ±φ±1 |+
√

2[|Y +

∫ µ

0

[Aξ0+Bη0+E]e1dµ|

+|Y −

∫ ν

2

[Cξ0+Dη0+F ]e2dν|]≤2M3M(4m+1)R′ in D−,

(2.45)
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where

M7 = max
z∈D−

(|A|, |B|, |C|, |D|, |E|, |F |), M = 1 + 4k2
0(1 + 2k2

0),

m=max{C[Y +(z)w+
0 (z), D−]+C[Y −(z)w−

0 (z), D−]}, R′=2.

It is easy to see that wn(z) − wn−1(z) satisfies

wn(z)−wn−1(z)=φn(z)−φn−1(z)

+

∫ µ

0

[A(ξn−ξn−1)+B(ηn−ηn−1)]e1dµ

+

∫ ν

2

[C(ξn − ξn−1) +D(ηn − ηn−1)]e2dν in D−,

(2.46)

where n = 1, 2, .... From the above equality, we can obtain

|Y ±(z)[w±
n − w±

n−1]| ≤ [2M3M(4m+ 1)]n

×
∫ R′

0

R′n−1

(n− 1) !
dR′ ≤ [2M3M(4m+ 1)R′]n

n !
in D−,

(2.47)

and then we can see that the sequence of functions {Y ±(z)w±
n (z)}, i.e.

Y ±(z)w±
n (z) = Y ±(z){w±

0 (z) + [w±

1 (z)−w±

0 (z)]

+ · · · + [w±
n (z) − w±

n−1(z)]} in D−, n = 1, 2, ...
(2.48)

uniformly converge to functions Y ±(z)w±
∗ (z), and w∗(z) satisfies the equal-

ity

w∗(z) = w0(z) + φ∗(z) + ψ∗(z), ψ∗(z)

=

∫ µ

0

[Aξ∗+Bη∗+E]e1dµ+

∫ ν

2

[Cξ∗+Dη∗+F ]e2dν in D−,
(2.49)

in which ξ∗ = Rew∗ + Imw∗, η = Rew∗ − Imw∗, and w∗(z) satisfies the
estimate

C[Y ±(z)w±
∗ (z), D−] ≤ e2M3M(4m+1)R′

. (2.50)

In the meantime, we find a sequence of functions {wn(z)} (wn(z) =
Φn(z) + Ψn(z)) in D+ and Φn(z) is an analytic function in D+ satisfy-
ing the boundary conditions

Re[λ(z)(Φn(z) + Ψn(z))] = 0, z ∈ Γ,

Re[λ(x)(Φn(x)+Ψn(x))]=s(x), x∈L0, (2.51)

sn(x)=
2r(h(x/2))−2Rn(h(x/2))

a(h(x/2))−b(h(x/2))
+Re[λ(x)ψn(x)],

(2.51)
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herein x ∈ L0, Rn(z) = Re[λ(z)ψn(z)], λ(z) on L1 or L2. From (2.47), it
follows that

Cδ[X(x)sn(x), L0]≤2k2k0+ (1+2k0)
[2M3M(4m+1)R′]n

n !
=M7,

Cδ [X(z)wn(z), D+] ≤M8(k1 + k2 +M7),

(2.52)

where M8 = M8(p0, δ, k0, D) is a positive constant. Finally from
{X(z)wn(z)}, we can choose a subsequence which uniformly converges a
function X(z)w∗(z) in D+. Combining (2.50) and (2.52), it is obvious that
the solution w∗(z) of Problem A for (2.4) in D̄ satisfies the estimate (2.36).

3 The Discontinuous Riemann-Hilbert Problem for

First Order Quasilinear Complex Equations of

Mixed Type with Degenerate Line

This section deals with the Riemann-Hilbert boundary value problem for
first order quasilinear complex equations of mixed (elliptic-hyperbolic) type
with parabolic degeneracy, we first discuss the problem in a special domains,
and then consider the problem in the general domains.

3.1 Representation and uniqueness of solutions of

discontinuous Riemann-Hilbert problem

Let D be a simply connected bounded domain in the complex plane C with
the boundary ∂D = Γ ∪L, where Γ, L = L1 ∪L2 are as stated before, and
H(y) = G′(y) =

√

|K(y)|, G(y) are as stated before. We consider the first
order quasilinear degenerate system of mixed type

{

H(y)ux−sgny vy =a1u+b1v+c1

H(y)vx + uy = a2u+ b2v + c2
in D, (3.1)

where al, bl, cl (l = 1, 2) are real functions of (x, y) (∈ D), u, v (∈ R). Simi-
larly to (2.1), that system (3.1) in D can be reduced to the complex form

wz̃ =F (z, w), F (z, w)=A1(z, w)w+A2(z, w)w̄+A3(z, w) in D, (3.2)
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where the coefficients are in the form

A1 =











1

4
[a1+ia2−ib1+b2],

1

4
[a1+ja2+jb1+b2],

A2 =











1

4
[a1+ia2+ib1−b2],

1

4
[a1+ja2−jb1−b2],

A3 =











1

2
[c1+ic2]

1

2
[c1+jc2]

in

{

D+

D−

}

.

Suppose that equation (3.2) satisfies the following conditions: Condi-

tion C

1) Al(z, w) (l = 1, 2, 3) are measurable in D+ and continuous in D− for
all continuous functions w(z) in D∗ = D̄\{0, 2}, and satisfy

L∞[Al, D+] ≤ k0, l = 1, 2, L∞[A3, D+] ≤ k1,

Ĉ[Al, D−]=C[Al, D−]+C[Alx, D−]≤k0, l=1, 2, Ĉ[A3, D−]≤k1.
(3.3)

2) For any continuous functions w1(z), w2(z) on D∗, the following equal-
ity holds:

F (z, w1)−F (z, w2)=Ã1(z, w1, w2)(w1−w2)

+Ã2(z, w1, w2) (w1 − w2) in D,
(3.4)

where

L∞[Ãl, D
+] ≤ k0, Ĉ[Ãl, D−] ≤ k0, l = 1, 2, (3.5)

in (3.3), (3.5), k0, k1 are positive constants. In particular, when (3.2) is a
linear equation (2.4), the condition (3.4) is obviously valid.

The boundary conditions of discontinuous Riemann-Hilbert problem
(Problem B) for the complex equation (3.2) are as follows.

Re[λ(z)w(z)]=r(z), z∈Γ∪L1, Im[λ(zl)w(zl)]=bl, l=0, 1, ..., J, (3.6)

where J = 2K + 1, λ(z) = a(x) + ib(x), zl (l=1, ..., 2K+1=J) are distinct
points on Γ, bl (l = 0, 1, ..., 2K+1) are real constants, 2K+1 is a positive
integer and K is called the index of Problem B, and λ(z) 6= 0, r(z), bl (l =
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0, 1, ..., 2K+1) satisfy the conditions

Cα[λ(z),Γ] ≤ k0, Cα[λ(z), L1] ≤ k0,

Cα[r(z),Γ] ≤ k2, Cα[r(z), L1] ≤ k2,

|bl|≤k2, l=0, 1, ..., J, max
z∈L1

1

|a(z)−b(z)| ≤ k0,

(3.7)

in which α (0 < α < 1), k0, k2 are positive constants. Problem B with the
conditions A3 = 0 in D, r(z) = 0 on Γ ∪ L1, bl = 0 (l = 0, 1, ..., J) will
be called Problem B0. Besides we mention that if we choose the index
K = −1/2 of Problem B in D+, then the last 2K+1 point conditions
should be cancelled.

Let the solution w(z) of Problem B be substituted in the coefficients of
(3.2). Then the equation can be viewed as a linear equation (2.4). Hence
we have the results as Theorems 2.3 and 2.5. Moreover we can prove the
following theorem.

Theorem 3.1 Suppose that the quasilinear complex equation (3.2) sat-

isfies Condition C. Then Problem B for (3.2) has a unique solution in

D.

Proof We first prove the uniqueness of the solution of Problem B for
(3.2). Let w1(z), w2(z) be any two solutions of Problem B for (3.2). By
Condition C, we see that w(z) = w1(z)−w2(z) is a solution of Problem B0,
which satisfies the homogeneous complex equation and boundary conditions

wz̄ = Ã1w + Ã2w̄ in D,

Re[λ(z)w(z)]=0, z∈L1, Re[λ(zl)w(zl)]=0, l=0, 1, ..., J,

where the conditions about the coefficients Ãl(l = 1, 2) are similar as those
in the proof of Theorem 2.3 for the linear equation (2.4). Besides the
remained proof is the same in the proof of Theorems 2.3 and 2.5, or by
Theorem 2.5, Chapter I and Theorem 2.3, Chapter III. Next noting the
conditions (3.3), (3.4), by using the same way as in the proof of Theorem
2.5, the existence of solutions of Problem B for (3.2) can be proved.

In order to give the Hölder continuous estimate of solutions for (3.2), we
need to add the following condition.

3) For any complex numbers z1, z2(∈ D̄), w1, w2, the above functions
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satisfy

|Al(z1, w1)−Al(z2, w2)| ≤ k0[|z1−z2|α+|w1−w2|], l=1, 2,

|A3(z1, w1)−A3(z2, w2)|≤k1[|z1−z2|α+|w1−w2|], z∈D−,
(3.8)

in which α(0 < α < 1), k0, k1 are positive constants.

On the basis of the results of Theorem 3.3 in Chapter I and the proof of
Theorem 1.3, we can derive the following theorem.

Theorem 3.2 Let the quasilinear complex equation (3.2) satisfy Condi-

tion C and (3.8). Then any solution w(z) of Problem B for (3.2) satisfies

the following estimates

Cδ [X(z)w(z), D+] ≤M1, C[Y ±(z)w±(z), D−] ≤M2, (3.9)

in which w±(z) = Rew(z) ± Imw(z) and X(z), Y ±(z) are as stated in

(1.21), γl (l = 1, 2) are real constants as stated in (2.10) and δ is a suffi-

ciently small positive constant, and Mj = Mj(δ, k,D) (l = 4, 5) are positive

constants, k = (k0, k1, k2).

3.2 Riemann-Hilbert problem for quasilinear

mixed equations in general domains

Let D be a simply connected bounded domain D in the complex plane C

with the boundary ∂D = Γ∪L, where Γ, L are as stated in Section 2. Now,
we consider the domain D′ with the boundary Γ ∪ L′

1 ∪ L′
2, where Γ can

be replaced by another smooth curve Γ′ as stated in Section 2, Chapter II,
here we we only consider the curves L′

1, L
′
2, whose parameter equations are

as follows:

L′
1 ={γ1(s)+y=0, 0≤s≤s0}, L′

2 ={x−G(y)=2, l≤x≤2}, (3.10)

in which Y = G(y) =
∫ y

0

√

|K(y)|dy, γ1(s) on 0 ≤ s ≤ s0 is continuously
differentiable, s is the parameter of arc length of L′

1, and γ1(0) = 0, γ1(s) >
0 on 0 < s ≤ s0, and the slope of the curve L′

1 at the intersection point
z∗ of L′

1 and the characteristic curve s1 : dy/dx = 1/H(y) is not equal
to that of the characteristic curve at the point, this shows that γ1(s) can
be expressed by γ1[s(ν)] (0 ≤ ν ≤ 2). Denote D′+ = D′ ∩ {y > 0} =
D+, D′− = D′ ∩ {y < 0} and z′0 = l − jγ1(s0) is the intersection point of
L′

1 and L′
2.
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We consider the first order quasilinear complex equation of mixed type
as stated in (3.2) in D′, and assume that (3.2) satisfies Condition C in D′.

The Riemann-Hilbert boundary value problem for equation (3.2) may
be formulated as follows:

Problem A′ Find a continuous solution w(z) of (3.2) in D∗ = D̄\{0, 2},
which satisfies the boundary conditions

Re[λ(z)w(z)] = r(z), z ∈ Γ, (3.11)

Re[λ(z)w(z)]=r(z), z∈L′
1, Im[λ(z′0)w(z′0)]=b0, (3.12)

in which the function λ(z) = a(x)+ ib(x) 6= 0 on Γ, λ(z) = a(x)+jb(x) 6= 0
on L′

1, and b0 is a real constant, and λ(z), r(z), b0 satisfy the conditions

Cα[λ(z),Γ]≤k0, Cα[r(z),Γ]≤k2, Cα[λ(z), L′
1]≤k0,

Cα[r(z), L′
1]≤k2, |b0| ≤ k2, max

z∈L′

1

1

|a(z) − b(z)| ≤k0,
(3.13)

in which α (0 < α < 1), k0, k2 are all positive constants. The number

K =
1

2
(K1 +K2)

is called the index of Problem A′ as stated in Section 1. Similarly we only
discuss the case of K = −1/2 on ∂D+, because in this case the solution of
Problem A′ is unique. In the following, we first discuss the domain D′ and
then discuss another general domain D′′.

1. Setting Y = G(y) =
∫ y

0

√

|K(t)|dt, the system (3.1) can be rewritten
in the form

{

H(y)ux−sgny vy =a1u+b1v+c1

H(y)vx + uy = a2u+ b2v + c2
in D′. (3.14)

By the conditions in (3.10), the inverse function x = σ(ν) = (µ + ν)/2 of
ν = x −G(y) can be found, i.e. µ = 2σ(ν) − ν, 0 ≤ ν ≤ l + γ1(l), and the
curve L′

1 can be expressed by µ = 2σ(ν) − ν = 2σ(x + γ1(s)) − x − γ1(s),
0 ≤ s ≤ s0. We make a transformation

µ̃ = 2[µ− 2σ(ν) + ν]/[2 − 2σ(ν) + ν], ν̃ = ν,

2σ(ν) − ν ≤ µ ≤ 2, 0 ≤ ν ≤ 2,
(3.15)
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where µ, ν are real variables, its inverse transformation is

µ = [2 − 2σ(ν) + ν]µ̃/2 + 2σ(ν) − ν, ν = ν̃,

0 ≤ µ̃ ≤ 2, 0 ≤ ν̃ ≤ 2.
(3.16)

It is not difficult to see that the transformation in (3.15) maps the domain
D′− onto D−. The transformation (3.15) and its inverse transformation
(3.16) can be rewritten as



















x̃=
1

2
(µ̃+ν̃) =

4x−(2+ x−Y )[2σ(x+γ1(s))−x−γ1(s)]

4−4σ(x+γ1(x))+2x+2γ1(s)
,

Ỹ =
1

2
(µ̃−ν̃)= 4Y −(2−x+Y )[2σ(x+γ1(s))−x−γ1(s)]

4 − 4σ(x + γ1(x)) + 2x+ 2γ1(s)
,

(3.17)

and


























































x=
1

2
(µ+ν)=

[2−2σ(x+γ1(s))+x+γ1(s)](x̃ + Ỹ )

4

+σ(x+γ1(x)) −
x+ γ1(x) − x̃+ Ỹ

2
,

Y =
1

2
(µ−ν)= [2−2σ(x+γ1(s))+x+γ1(s)](x̃+ Ỹ )

4

+σ(x+γ1(x)) −
x+ γ1(x) + x̃− Ỹ

2
.

(3.18)

Denote by Z̃ = x̃+ jỸ = f(Z), Z = x + jY = f−1(Z̃) the transformation
(3.17) and the inverse transformation (3.18) respectively. In this case, the
system of equations is

ξµ = Â1ξ + B̂1η + Ĉ1, ην = Â2ξ + B̂2η + Ĉ2, z ∈ D′−, (3.19)

which is another form of (3.14) in D′−. Suppose that (3.14) in D′ satisfies
Condition C, through the transformation (3.13), we obtain ξµ̃ = [2−2σ(ν)+
ν]ξµ/2, ην̃ = ην in D′−, where ξ = u+ v, η = u− v, and then

ξµ̃ =[2−2σ(ν)+ν][Â1ξ+B̂2η+Ĉ1]/2

ην̃ = Â2ξ + B̂2η + Ĉ2

in D−, (3.20)

and through the transformation (3.17), the boundary condition (3.12) is
reduced to

Re[λ(f−1(Z̃))w(f−1(Z̃))] = r(f−1(Z̃)), Z̃ = x̃+ jỸ ∈ L1,

Im[λ(f−1(Z̃0))w(f−1(Z̃0)] = b0,

(3.21)
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in which Z̃ = f(Z), Z̃0 = f(Z ′
0), Z

′
0 = l + jG[−γ1(s0)]. Therefore the

boundary value problem (3.19),(3.12) is transformed into the boundary
value problem (3.20), (3.21), i.e. the corresponding Problem A in D. On
the basis of Theorem 3.1, we see that the boundary value problem (3.14)
(in D+), (3.20), (3.21) has a unique solution w(Z̃), and

w(z) =







w[Z̃(x+ iy)] in D+,

w[Z̃(x+ jy)] in D−

is just a solution of Problem A′ for (3.14) in D′, herein Z = x+ jG(y), z =
x+ jy = x+ jG−1(Y ).

Theorem 3.3 If the mixed equation (3.14) in D′ satisfies Condition C ′

in the domain D′ with the boundary Γ ∪ L′
1 ∪ L′

2, where L′
1, L

′
2 are as

stated in (3.21), then Problem A′ for (3.14) with the boundary conditions

(3.11), (3.12) has a unique solution w(z).

2. Next let the domain D′′ be a simply connected domain with the
boundary Γ ∪ L′′

1 ∪ L′′
2 , where Γ is as stated before and the parameter

expression of arc length of L′′
1 , L

′′
2 are as follows:

L′′
1 ={γ1(s)+y=0, 0≤s≤s0}, L′′

2 ={γ2(s)+y=0, 0≤s≤s′0}, (3.22)

in which γ1(0) = 0, γ2(0) = 0, γ1(s) > 0, 0 < s ≤ s0; γ2(s) > 0, 0 <
s ≤ s′0; γ1(s) on 0 ≤ x ≤ s0, γ2(x) on 0 ≤ x ≤ s′0 are continuously
differentiable, and the slope of the curves L′

1, L
′
2 at z∗1 , z

∗
2 are not equal

to those of the characteristic curves s1 : dy/dx = 1/H(y), s2 : dy/dx =
−1/H(y) at the points respectively, where z∗k (k=1, 2) are the intersection
points of L′

k (k = 1, 2) and sk (k = 1, 2) respectively, thus γ1(s), γ2(s) can
be expressed by γ1[s1(ν)], γ2[s2(µ)]. Denote D′′+ = D′′ ∩ {y > 0} = D+

and D′′− = D′′ ∩ {y < 0} and z′′0 = l − iγ1(s0) = l − iγ2(s
′
0). We consider

the Riemann-Hilbert problem (Problem A′′) for equation (3.14) in D′′ with
the boundary conditions (3.11) and

Re[λ(z)w(z)] = r(z), z ∈ L′′
1 , Im[λ(z′′0 )w(z′′0 )] = b0, (3.23)

where λ(z), r(z) satisfy the corresponding condition

Cα[λ(z),Γ] ≤ k0, Cα[r(z),Γ] ≤ k2,

Cα[λ(z), L′′
1 ]≤k0, Cα[r(z), L′′

1 ]≤k2,

|b0| ≤ k2, max
z∈L′′

1

1

|a(z) − b(z)| ≤ k0,

(3.24)
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in which α (0 < α < 1), k0, k2 are positive constants. By the conditions in
(3.22), the inverse function x = τ(µ) = (µ + ν)/2 of µ = x + G(y) can be
found, i.e. ν = 2τ(µ)−µ, 0 ≤ µ ≤ 2, and the curve L′′

2 can be expressed as
x = τ(µ) = (µ+ ν)/2, namely

ν = 2τ(µ) − µ = 2τ(x − γ2(s)) − x+ γ2(s), 0 ≤ s ≤ s′0. (3.25)

We make a transformation

µ̃ = µ, ν̃ =
2ν

2τ(µ) − µ
, 0 ≤ µ ≤ 2, 0 ≤ ν ≤ 2τ(µ) − µ, (3.26)

where µ, ν are real variables, its inverse transformation is

µ = µ̃ = x̃+ Ỹ , ν =
[2τ(µ) − µ]ν̃

2

=
[2τ(x − γ2(s)) − x+ γ2(s)](x̃− Ỹ )

2
, 0 ≤ µ̃ ≤ 2, 0 ≤ ν̃ ≤ 2.

(3.27)

Hence we have

x̃=
1

2
(µ̃+ν̃)=

2(x−Y )+(x+Y )[2τ(x−γ2(s))−x+γ2(s)]

2[2τ(x−γ2(s))−x+γ2(s)]
,

Ỹ =
1

2
(µ̃−ν̃)= −2(x−Y )+(x+Y )[2τ(x−γ2(s))−x+γ2(s)]

2[2τ(x−γ2(s))−x+γ2(s)]
,

x=
1

2
(µ+ν)=

1

4
[(2τ(x−γ2(s))−x+γ2(s))(x̃−Ỹ )+2(x̃+Ỹ )],

Y=
1

2
(µ−ν)= 1

4
[(−2τ(x−γ2(s))+x−γ2(s))(x̃−Ỹ )+2(x̃+Ỹ )].

(3.28)

Denote by Z̃ = x̃ + jỸ = g(Z), Z = x + jY = g−1(Z̃) the transformation
(3.28) and its inverse transformation in (3.28) respectively. Through the
transformation (3.26), we obtain

(u+ v)µ̃ = (u+ v)µ, (u− v)ν̃ = [τ(µ) − µ/2](u− v)ν in D′−. (3.29)

System (3.30) in D′′− is reduced to

ξµ̃ = Â1ξ + B̂1η + Ĉ1

ην̃ =[τ(µ)−µ/2][Â2ξ+B̂2η+Ĉ2]
in D′−. (3.30)
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Moreover, through the transformation (3.28), the boundary condition (3.23)
on L′′

2 is reduced to

Re[λ(g−1(Z̃))w(g−1(Z̃))] = r[g−1(Z̃)], z = x+ jy ∈ L′
1,

Im[λ(g−1(Z ′
0))w(g−1(Z ′

0))] = b0,

(3.31)

in which Z̃ = g(Z), Z̃ ′
0 = g(Z ′′

0 ), Z ′′
0 = l + jG[−γ2(s

′
0)]. Therefore the

boundary value problem (3.19), (3.23) in D′′ is transformed into the bound-
ary value problem (3.30), (3.31). According to the method in the proof of
Theorem 3.3, we can see that the boundary value problem (3.14) (in D+),
(3.30), (3.31) has a unique solution w(Z̃), and then w = w(z) is a solu-
tion of the boundary value problem (3.14), (3.11), (3.23). But we mention
that through the transformation (3.26) or (3.28), the boundaries L′′

1 , L
′′
2

are reduced to L′
1, L

′
2 respectively, such that L′

1, L
′
2 satisfy the condition

as stated in (3.10).

Theorem 3.4 If the mixed equation (3.14) satisfies Condition C ′ in the

domain D′′ with the boundary Γ ∪ L′′
1 ∪ L′′

2 , where L′′
1 , L

′′
2 are as stated

in (3.22), then Problem A′′ for (3.14), (3.11), (3.23) in D′′ has a unique

solution w(z).

4 The General Boundary Value Problem for Quasilin-

ear Mixed Complex Equations with Degenerate Line

This section deals with the general boundary value problem for quasilinear
mixed (elliptic-hyperbolic) complex equations of first order in a simply con-
nected domain. Firstly, we give the representation theorem and prove the
uniqueness of solutions for the above boundary value problem. Afterwards
by using the method of successive approximation, the existence of solutions
for the above problem is proved.

4.1 Formulation of general boundary value problem

for complex equations of mixed type

Let D be a simply connected domain with the boundary Γ∪L1∪L2, and the
boundary of Γ possess the form x+ G̃(y) = 0 near z = 0 and x− G̃(y) = 2
near z = 2 as stated in Section 2, and L = L1 ∪ L2, L1 = {x = −G(y), 0 ≤
x ≤ 1}, L2 = {x = G(y) + 2, 1 ≤ x ≤ 2}, and D+ = D ∩ {y > 0}, D− =
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D ∩ {y < 0}. Here, there are n points E1 = a1, E2 = a2, ..., En = an

on the segment AB = [0, 2] = L0, where a0 = 0 < a1 < a2 < ... < an <
an+1 = 2, and denote by A = A0 = 0, A1 = a1/2 − j|(−G)−1(a1/2)|, A2 =
a2/2−j|(−G)−1(a2/2)|, ..., An = an/2−j|(−G)−1(an/2)|, An+1 = C = 1−
j|(−G)−1(1)| and B1 = 1−j|(−G)−1(1)|+a1/2+j|(−G)−1(a1/2)|, B2 = 1−
j|(−G)−1(1)|+a2/2+j|(−G)−1(a2/2)|, ..., Bn = 1−j|(−G)−1(1)|+an/2+
j|(−G)−1(an/2)|, Bn+1 = B = 2 on the segments AC, CB respectively.

Moreover, we denote D−

1 = D− ∩ {∪[n/2]
l=0 (a2l ≤ x−G(y) ≤ a2l+1)}, D−

2 =

D− ∩ {∪[(n+1)/2]
l=1 (a2l−1 ≤ x + G(y) ≤ a2l)} and D̃−

2l+1 = D− ∩ {a2l ≤
x−G(y) ≤ a2l+1}, l = 0, 1, ..., [n/2], D̃−

2l = D−∩{a2l−1 ≤ x+G(y) ≤ a2l},
l = 1, ..., [(n + 1)/2], and D+

∗ = D+\Z0, Z0 = {a0, a1, ..., an+1}, D−
∗ =

D−\Z0, D∗ = D+
∗ ∪D−

∗ .

We discuss the quasilinear equations of mixed type (3.2), i.e.

wz̃ = A1(z, w)w +A2(z, w)w +A3(z, w) in D, (4.1)

and suppose that (4.1) satisfies Condition C as stated in Section 3. In
the following, we introduce the general Riemann-Hilbert boundary value
problem for the complex equation (4.1) as follows.

Problem B Find a continuous solution w(z) of (4.1) in D∗ = D̄\Z0 and
w(z) satisfies the boundary conditions

Re[λ(z)w(z)] = r(z), z ∈ Γ, (4.2)

Re[λ(z)w(z)]=r(z), z∈L3 =

[n/2]
∑

l=0

A2lA2l+1,

Re[λ(z)w(z)]=r(z), z∈L4 =

[(n+1)/2]
∑

l=1

B2l−1B2l,

(4.3)

Im[λ(z)w(z)]|z=a0
= b0,

Im[λ(z)w(z)]|z=A2l+1
= c2l+1, l ∈ Z ′,

Im[λ(z)w(z)]|z=B2l−1
= c2l, l ∈ Z ′′,

(4.4)

where Z ′={0, 1, ..., [n/2]}, Z ′′={1, ..., [(n+1)/2]}, cl (l = 1, ..., n+1) are real
constants, λ(z) = a(x)+ib(x) 6= 0, z ∈ Γ, and λ(z), r(z), cl (l = 1, ..., n+1)
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satisfy the conditions

Cα[λ(z),Γ]≤k0, Cα[r(z),Γ]≤k2, |cl|≤k2, l=1, ..., n+1,

|b0| ≤ k2, Cα[λ(z), Ll] ≤ k0, Cα[r(z), Ll] ≤ k2, l = 3, 4,

max
z∈L3

1

|a(z) − b(z)| ≤ k0, max
z∈L4

1

|a(z) + b(z)| ≤ k0,

(4.5)

where α(0 < α < 1), k0, k2 are positive constants. The above discontinuous
Riemann-Hilbert boundary value problem for (4.1) is called Problem B.

Denote by λ(tl − 0) and λ(tl + 0) the left limit and right limit of λ(z) as
z → tl = al (l = 0, 1, ..., n+ 1), and

eiφl =
λ(tl − 0)

λ(tl + 0)
, γl =

1

πi
ln
λ(tl − 0)

λ(tl + 0)
=
φl

π
−Kl,

Kl =

[

φl

π

]

+ Jl, Jl = 0 or 1, l = 0, 1, ..., n+ 1,

(4.6)

in which [a] is the largest integer not exceeding the real number a, λ(z) =

exp(iπ/2) on L′
1 = L0 ∩ D−

1 and λ(a2l + 0) = λ(a2l+1 − 0) = exp(iπ/2),

l = 0, 1, ..., [n/2], and λ(z) = exp(−iπ/2) on L′
2 = L0 ∩D−

2 and λ(a2l−1 +
0) = λ(a2l − 0) = exp(−iπ/2), l = 1, ..., [(n + 1)/2], and 0 ≤ γl < 1 when
Jl = 0, and −1 < γl < 0 when Jl = 1, l = 0, 1, ..., n+ 1, and

K =
1

2
(K0 +K1 + · · · +Kn+1) =

n+1
∑

l=0

(

φl

2π
− γl

2

)

(4.7)

is called the index of Problem B. We can require that the solution w(z) in
D+ satisfy the conditions

w[z(Z)] = O(|Z − al|−ηl), l = 0, 1, ..., n+ 1, (4.8)

in the neighborhood of al(0 ≤ l ≤ n+ 1) in Z(D+), where Z = Z(z) = x+
iG(y), z = z(Z) is the inverse function of Z = Z(z), ηl = max(0,−γl) + 2δ
(l = 1, ..., n), ηl = max(0,−2γl) + 4δ (l = 0, n+ 1) and γl (l = 0, 1, ..., n+ 1)
are real constants in (4.6), δ is a sufficiently small positive number, and
choose the index K = 0 or −1/2, if we select K = −1/2, then the first
point condition in (4.4) should be cancelled.
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4.2 Representation of solutions for general

boundary value problem

Now, we give the representation of solutions for the discontinuous Riemann-
Hilbert problem (Problem B) for system (4.1) in D. For this, we first
discuss the Riemann-Hilbert problem (Problem B) for system of first order
equations:

wz̃ = 0, in D, (4.9)

i.e.

(ξ + iη)µ−iν = 0 in D+, ξµ = 0, ην = 0 in D−, (4.10)

with the boundary conditions

Re[λ(z)(u+jv)]=

{

r(z)=R(z), z ∈ L3 ∪ L4,

R0(x), x∈{L0∩D−

1 }∪{L0∩D−

2 },

Im[λ(z)(u+ jv)]|z=A2l+1
= c2l+1, l = 0, 1, ..., [n/2],

Im[λ(z)(u+ jv)]|z=B2l−1
= c2l, l = 1, ..., [(n+ 1)/2],

(4.11)

in which λ(z) = a(z)+jb(z) on L1 and λ(z) = 1+j on L0∩D−

1 λ(z) = 1−j
on L0∩D−

2 , and R0(x) on {L0∩D−

1 } ∪ {L0∩D−

2 } is an undetermined real
function. It is clear that the solution of Problem B for the second system
of (4.10) in D− can be expressed as

ξ = u(z) + v(z) = f(ν), η = u(z) − v(z) = g(µ),

u(z) = [f(ν) + g(µ)]/2, v(z) = [f(ν) − g(µ)]/2, i.e.

W (z) = u(z) + jv(z) = [(1 + j)f(ν) + (1 − j)g(µ)]/2,

(4.12)

where f(t), g(t) are two arbitrary real continuous functions on L0 = [0, 2].
For convenience, sometimes we denote by the functions a(x), b(x), R(x) of
x the functions a(z), b(z), R(z) of z in (4.11), thus (4.11) can be rewritten
as

a(x)u(z)−b(x)v(z)=R(x) on L3 ∪ L4,

u(x)−v(x)=R0(x) on L0∩D−

1 , u(x)+v(x)=R0(x) on L0∩D−

2 ,

[(a(z)−jb(z))(u(z)+jv(z))]|z=A2l+1
=R(A2l+1)+jc2l+1, l ∈ Z ′,

[(a(z)−jb(z))(u(z) + jv(z))|z=B2l−1
= R(B2l−1) + jc2l, l ∈ Z ′′.

(4.13)
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From (4.13), we have

[a(x) − b(x)]f(2x) + [a(x) + b(x)]h2l = 2R(x) on L3,

[a(x)−b(x)]h2l−1 + [a(x)+b(x)]g(2x−2)=2R(x) on L4,

Im[λ(z)uz̃]|z=A2l+1
=R(ReA2l+1) + jc2l+1, l=0, 1,..., [n/2],

Im[λ(z)uz̃]|z=B2l−1
=R(ReB2l−1) + jc2l, l=1,..., [(n+1)/2],

h2l =u(A2l+1)−v(A2l+1) =
R(ReA2l+1) − c2l+1

a(ReA2l+1)+b(ReA2l+1)
, l ∈ Z ′,

h2l−1 =u(B2l−1)+v(B2l−1)=
R(ReB2l−1)+ c2l

a(ReB2l−1)−b(ReB2l−1)
, l∈Z ′′.

The above formulas can be rewritten as

f(x−G(y)) =
2R((x−G(y))/2)

a((x−G(y))/2)−b((x−G(y))/2)

− [a((x−G(y))/2) + b((x−G(y))/2)]h2l

a((x−G(y))/2) − b((x−G(y))/2)
in D−

1 ,

g(x+G(y)) =
2R((x+G(y))/2 + 1)

a((x+G(y))/2+1) + b((x+G(y))/2+1)

− [a((x+G(y))/2+1)−b((x+G(y))/2+1)]h2l−1

a((x+G(y))/2+1)+b((x+G(y))/2+1)
in D−

2 .

(4.14)

Thus the solution w(z) of (4.9) can be expressed as

w(z) = w0(z) = f(x−G(y))e1 + g(x+G(y))e2

=
1

2
{f(x−G(y))+g(x+G(y))+j[f(x−G(y))−g(x+G(y))]},

(4.15)

where f(x−G(y)), g(x+G(y)) are as stated in (4.14) and h2l−1, h2l are as
stated before.

Next we find a solution of the Riemann-Hilbert boundary value problem
for equation (4.9) in D+ with the boundary conditions

Re[λ(z)(u(x) + iv(x))] = R(z) on Γ,

Re[λ(z)(u(x)+iv(x))]=R0(x) on {L0∩D−

1 }∪{L0∩D−

2 },

Im[λ(z)(u(z) + iv(z))]|z=a0
= b0,

(4.16)
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where λ(z) = 1 + i on L0 ∩D−
1 , λ(z) = 1− i on L0 ∩D−

2 , R0(x) = f(x) on
L0∩D−

1 and R0(x) = g(x) on L0∩D−

2 , where f(x−G(y)), g(x+G(y)) are
functions as stated in (4.14). Noting that the index of the above boundary
condition is K = 0, by the result in Section 1, Chapter I, we know that
the above Riemann-Hilbert problem has a unique solution w(z) in D+, and
then

u(x) − v(x) = Re[(1 − j)(u(x) + jv(x)] = R0(x) on L0∩D−

1 ,

u(x) + v(x) = Re[(1 + j)(u(x) + jv(x)] = R0(x) on L0∩D−
2 ,

(4.17)

is determined. This shows that Problem B for equation (4.9) is uniquely
solvable, namely

Theorem 4.1 Problem B of equation (4.9) or system (4.10) in D has

a unique solution w(z) = w0(z) as stated in (4.15), which satisfies the

estimates

|f(ν)| ≤M1, |g(µ)| ≤M1 in D−
ε , (4.18)

in which ν = x − G(y), µ = x + G(y), D−
ε = D− ∩ {|z − t0| ≥ ε} ∩

· · · ∩ {|z − tn+1| ≥ ε}, the positive number ε is small enough, and M1 =
M1(α, k0, k1, D

−
ε ) is a positive constant.

Now we state and verify the representation of solutions of Problem B
for equation (4.1).

Theorem 4.2 Under Condition C, any solution w(z) of Problem B for

equation (4.1) in D− can be expressed as follows

w(z)=w0(z)+Φ[Z(z)]+Ψ[Z(z)],Ψ(Z)=−1

π

∫ ∫

D+

t

f(t)

t−Zdσt in D+
Z ,

w(z)= w0(z)+φ(z)+ψ(z)=ξ(z)e1+η(z)e2 in D−,

ξ(z)=ζ(z)+

∫ y

0

g1(z)dy = ξ0(z)+

∫

S1

g1(z)dy+

∫ y

0

g1(z)dy,

g1(z) = Â1(U + V ) + B̂1(U − V ) + Ĉ1, z ∈ s1,

η(z)=θ(z)+

∫ y

0

[Â2(U+V )+B̂2(U−V )+Ĉ2]dy, z ∈ s2,

(4.19)
where φ(z) is a solution of (4.9) in D−, ξ0 = Rew0(z) + Imw0(z), η0 =
Rew0(z)− Imw0(z), w0(z) is as stated in (4.15), and s1, s2 are two families
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of characteristics in D−:

s1 :
dx

dy
=

√

|K(y)|=H(y), s2 :
dx

dy
=−

√

|K(y)|=−H(y) (4.20)

passing through z = x + jy ∈ D−, S1 is the characteristic curve from a

point on L1 to a point on L0, and

w(z)=ξ(z)e1+η(z)e2, ξ(z)=Reψ(z)+Imψ(z), η(z)=Reψ(z)−Imψ(z),

Â1 =
a1+a2+b1+b2

2
, B̂1 =

a1+a2−b1−b2
2

, Ĉ1 =c1+c2,

Â2 =
a2−a1+b2−b1

2
, B̂2 =

a2−a1−b2+b1
2

, Ĉ2 =c2−c1,

in which we choose H(y) = [|y|mh(y)]1/2, h(y) is a positive continuously

differentiable function and

dµ = d[x+G(y)] = 2H(y)dy on s1,

dν = d[x−G(y)]=−2H(y)dy on s2.
(4.21)

Proof From Section 2, Chapter III, we see that equation (4.1) in D− can
be reduced to the system of integral equations

w(z) = w0(z) + φ(z) + ψ(z) = ξ(z)e1 + θ(z)e2,

ξ(z)=Rew0(z) + Imw0(z)+

∫ µ

0

ξµdµ=ζ(z)+

∫ y

0

[Hξx + ξy]dy

= ζ(z) +

∫ y

0

[Â1(U + V ) + B̂1(U − V ) + Ĉ1]dy, z ∈ s1,

η(z)=Rew0(z)−Imw0(z)+

∫ ν

2

ηνdν =θ(z)−
∫ y

0

[Hηx − ηy]dy

= θ(z) +

∫ y

0

[Â2(U + V ) + B̂2(U − V ) + Ĉ2]dy, z ∈ s2.

(4.22)

Noting (4.20) and

ds1 =
√

(dx)2+(dy)2 =−
√

1+(dx/dy)2dy=−
√

1−Kdy=−
√

1−K√
−K

dx,

ds2 =
√

(dx)2+(dy)2 =−
√

1+(dx/dy)2dy = −
√

1−Kdy =

√
1−K√
−K dx,

(4.23)
it is clear that the system (4.22) is just (4.19).
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4.3 Solvability of general boundary value problem

for degenerate mixed equations

In this section, we prove the existence of solutions of Problem B for the
complex equation (4.1) with the boundary conditions (4.2)-(4.4). We can
see that Problem B can be divided into two problems, i.e. Problem B1:
equation (4.1) in D+ with the boundary conditions

Re[λ(z)w(z)] = R(z), z ∈ Γ ∪ L0,

Im[λ(z)w(z)]|z=a0
= b0,

(4.24)

and Problem B2: equation (4.1) in D− with the boundary conditions

Re[λ(z)w(z)]=R(z), z∈L3 ∪ L4 ∪ L0,

Im[λ(z)w(z)]|z=A2l+1
=c2l+1, l=0, 1, ..., [n/2],

Im[λ(z)w(z)]|z=B2l−1
=c2l, l=1, ..., [(n+ 1)/2],

(4.25)

where λ(x) = 1 + i or 1 + j on L0 ∩ D−
1 and λ(z) = 1 − i or 1 − j on

L0∩D−

2 , and the function R(x) = R0(x) on L0 can be determined by the
solvability of Problem B2. The solvability of Problem B1 can be obtained
by the result in Section 3, Chapter I, and the unique solvability of Problem
B2 will be proved as follows.

We first prove the existence of solutions of Problem B2 for equation
(4.1). Denote D0 = {δ0 ≤ x ≤ 2 − δ0,−δ ≤ y ≤ 0}, and s1, s2
are the characteristics of families (4.20) emanating from any two points
(b0, 0), (b1, 0)(δ0 ≤ b0 < b1 ≤ 2 − δ0) respectively, which intersect at a
point z = x + jy ∈ D, [b0, b1] ∩ {a0, a1, ..., an+1} = ∅, and δ0, δ are suf-
ficiently small positive numbers. We choose the solution w0(z) of Prob-
lem B2 for equation (4.9), and substitute the corresponding functions
ξ0 = Rew0 + Imw0, η0 = Rew0 − Imw0 into the positions of ξ, η in the
right sides of (4.19), and by the successive approximation, we can find the
sequences of functions {ξk}, {ηk}, which satisfy the relations

ξk+1(z) = ζk+1(x) +

∫ y

0

[Â1ξk + B̂1ηk + Ĉ1]dy, z ∈ s1,

ηk+1(z) = θk+1(x) +

∫ y

0

[Â2ξk + B̂2ηk + Ĉ2]dy, z ∈ s2,

(4.26)

We may only discuss the case of K(y) = −|y|mh(y), because otherwise
we can similarly discuss. It is clear that for two characteristics s1, s2 passing
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through a point z = x+ jy ∈ D and x1, x2 are the intersection points with
the axis y = 0 respectively, for any two points z̃1 = x̃1 + jỹ ∈ s1, z̃2 =
x̃2 + jỹ ∈ s2, we have

|x̃1−x̃2|≤|x1−x2|=2|
∫ y

0

√

−K(t)dt|≤M |y|m/2+1, (4.27)

in which M(> max[2
√

h(y), 1]) is a positive constant. From Condition C,
we can assume that the coefficients of (4.19) are continuously differentiable
with respect to x ∈ L0 and satisfy the condition

|Âl|, |Âlx|, |B̂l|, |B̂lx|, |Ĉl|, |Ĉlx|,
∣

∣

∣

∣

1√
h

∣

∣

∣

∣

,

∣

∣

∣

∣

hy

h

∣

∣

∣

∣

≤M, z∈D̄, l=1, 2. (4.28)

According to the proof of Theorem 2.5, we can find a solution w∗(z) =
ξ∗(z)e1 + η∗(z)e2 of Problem B2 in D− satisfying the system of integral
equations

ξ∗(z) = ζ∗(z) +

∫ y

0

[Â1ξ∗ + B̂1η∗ + Ĉ1]dy, z ∈ s1,

η∗(z) = θ∗(z) +

∫ y

0

[Âξ∗ + B̂2η∗ + Ĉ2]dy, z ∈ s2,

and the function w∗(z) = e1ξ∗(x) + e2η∗(z) satisfies equation (4.1) and
boundary condition (4.25), this shows that Problem B2 has a solution for
equation (4.1) in D− ∩ {−δ ≤ y ≤ 0}. Next apply the similar method in
Section 1, the result in D−∩{y < −δ} can be obtained, hence the function
w∗(z) in D− is a solution of Problem B2 for (4.1) in D−. Thus the existence
of solutions of Problem B for equation (4.1) is proved. In addition, we can
verify that the solution of Problem B for (4.1) in D is unique.

From the above discussion, we have the following theorem.

Theorem 4.3 Let equation (4.1) satisfies Condition C. Then the dis-

continuous Riemann-Hilbert problem (Problem B) for (4.1) has a unique

solution.

Finally we mention that the coefficients K(y) in equation (3.1) can be
replaced by functions K(x, y) with some conditions, for instance K(x, y) =
sgny|y|mh(x, y), m is as stated before, and h(x, y) is a continuously dif-
ferentiable positive function in D. In this case, the first order quasilinear
degenerate system of mixed type corresponding to (3.1) is in the form

{

H(x, y)ux−sgny vy =a1u+b1v+c1

H(x, y)vx + uy = a2u+ b2v + c2
in D, (4.29)
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whereH(x, y) =
√

|K(x, y)|, al, bl, cl (l = 1, 2) are real functions of (x, y) (∈
D), u, v (∈ R), and the complex form of system (4.29) in D is as follows

wz̃ =A1(z, w)w+A2(z, w)w̄+A3(z, w) in D, (4.30)

where the coefficients (4.30) are the same as those in (3.2), but

wz̃ = [H(x, y)u+ iv]/2 in D+, wz̃ = [H(x, y)u+ jv]/2 in D−.

For the complex equation (4.30), under Condition C as stated in Section 3,
we can discuss the solvability of Problem B by the similar method.



CHAPTER V

SECOND ORDER LINEAR EQUATIONS

OF MIXED TYPE

In this chapter, we mainly discuss some boundary value problems including
the Tricomi problem, oblique derivative problem, exterior Tricomi-Rassias
problem and the Frankl problem for second order linear equations of mixed
type with parabolic degeneracy, in which we establish the representation of
solutions for the boundary value problems, and prove the uniqueness and
existence of solutions for the above problems.

1 The Oblique Derivative Problem for Second

Order Equations of Uniformly Mixed Type

In this section, we first introduce the uniqueness and existence of solutions
of oblique derivative problem for second order linear equations of mixed
type without parabolic degeneracy.

1.1 Formulation of oblique derivative problem for

second order equations of mixed type

Let D be a simply connected bounded domain D in the complex plane C

with the boundary ∂D = Γ ∪ L as stated in Section 1, Chapter IV. We
consider the second order linear equation of mixed type

uxx + sgny uyy = aux + buy + cu+ d in D, (1.1)

where a, b, c, d are real functions of z (∈ D), its complex form is as follows

uzz = Re[A1(z)uz] +A2(z)u+A3(z) in D, (1.2)

where

z=x+iy, uz =
1

2
[ux − iuy] = uz̄, uzz̄ =

1

4
[uxx + uyy] in D+,

z=x+jy, uz =
1

2
[ux − juy] = uz̄, uzz̄ =

1

4
[uxx − uyy] in D−,

A1 =
a+ ib

2
in D+, A1 =

a− jb

2
in D−, A2 =

c

4
, A3 =

d

4
in D.

(1.3)

247
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Suppose that equation (1.2) satisfies the following conditions: Condi-

tion C

The coefficients Al(z) (l = 1, 2, 3) in (1.2) are measurable in z ∈ D+ and
continuous in D− and satisfy

Lp[Al, D+] ≤ k0, l = 1, 2, Lp[A3, D+] ≤ k1, A2 ≥ 0 in D+, (1.4)

Ĉ[Al, D−]=C[Al, D−]+C[Alx, D−]≤k0, l=1, 2, Ĉ[A3, D−]≤k1, (1.5)

where p (> 2), k0, k1 are positive constants. If the condition (1.5) is re-
placed by

Cα[Al, D±] ≤ k0, l = 1, 2, Cα[A3, D±] ≤ k1, (1.6)

in which α(0 < α < 1) is a real constant, then the conditions will be called
Condition C ′.

Problem P Find a continuously differentiable solution u(z) of (1.2) in
D∗ = D̄\{0, 2}, which is continuous in D̄ and satisfies the boundary con-
ditions

1

2

∂u

∂ν
= Re[λ(z)uz] = r(z), z ∈ Γ, u(0) = b0, u(2) = b2, (1.7)

1

2

∂u

∂ν
=Re[λ(z)uz]=r(z), z∈Ll (l = 1 or 2), Im[λ(z)uz]|z=z0

=b1, (1.8)

where ν is a given vector at every point on Γ ∪ Ll (l = 1 or 2), λ(z) =
a(x) + ib(x) = cos(ν, x) − i cos(ν, y), if z ∈ Γ, and λ(z) = a(z) + jb(z) =
cos(ν, x) + j cos(ν, y), if z ∈ Ll (l = 1 or 2), b0, b1, b2 are real constants, and
λ(z), r(z), b0, b1, b2 satisfy the conditions

Cα[λ(z),Γ∪Ll]≤k0, Cα[r(z),Γ∪Ll]≤k2, l=1 or 2, cos(ν, n)≥0 on Γ,

|bl| ≤ k2, l=0, 1, 2, max
z∈L1

1

|a(z) − b(z)| ≤ k0 or max
z∈L2

1

|a(z)+ b(z)| ≤ k0,

(1.9)
in which n is the outward normal vector at every point on Γ, α (0 < α <
1), k0, k2 are positive constants. For convenience, we may assume that
uz(z0) = 0, otherwise through a transformation of function, the requirement
can be realized.

The boundary value problem for (1.2) with A3(z) = 0, r(z) = 0, and
b0 = b1 = b2 = 0 will be called Problem P0. The number

K =
1

2
(K1 +K2) (1.10)
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is called the index of Problem P and Problem P0, where

Kl =

[
φl

π

]
+Jl, Jl =0 or 1, eiφl =

λ(tl−0)

λ(tl+0)
, γl =

φl

π
−Kl, l = 1, 2, (1.11)

in which t1 = 0, t2 = 2, λ(t) = eiπ/4 on L0 = (0, 2) on x−axis and
λ(t1 + 0) = λ(t2 − 0) = exp(iπ/4), or λ(t) = ei7π/4 on L0 and λ(t1 + 0) =
λ(t2 − 0) = exp(i7π/4). Here we choose K = 0, or K = −1/2 on the
boundary ∂D+ of D+ if cos(ν, n) ≡ 0 on Γ and the condition u(2) = b2
can be cancelled, because in this case from the boundary condition (1.7),
we can determine the value u(2) by the value u(0), namely

u(2)=2Re

∫ 2

0

uzdz+u(0)=2

∫ 0

π

Re[λ(z)uz]dθ+b0=2

∫ 0

π

r(z)dθ+b0, (1.12)

in which λ(z) = i(z − 1), θ = arg(z − 1) on Γ = {|z − 1| = 1, Imz > 0}.
Problem P in this case still includes the Dirichlet problem as a special case.
In brief, we choose that

K=





0,

−1

2
,

the point condition is

{
u(0)=b0, u(2)=b2

u(0) = b0

}
,

if

{
cos(ν, n) 6≡ 0

cos(ν, n) ≡ 0
on Γ.

(1.13)

Later on we shall only discuss the case: K = 0, and the case: K = −1/2
can be similarly discussed.

Setting that uz = w(z), it is clear that Problem P for (1.2) is equivalent
to the Riemann-Hilbert boundary value problem (Problem A) for the first
order complex equation of mixed type

wz̄ = F, F = Re[A1(z)w] +A2(z)u+ A3(z) in D (1.14)

with the boundary conditions

Re[λ(z)w(z)] = r(z), z ∈ Γ, u(2) = b2,

Re[λ(z)w(z)]=r(z), z∈Ll (l=1 or 2), Im[λ(z0)w(z0)]=b1,
(1.15)

and the relation

u(z)=2Re

∫ z

0

ŵ(z)dz+b0 =





2Re

∫ z

0

w(z)dz+b0 in D+,

2Re

∫ z

0

w(z)dz+b0 in D−,

(1.16)
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here and later on we denote ŵ(z) = w(z) inD+ and ŵ(z) = w(z) inD−. On
the basis of the result in Section 1, Chapter IV, we can find a solution w(z)
of Problem A for the mixed complex equation (1.14) as stated in (1.15),
Chapter IV.

1.2 Representation and uniqueness of solutions for

oblique derivative problem

Now we give the representation theorems of solutions for equation (1.2).

Theorem 1.1 Let equation (1.2) satisfy Condition C in D+, u(z) be a

continuous solution of (1.2) in D+ and continuously differentiable in D+
∗ =

D+\{0, 2}. Then u(z) can be expressed as

u(z) = U(z)Ψ(z) + ψ(z) in D+,

U(z) = 2Re

∫ z

0

w(z)dz + b0, w(z) = Φ(z)eφ(z) in D+,
(1.17)

where ψ(z), Ψ(z) are the solutions of equation (1.2) in D+ and

uzz̄ − Re[A1uz] −A2u = 0 in D+ (1.18)

respectively and satisfy the boundary conditions

ψ(z) = 0, Ψ(z) = 1 on Γ ∪ L0, (1.19)

where ψ(z), Ψ(z) satisfies the estimates

C1
δ [ψ,D+] ≤M1, ‖ ψ ‖W 2

p0
(D+)≤M2,

C1
δ [Ψ, D+]≤M3, ||Ψ||W 2

p0
(D+)≤M3,Ψ(z)≥M4>0, z∈D+,

(1.20)

in which δ (0 < δ ≤ α), p0 (2 < p0 ≤ p), Ml = Ml(p0, δ, k,D) (l = 1, 2, 3, 4)
are positive constants, k = (k0, k1, k2). Moreover U(z) is a solution of the

equation

Uzz̄ − Re[AUz] = 0, A = −2(lnΨ)z̄ +A1 in D+, (1.21)

where Im[φ(z)] = 0, z ∈ L0 = (0, 2) and φ(z) satisfies the estimate

Cδ [φ,D+] + Lp0
[φz̄ , D+] ≤M5, (1.22)
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in which δ(0 < δ ≤ α), M5 = M5 (p0, δ, k0, D) are two positive constants,

Φ(z) is analytic in D+. If u(z) is a solution of (1.2) in D+ satisfying the

boundary conditions (1.7) and

Re[λ(z)uz]|z=x =s(x), λ(x)=1+i or 1−i, x∈L0, Cδ[s(x), L0]≤k3, (1.23)

then the following estimate holds:

Cδ [u(z), D+] + Cδ[X(z)uz, D+] ≤M6(k1 + k2 + k3), (1.24)

in which k3 is a positive constant, s(x) can be seen as stated in the form

(1.33) below, and

X(z) =

2∏

l=1

|z − tl|ηl , ηl = max[−2γl, 0] + 8δ, l = 1, 2, (1.25)

here γl (l = 1, 2) are real constants as stated in (1.11) and δ is a sufficiently

small positive constant, and M6 = M6(p0, δ, k0, D
+) is a positive constant.

Proof According to the method in the proof of Theorem 1.1, Chapter II,
the equations (1.2), (1.18) in D+ have the solutions ψ(z), Ψ(z) respectively,
which satisfy the boundary condition (1.19) and the estimate (1.20). Setting
that

U(z) = [u(z) − ψ(z)]/Ψ(z),

it is clear that U(z) is a solution of equation (1.21) and w(z) can be ex-
pressed the second formula in (1.17), where φ(z) satisfies the estimate as in
(1.22) and Φ(z) is an analytic function in D+. If s(x) in (1.23) is a known
function, then the boundary value problem (1.2), (1.7), (1.23) has a unique
solution u(z) as stated in the form (1.17), which satisfies the estimate (1.24).

Theorem 1.2 Suppose that the equation (1.2) satisfies Condition C.

Then any solution of Problem P for (1.2) can be expressed as

u(z) = 2Re

∫ z

0

ŵ(z)dz + b0, w(z) = w0(z) +W (z), (1.26)

where ŵ(z) is as stated in (1.16), and w0(z) is a solution of Problem A for

the complex equation

wz̄ = 0 in D (1.27)
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with the boundary conditions (1.7), (1.8) (w0(z) = u0z), and W (z) possesses

the form

W (z) = w(z) − w0(z) in D, w(z) = Φ̃(z)eφ̃(z) + ψ̃(z) in D+,

φ̃(z)= φ̃0(z)+Tg = φ̃0(z)−
1

π

∫ ∫

D+

g(ζ)

ζ−zdσζ , ψ̃(z)=Tf inD+,

W (z)=Φ(z)+Ψ(z),Ψ(z)=

∫ µ

0

g1(z)dµe1+

∫ ν

2

g2(z)dνe2 inD−,

(1.28)

in which e1 = (1 + j)/2, e2 = (1 − j)/2, µ = x + y, ν = x− y, φ̃0(z) is an

analytic function in D+, such that Im[φ̃(x)] = 0 on L0, and

g(z)=





A1

2
+
A1W̃

2W̃
, W̃ (z) 6= 0,

0, W̃ (z) = 0, z ∈ D+,

f(z)=Re[A1φ̃z]+A2u+A3,

g1(z)=g2(z)=Aξ+Bη+Cu+D, ξ=Rew+Imw, η=Rew−Imw,

A=
ReA1+ImA1

2
, B=

ReA1−ImA1

2
, C=A2, D=A3 in D−,

(1.29)

where W̃ (z) = w(z) − ψ̃(z), Φ̃(z) and Φ(z) are the solutions of equation

(1.27) in D+ and D− respectively satisfying the boundary conditions

Re[λ(z)(Φ̃(z)eφ̃(z) + ψ̃(z))] = r(z), z ∈ Γ,

Re[λ(x)(Φ̃(x)eφ̃(x) + ψ̃(x))] = s(x), x ∈ L0,

Re[λ(x)Φ(x)]=Re[λ(x)(W (x)−Ψ(x))], z ∈ L0,

Re[λ(z)Φ(z)] = −Re[λ(z)Ψ(z)], z ∈ L1 or L2,

Im[λ(z0)Φ(z0)] = −Im[λ(z0)Ψ(z0)],

(1.30)

where λ(x) = 1 + i or 1 − i, x ∈ L0 in second formulas of (1.30) and

λ(x) = 1 + j or 1 − j, x ∈ L0 in third formula of (1.30). Moreover by

Theorem 1.2, Chapter IV, the solution w0(z) of Problem A for (1.27) and

u0(z) satisfy the estimate in the form

Cδ [u0(z),D]+Cδ[X(z)w0(z),D+]+Cδ[Y
±(z)w±

0 (z),D−]≤M7(k1+k2),
(1.31)

where w±(z) = Rew(z) ± Imw(z), X(z), Y ±(z) are as stated in (1.21),
Chapter IV, and

u0(z) = 2Re

∫ z

0

ŵ0(z)dz + b0, (1.32)
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in which ŵ0(z) = w0(z) in D+ and ŵ0(z) = w0(z) in D−, and M7 =
M7(p0, δ, k0, D) is a positive constant. From (1.32), it follows that

Cδ[u0(z), D̄]≤M8{Cδ[X(z)w0(z), D+]+Cδ[Y
±(z)w±

0 (z), D−]}+k2,

where M8 = M8(D) is a positive constant.

Proof Let u(z) be a solution of Problem P for equation (1.2), and w(z) =
uz, u(z) be substituted in the positions of w, u in (1.29), thus the functions
g(z), f(z), g1(z), g2(z), and ψ̃(z), φ̃(z) in D+ and Ψ(z) in D− in (1.28),
(1.29) can be determined. Moreover we can find the solution Φ̃(z) in D+

and Φ(z) in D− of (1.27) with the boundary conditions (1.30), where

s(x)=





2r(x/2) − 2R(x/2)

a(x/2) − b(x/2)
+ Re[(1 − i)Ψ(x))] or

2r(x/2+1)−2R(x/2+1)

a(x/2 + 1) + b(x/2 + 1)
+Re[(1+i)Ψ(x)] on L0,

(1.33)

here and later on R(z) = Re[λ(z)Ψ(z)] on L1 or L2, and thus

w(z)=w0(z)+W (z)=





Φ̃(z)φ̃(z) + ψ̃(z) in D+,

w0(z)+Φ(z)+Ψ(z) in D−,

is the solution of Problem A for the complex equation

wz̄ = Re[A1w] +A2u+A3 in D, (1.34)

which can be expressed as in (1.28), and u(z) is a solution of Problem P
for (1.2) as stated in the formula in (1.26).

Theorem 1.3 If equation (1.2) satisfies Condition C, then Problem P
for (1.2) has at most one solution in D.

Proof Let u1(z), u2(z) be any two solutions of Problem P for (1.2). By
Condition C, we see that u(z) = u1(z) − u2(z) and w(z) = uz satisfies the
homogeneous equation and boundary condition

wz̄ = Re[A1w] +A2u in D, (1.35)

Re[λ(z)w(z)] = 0, z ∈ Γ, u(0) = 0, u(2) = 0,

Re[λ(z)w(z)]=0, z ∈ Ll(l = 1 or 2), Im[λ(z0)w(z0)]=0.
(1.36)
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From Theorem 1.2, the solution w(z) can be expressed in the form

w(z)=

{
Φ̃(z)eφ̃(z)+ψ̃(z), ψ̃(z)=Tf, φ̃(z)= φ̃0(z)+T̃ g in D+,

w0(z)+Φ(z)+Ψ(z) inD−,

Ψ(z)=

∫ µ

0

[Aξ+Bη+Cu]e1dµ+

∫ ν

2

[Aξ+Bη+Cu]e2dν inD−,

(1.37)

where g(z) is as stated in (1.29), Φ̃(z) in D+ is an analytic function and
Φ(z) is a solution of (1.27) in D− satisfying the boundary condition (1.30),
φ̃(z), ψ̃(z) possess the similar properties as φ(z), ψz(z) in Theorem 1.1. If
A2 = 0 in D+, then ψ̃(z) = 0. Besides the functions Φ̃(z), Φ(z) satisfy the
boundary conditions





Re[λ(x)Φ̃(x)] = s(x),

Re[λ(x)Φ(x)] = Re[λ(x)(W (x) − Ψ(x))]
on L0, (1.38)

where s(x) is as stated in (1.33), but r(x) = 0. From (1.17) with b0 = 0,
we can obtain

C[u(z), D̄] ≤M8{C[X(z)w(z), D+]+

+C[Y +(z)w+(z), D−] + C[Y −(z)w−(z), D−]}.
(1.39)

Using the method of successive approximation, and noting that

C[u(z), D−] ≤M0{C[Y +(z)w+(z), D−] + C[Y −(z)w−(z), D−]}R′,

where M0 = M0(D) is a positive constant, the estimate

C[Y ±(z)w±(z), D−] ≤ 2M9M(4 +M0R
′)mR′]n

n!
(1.40)

can be derived, where M9 =max{C[A,D−], C[B,D−], C[C,D−]}, M =1+
4k2

0(1+2k2
0), and m=C[Y +(z)w+(z), D−]+C[Y −(z)w−(z), D−]. Let n →

∞, from (1.28) and (1.29), it follows that Ψ(z) = 0,Φ(z) = 0, z ∈ D−,
and then w(z) = 0 in D−. Thus the solution u(z) = 2 Re

∫ z

0 ŵ(z)dz is the
solution of equation (1.18) with the boundary conditions

Re[λ(z)uz(z)]=0 on Γ,Re[λ(x)uz(x)]=0 on L0, u(0)=0, u(2)=0, (1.41)

in which λ(x) = 1 + i, or 1 − i, x ∈ L0. Similarly to the proof of Theorem
1.4, Chapter II, we can obtain u(z) = 0 on D+. This shows the uniqueness
of solutions of Problem P for (1.2).
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1.3 The solvability of oblique derivative problem

for second order equations of mixed type

Theorem 1.4 Suppose that the mixed equation (1.2) satisfies Condition

C. Then Problem P for (1.2) has a solution in D.

Proof It is clear that Problem P for (1.2) is equivalent to Problem A for
the complex equation of first order and boundary conditions:

wz̄ = F, F = Re[A1w] +A2u+A3 in D, (1.42)

Re[λ(z)w(z)] = r(z), z ∈ Γ,

Re[λ(z)w(z)]=r(z), z∈Ll(l=1 or 2), Im[λ(z0)w(z0)]=b1,
(1.43)

and the relation (1.16). From (1.16), it follows that

C[u(z), D̄] ≤M8[C(X(z)w(z), D+) + C(Y ±(z)w±(z), D−)] + k2, (1.44)

whereX(z), Y ±(z), w±(z) are as stated in (1.31), M8 = M8(D) is a positive
constant. In the following, by using successive approximation, we shall find
a solution of Problem A for the complex equation (1.42) in D. Firstly de-
noting the solution w0(z) (= ξ0e1 +η0e2) of Problem A for (1.27) and u0(z)
in (1.32), and substituting them into the position of w (= ξe1+ηe2), u(z) in
the right-hand side of (1.42), similarly to the proof of Theorem 1.3, Chapter
IV, we have the corresponding functions f1(z), g1(z), g

1
2(z), g

1
2(z) and

w1(z)=Φ̃1(z)e
φ̃1(z)+ψ̃1(z),W1(z)=w1(z)−w0(z) in D+,

φ̃1(z)=φ̃0(z)+Tg1= φ̃0(z)−
1

π

∫ ∫

D+

g1(ζ)

ζ−z dσζ , ψ̃1(z)=Tf1 inD+,

W1(z)=Φ(z)+Ψ(z),Ψ(z)=

∫ µ

0

g1
1(z)dµe1+

∫ ν

2

g2
1(z)dνe2 inD−,

(1.45)

where µ = x + y, ν = x − y, where Φ1(z) is a solution of (1.27) in D−

satisfying the boundary conditions

Re[λ(x)Φ1(x)] = Re[λ(x)(W1(z) − Ψ1(x))], z ∈ L0,

Re[λ(z)Φ1(z)] = −Re[λ(z)Ψ1(z)], z ∈ L1 or L2,

Im[λ(z0)Φ1(z0)] = −Im[λ(z0)Ψ1(z0)],

(1.46)

and

w1(z) = w0(z) +W1(z) = w0(z) + Φ1(z) + Ψ1(z) in D− (1.47)
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satisfies the estimate

Cδ[X(z)w1(z),D+]+C[Y ±(z)w±
1 (z),D−]≤M10 =M10(p0, δ, k,D

−). (1.48)

Furthermore we substitute w1(z) = w0(z)+W1(z) and corresponding func-
tions w1(z), ξ1(z) = w+(z) = Rew1(z) + Imw1(z), η1(z) = w−(z) =
Rew1(z) − Imw1(z), u1(z) into the positions w(z), ξ(z), η(z), u(z) in
(1.28), (1.29), and similarly to (1.45)–(1.47), we can find the corresponding
functions ψ̃2(z), φ̃2(z), Φ̃2(z) in D+, Ψ2(z),Φ2(z), W2(z) = Φ2(z) + Ψ2(z)
in D−, and the function

w2(z) = Φ̃2(z)e
φ̃2(z) + ψ̃2(z) in D+,

w2(z)=w0(z)+W2(z)=w0(z)+Φ2(z)+Ψ2(z) in D−

(1.49)

satisfies the similar estimate in the form (1.48). Thus there exists a sequence
of functions: {wn(z)}, i.e.

wn(z) = Φ̃n(z)eφ̃n(z) + ψ̃n(z) in D+,

wn(z) = w0(z)+Wn(z)=w0(z)+Φn(z)+Ψn(z),

Ψn(z) =

∫ µ

0

g1
n(z)e1dµ+

∫ ν

2

g2
n(z)e2dν in D−,

(1.50)

and then
|Y ±(z)[w−

1 (z) − w−
0 (z)]| ≤ |Y ±(z)Φ±

1 (z)|

+
√

2[|Y +(z)

∫ µ

0

[Aξ0 +Bη0 + Cu0 +D]e1dµ|

+|Y −(z)

∫ ν

2

[Aξ0 +Bη0 + Cu0 +D]e2dν|]

≤ 2M11M(4m+M0mR
′ + 1)R′ in D−,

(1.51)

where R′ = 2, M = 1 + 4k2
0(1 + 2k2

0), M11 = max
z∈D−

(|A|, |B|, |C|, |D|),
and m = C[Y +(z)w+

0 (z), D−] +C[Y −(z)w−
0 (z), D−]. It is clear that

wn(z) − wn−1(z) satisfies

w−
n (z) − w−

n−1(z) = Φn(z) − Φn−1(z)

+

∫ µ

0

[A(ξn − ξn−1) +B(ηn − ηn−1) + C(un − un−1)]e1dµ

+

∫ ν

2

[A(ξn−ξn−1)+B(ηn−ηn−1)+ C(un−un−1)]e2dν in D−,

(1.52)
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in which n = 1, 2, .... From the above equality, and

C[un(z), D−]≤M0{C[Y +(z)w+
n (z), D−]+C[Y −(z)w−

n (z), D−]}R′+k2.

where M0 = M0(D) is a positive constant, we can obtain the estimate

|Y ±(z)[w±
n − w±

n−1]| ≤ [2M11M(4m+M0mR
′ + 1)]n

×
∫ R′

0

R′n−1

(n− 1) !
dR′ ≤ [2M11M(4m+M0mR

′+1)R′]n

n !
in D−,

(1.53)

we can see that the sequence of functions: {Y ±(z)w±
n (z)}, i.e.

Y ±(z)w±
n (z) = Y ±(z){w±

0 (z) + [w±
1 (z) − w±

0 (z)]

+ · · ·+ [w±
n (z) − w±

n−1(z)]} (n = 1, 2...)
(1.54)

in D− uniformly converge to Y ±(z)w±
∗ (z), and w∗(z) = [w+

∗ (z) +w−
∗ (z)−

i(w+
∗ (z) − w−

∗ (z))]/2 satisfies the equality

w∗(z) = w0(z) + Φ∗(z) + Ψ∗(z),

Ψ∗(z) =

∫ µ

0

[Aξ∗ +Bη∗ + Cu∗ +D]e1dµ

+

∫ ν

2

[Aξ∗ +Bη∗ + Cu∗ +D]e2dν in D−,

(1.55)

thus the corresponding function u∗(z) is just a solution of Problem P for
equation (1.2) in the domain D−, and w∗(z) satisfies the estimate

C[Y ±(z)w±
∗ (z), D−] ≤ e2M11M(4m+M0mR′+k2+1)R′

. (1.56)

In the meantime we can obtain the estimate

Cδ [X(z)wn(z), D+] ≤M12 = M12(p0, δ, k,D), (1.57)

hence from the sequence {X(z)wn(z)}, we can choose a subsequence, which
uniformly converges to X(z)w∗(z) in D+, and w∗(z) satisfies the same
estimate (1.57). Combining (1.56) and (1.57), it is obvious that the solution
w∗(z) = uz of Problem A for (1.2) in D̄ satisfies the estimate

Cδ [X(z)w∗(z), D+] + C[Y ±(z)w±
∗ (z), D−] ≤M13 = M13(p0, δ, k,D),

where M13 is a positive constant. Moreover the function u(z) in (1.17) is a
solution of Problem P for (1.2), where w(z) = w∗(z).
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From Theorems 1.3 and 1.4, we see that under Condition C, Problem A
for equation (1.42) has a unique solution w(z), which can be found by using
successive approximation and the corresponding solution u(z) of Problem
P satisfies the estimates

Cδ[u(z), D+]+Cδ[X(z)uz, D+]≤M14,

C[u(z), D̄] + C[Y ±(z)u±z , D̄] ≤M15,
(1.58)

where X(z), Y ±(z) is as stated in (1.31), and Ml = Ml (p0, δ, k,D) (l =
14, 15) are positive constants, k = (k0, k1, k2). Moreover we can derive the
following theorem.

Theorem 1.5 Suppose that equation (1.2) satisfies Condition C. Then

any solution u(z) of Problem P for (1.2) satisfies the estimates

Cδ [u(z), D+] + Cδ [X(z)uz, D+] ≤M16(k1 + k2),

C[u(z), D−] + C[Y ±(z)u±z , D
−] ≤M17(k1 + k2),

(1.59)

in which Ml = Ml(p0, δ, k0, D) (l = 16, 17) are positive constants.

From the estimates (1.58), (1.59), we can see that the regularity of
solutions of Problem P for (1.2) (see [86]17),33)).

2 The Tricomi problem for Second Order Degenerate

Equations of Mixed Type

In [12],[48],[71],[72],[74],[76] and so on, the authors posed and discussed
the Tricomi problem of some second order equations of mixed type with
parabolic degeneracy, which possesses important applications to gas dy-
namics. The section deals with the Tricomi problem for general mixed
equations with parabolic degeneracy, which include the Tricomi problem
for the Chaplygin equation as a special case. Firstly the formulation of the
problem for the equations is given, next the representations and estimates
of solutions for the above problem are obtained, finally the existence of
solutions for the problem is proved by the successive approximation and
the method of parameter extension. By using the similar method, we can
discuss the oblique derivative problem, which is a special case of the result
in next section.
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2.1 The Tricomi problem of second order degenerate

equations of mixed type

We first introduce the general second order linear equations of mixed type

Auxx + 2Buxy + Cuyy +Dux +Euy + Fu+G = 0 in D,

where A,B,C are sufficiently smooth in a bounded domain D including
L0 = (0, 2) on x−axis, and

∆(z) = AC −B2 = 0 on L0 = (0, 2),

∆(z)<0 in D+ =D∩{y>0},∆(z)>0 in D−=D∩{y<0}.

It is clear that the above equation is elliptic in D+ and is hyperbolic in
D−, and L0 is the parabolic degenerate line. On the basis of the theory of
M. Cibrario, there exists a non-singular transformation of the independent
variables ξ = ξ(x, y), η = η(x, y), the above general equation can be reduced
to the form

ηmK(ξ, η)uξξ + uηη + auξ + buη + cu+ d = 0,

where m is a positive number (see [12]1)). Hence we mainly discuss the
above standard equation of mixed type later on.

Let D be a simply connected bounded domain in the complex plane C

with the boundary ∂D = Γ ∪ L, where Γ(⊂ {y > 0}) ∈ C2
µ (0 < µ < 1) is

a curve with the end points z = 0, 2. Denote D+ = D ∩ {y > 0}, D− =
D ∩ {y < 0}. There is no harm in assuming that the boundary Γ of the
domain D+ is a smooth curve with the form x− G̃(y) = 0 and x+ G̃(y) = 2
including the line segments of Rez = 0, 2 near the points z = 0 and 2
respectively, and L = L1 ∪L2, where G̃(y) is the same as stated in Section
2, Chapter II, and

L1 = {x+

∫ y

0

√
−K(t)dt = 0, x ∈ [0, 1]},

L2 = {x−
∫ y

0

√
−K(t)dt = 2, x ∈ [1, 2]},

where K(y) = sgny|y|mh(y), m is a positive number, h(y) is a continuously
differentiable positive function in D, and z0 = x0 + jy0 = 1 + jy0 is the
intersection point of L1 and L2. Consider second order linear equation of
mixed type with parabolic degeneracy

Lu=K(y)uxx+uyy+a(x, y)ux+b(x, y)uy+c(x, y)u=−d(x, y) in D. (2.1)
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Denote H(y) =
√
|K(y)|, and suppose that the coefficients of (2.1) satisfy

Condition C, namely a, b, c, d are measurable in D+ and continuous in
D−, and satisfy

L∞[η,D+] ≤ k0, η = a, b, c, L∞[d,D+] ≤ k1, c ≤ 0 in D+

Ĉ[d,D−]=C[d,D−]+C[dx, D−]≤k1, Ĉ[η,D−]≤k0, η = a, b, c,
(2.2)

in the above conditions, the solution of equation (2.1) in D is a generalized
solution of (2.1). If the above conditions are replaced by

Lα[η,D] ≤ k0, η = a, b, c, Lα[d,D] ≤ k1, c ≤ 0 in D+,

Ĉα[η,D−]=Cα[η,D−]+Cα[ηx, D
−]≤k0, η=a, b, c, Ĉα[d,D−]≤k1,

(2.3)
where α(0 < α < 1), k0(≥ max[2

√
h(y), 1/

√
h(y)]), k1(> 6 max[1, k0]) are

positive constants, then the solution of equation (2.1) in D is a classical
solution. If H(y) = [|y|mh(y)]1/2, here m is a positive number, h(y) is a
continuously differentiable positive function, then

Y = G(y) =

∫ y

0

H(t)dy, |Y | ≤ k0

m+ 2
|y|(m+2)/2 in D±, (2.4)

and its inverse function of Y = G(y) is

y=±|G−1(Y )|, |y|≤
(
k0(m+2)

2

)2/(m+2)

|Y |2/(m+2)

= J(k0|Y |)2/(m+2) in D±.

In particular, when the coefficients a = b = c = d = 0 in equation (2.1),
then (2.1) becomes the famous Chaplygin equation in gas dynamics

K(y)uxx + uyy = 0 in D. (2.5)

From [9]2), [28] and [71]2), we can see the mechanical background of equa-
tions (2.5) and (2.1).

The Tricomi boundary value problem for equation (2.1) may be formu-
lated as follows:

Problem T Find a continuous solution u(z) of (2.1) in D, where ux, uy

are continuous inD∗ = D\{0, 2}, and u(z) satisfies the boundary conditions

u(z) = φ(z) on Γ, u(z) = ψ(x) on L1, (2.6)
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where φ(z), ψ(z) satisfy the conditions

C2
α[φ(z),Γ]≤k2, C

2
α[ψ(x),L1]≤k2, φ(0)=ψ(0), (2.7)

in which α (0<α<1), k2 are positive constants.

If the boundary Γ near z = 0, 2 possesses the form x = G̃(y) or x =
2 − G̃(y) as stated before, we find the derivative for (2.6) according to the
parameters s = Im z = y on Γ and s = Rez = x on L1, and obtain

us = uxxy + uy = H̃(y)ux + uy = φ′(y), i.e.

H̃(y)H(y)ux/H(y) + uy = φ′(y) on Γ near x = 0,

us = uxxy + uy = −H̃(y)ux + uy = φ′(y), i.e.

H(y)H̃(y)ux/H(y) − uy = −φ′(y) on Γ near x = 2,

us =ux+uyyx =ux−uy/H(y)=ψ′(x), i.e.

H(y)ux − uy = H(y)ψ′(x) = H [−Jx2/(m+2)]ψ′(x)

= Jm/2xm/(m+2)ψ′(x) on L1,

where G̃′(y) = H̃(y), and H(y) = ym/2. It is clear that the complex form
of above conditions is as follows

Re[λ(z)(U+iV )] = Re[λ(z)(H(y)ux−iuy)]/2=R(z) on Γ,

Re[λ(z)(U+jV )]=Re[λ(z)(H(y)ux−juy)]/2=R(z) on L1,

u(0) = b0, Im[λ(z)(U + jV )]z=z0
= H(y0)ψ

′(x0)/2
√

2 = b1,

(2.8)

where b0 = φ(0), λ(z) = a+ ib on Γ, λ(z) = a+ ib on L1, and

λ(z)=





(1−j)/
√

2,

H̃(y)/H(y)−i,

−H̃(y)/H(y)+i,

i

R(z)=





R1(x) on L1

R2(x) on Γ at z = 0,

R3(x) on Γ at z = 2,

R4(x) on L0 =(0, 2),

in which R1(x) = Jm/2xm/(m+2)ψ′(x)/2
√

2, R2(x) = φ′(y)/2, R3(z) =
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−φ′(y)/2, and R4(x) is an undetermined function. We have

eiφ1 =
λ(t1−0)

λ(t1+0)
=e−πi/2−πi/2 = e−πi, γ1 =

−π
π

−K1=0,K1=−1,

eiφ2 =
λ(t2 − 0)

λ(t2 + 0)
= eπi/2−πi/2 = e0πi, γ2 =

i0π

π
−K2 =0,K2=0,

in which t1 = 0, t2 = 2, λ(t) = eπi/2 on L0, and λ(t1 + 0) = λ(t2 − 0) =
exp(iπ/2), and K1,K2 are chosen. Thus the index of Problem T in D+ is

K = (K1 +K2)/2 = −1/2.

If we consider Re[λ(z)(U + jV )] = 0 on L0, where λ(z) = 1, γ1 = 1/2, γ2 =
−1/2, then K = −1/2; and if γ1 = γ2 = −1/2, K1 = K2 = 0, then K = 0,
in this case we can add one point condition u(2) = φ(2) = b1 in (2.8),
such that Problem T is well-posed. Obviously the Tricomi problem for
Chaplygin equation (2.5) is a special case of Problem T for equation (2.1).

Noting that φ(z) ∈C2
α(Γ), ψ(x) ∈C2(L1) (0 < α < 1), we can find two

twice continuously differentiable functions u±0 (z) in D
±

, for instance, which
are the solutions of the Dirichlet problem with the boundary condition on
Γ ∪ L1 in (2.6) for harmonic equations in D±, thus the functions v(z) =

v±(z) = u(z) − u±0 (z) in D
±

is the solution of the following equation

K(y)vxx+vyy+a(x, y)vx+b(x, y)vy+c(x, y)v+d̃(x, y) = 0 in D (2.9)

satisfying the corresponding boundary conditions

v(z) = 0 on Γ ∪ L1, i.e.

Re[λ(z)W (z)] = R(z) on Γ ∪ L1,

v(0) = b0, Im[λ(z0)W (z0)]z=z0
= b1,

(2.10)

where d̃ = d+Lu±0 (z) inD±, W (z) = U+iV = v+
z̃ inD+, W (z) = U+jV =

v−z̃ in D−, R(z) = 0 on Γ ∪ L1 and b0 = b1 = 0, and the coefficients of
(2.9) satisfy the conditions similar to Condition C, hence later on we only
discuss the homogeneous Tricomi problem (Problem T̃ ) for equation (2.1)
with the boundary condition (2.10) and the case of index K = −1/2, the
other case can be similarly discussed. From v(z) = v±(z) = u(z) − u±0 (z)

in D
±

, we have u(z) = v−(z) +u−0 (z) in D
−

, u(z) = v+(z) +u+
0 (z) in D

+
,

v+(z) = v−(z) − u+
0 (z) + u−0 (z), uy = v±y + u±0y, v

+
y = v−y − u+

0y + u−0y =

2R̂0(x), and v−y = 2R̃0(x) on L0 = D ∩ {0 < x < 2, y = 0}.
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2.2 Representation and uniqueness of solutions of

Tricomi problem for degenerate mixed equations

In this section, we first write the complex form of equation (2.1). We use
the complex function in the elliptic domain D+ and the hyperbolic function
in D−, denote

W (z)=U+jV=[H(y)ux−juy]/2=H(y)[ux−juY ]/2=H(y)uZ ,

W¯̃z =
1

2
[H(y)Wx+jWy]=H(y)[Wx+jWY ]/2=H(y)WZ in D−,

W (z)=U+iV =[H(y)ux−iuy]/2=H(y)[ux−iuY ]/2=H(y)uZ ,

Wz̃ =
1

2
[H(y)Wx+iWy]=H(y)[Wx+iWY ]/2=H(y)WZ in D+,

(2.11)

where Z = x+ jY in D− and Z = x+ iY in D+, we have

W¯̃z =
1

4
{H2uxx−uyy−jH [uyx−uxy]+jHyux}

=
1

4
[(
a

H
+
jHy

H
)Hux + buy + cu+ d]

=
1

4
[(
a

H
+
jHy

H
)(W+W )+jb(W−W )+cu+d]

=
1

4
[
a

H
+
jHy

H
−jb]W+

1

4
[
a

H
+
jHy

H
+jb]W+

1

4
(cu+d)

=
e1
4
{[ a
H

+
Hy

H
−b](ReW+ImW )+[

a

H
+
Hy

H
+b]

×(ReW−ImW )+cu+d}+
e2
4
{[ a
H

−Hy

H
−b](ReW+ImW )

+[
a

H
− Hy

H
+ b](ReW − ImW ) + cu+ d} in D−,

(2.12)

where e1 = (1 + j)/2, e2 = (1 − j)/2. Noting that

µ=x+

∫ y

0

H(t)dt=x+G(y), ν=x−G(y),

µ+ ν = 2x, µ− ν = 2G(y),
∂G(y)

∂y
= H(y),

∂x

∂µ
=
∂x

∂ν
=

1

2
,
∂y

∂µ
= −∂y

∂ν
=

1

2H(y)
in D−,

(2.13)
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we can obtain

W¯̃z =
1

2
[H(U + jV )x + j(U + jV )y]

=
e1
2

[HUx+Vy+HVx+Uy]+
e2
2

[HUx+Vy−HVx−Uy]

=
e1
2

[H(U+V )x+(U+V )y]+
e2
2

[H(U−V )x−(U−V )y]

= H [e1(U + V )µ + e2(U − V )ν ] =
e1
4
{[ a
H

+
Hy

H
−b]

×(U+V )+[
a

H
+
Hy

H
+b](U−V )+cu+d}+

e2
4
{[ a
H

−Hy

H
−b]

×(U+V )+[
a

H
−Hy

H
+b](U−V )+cu+d}

=
e1
4
{(hy

2h
− b)(U + V ) + (

hy

2h
+ b)(U − V )

+[
2a

H
+
m

y
]U + cu+ d} +

e2
4
{(−hy

2h
− b)(U + V )

−(
hy

2h
− b)(U − V ) + [

2a

H
− m

y
]U + cu+ d} in D−,

(2.14)

if H(y) =
√
|y|mh(y), where m, h(y) are as stated before. In addition we

have

W¯̃z =
1

2
[H(y)Wx+iWy]=

1

4
{H [Hux−iuy]x+i[Hux−iuy]y}

=
1

4
{H2uxx + uyy − iH [uyx − uxy] + iHyux}

=
1

4
{H2uxx+uyy+iHyux}=

1

4
{H2uxx+uyy+i

Hy

H
(Hux)}

=
1

4
{[ iHy

H
− a

H
](Hux) − buy − cu− d}

=
1

4
{[ iHy

H
− a

H
](W +W ) − ib(W −W ) − cu− d}

=
1

4
{[ iHy

H
− a

H
−ib]W+[

iHy

H
− a

H
+ib]W−cu−d} in D+.

(2.15)

Thus if u(z) is a solution of (2.1), then the function

W (z) =

{
U + iV in D+

U + jV in D−
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is a solution of the first order complex equation of mixed type

W¯̃z = A1(z)W +A2(z)W +A3(z)u+A4(z) = g(z) in D,

A1 =





1

4
[− a

H
+
iHy

H
− ib],

1

4
[
a

H
+
jHy

H
− jb],

A2 =





1

4
[− a

H
+
iHy

H
+ ib],

1

4
[
a

H
+
jHy

H
+ jb],

A3 =





− c

4
,

c

4
,

A4 =





−d
4

in D+,

d

4
in D−,

(2.16)

if H(y) =
√
|y|mh(y), where m, h(y) are as stated before, then

A1 =





1

4

[
− a

H
−ib+i

(
hy

2h
+
m

2y

)]
,

1

4

[
a

H
− jb+ j

(
hy

2h
+
m

2y

)]
,

A3 =





− c

4
,

c

4
,

A2 =





1

4

[
− a

H
+ib+i

(
hy

2h
+
m

2y

)]
,

1

4

[
a

H
+jb+ j

(
hy

2h
+
m

2y

)]
,

A4 =





−d
4

in D+,

d

4
in D−.

Hence the function

u(z) =





2Re

∫ z

0

[
U(z)

H(y)
+ iV (z)]dz + b0 in D+

2Re

∫ z

0

[
U(z)

H(y)
− jV (z)]dz + b0 in D−

(2.17)

is a solution of equation (2.1), where b0 is a real constant. Moreover we
have

W¯̃z = [H(U + iV )x + i(U + iV )y]/2

=[HUx−Vy+i(HVx+Uy)]/2=H [Ux−Vy/H+i(Vx+Uy/H)]/2

= H{(U+V )x/2−(U+V )y/2H+(U−V )x/2+(U−V )y/2H

+i[(U+V )x/2+(U+V )y/2H−(U−V )x/2+(U−V )y/2H ]}/2
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= H{(U−V )µ+(U+V )ν +i[(U+V )µ−(U−V )ν ]}/2 = g(Z)

= iH [(U+V )−i(U−V )]µ+iν = iH [(U+V )+i(U−V )]µ−iν in D+,

where

µ = x+G(y) = x+

∫ y

0

H(y)dy, ν = x−G(y),

∂x

∂µ
=
∂y

∂µ
=

1

2
,
∂y

∂µ
= −∂y

∂µ
=

1

2H(y)
in D+.

Especially, the complex equation

W¯̃z = 0 in D (2.18)

can be rewritten in the system

[(U + V ) + i(U − V )]µ−iν = 0 in D+,

(U + V )µ = 0, (U − V )ν = 0 in D−.
(2.19)

The boundary value problem for equation (2.16) with the boundary condi-
tion (2.8) (W (z) = uz̃ = U + iV in D+ and W (z) = uz̃ = U + jV in D−)
and the relation (2.17) will be called Problem A.

Now, we discuss the Riemann-Hilbert problem(Problem A) for the sec-
ond system of (2.19) in D− with the boundary conditions

Re[λ(z)(U + jV )] =

{
H(y)ψ′(x)/2

√
2 = R1(z), z ∈ L1,

R0(x), x ∈ L0 = (0, 2),

u(0)=b0, Re[λ(z)(U+jV )]|z=z0
=H(y0)ψ

′(x0)/2
√

2=b1,

(2.20)

in which λ(z) = a(z) + jb(z) on L1 and λ(z) = 1 + j on L0 and R0(x) on
L0 is an undetermined real function. It is easy to see that the solution of
Problem A for (2.19) in D− can be expressed as

ξ = U(z) + V (z) = f(ν), η = U(z) − V (z) = g(µ),

U(z)=[f(ν) + g(µ)]/2, V (z)=[f(ν) − g(µ)]/2, i.e.

W (z)=U(z)+jV (z)=[(1+j)f(ν) + (1−j)g(µ)]/2,

where f(t), g(t) are two arbitrary real continuous functions on L0 = (0, 2).
For convenience, denote by the functions a(x), b(x), r(x) of x the functions
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a(z), b(z), r(z) of z in (2.20), thus (2.20) can be rewritten as

a(x)U(z)−b(x)V (z)=R1(x) on L1, U(x)−V (x)=R0(x) on L0, i.e.

[a(x)−b(x)]f(x−G(y))+[a(x)+b(x)]g(x+G(y))

= 2R1(x) on L1, U(x)−V (x)=R0(x) on L0, i.e.

[a(x)−b(x)]f(2x)+[a(x)+b(x)]g(0)=2R1(x), x ∈ [0, 1],

U(x) − V (x) = R0(x), x ∈ [0, 2], i.e.

[a(t/2)−b(t/2)]f(t)+[a(t/2)+b(t/2)]g(0)=2R1(t/2), t∈ [0, 2],

U(t) − V (t) = R0(t), t ∈ [0, 2],

where
(a(1) + b(1))g(0) = (a(1) + b(1))(U(z0) − V (z0))

= R1(1) − b1 = 0,

in which from the boundary condition (2.8), we have λ(z) = a(z)+ jb(z) =
(1 − j)/

√
2 on L1, hence [a(t/2)+b(t/2)]g(0) = 0, t ∈ [0, 2]. Moreover we

can derive

f(ν) = f(x−G(y)) =
2R1(ν/2) − (a(ν/2) + b(ν/2))g(0)

a(ν/2) − b(ν/2)
,

g(µ) = g(x+G(y)) = R0(µ),

U(z) =
1

2
{f(ν) +R0(µ)}, V (z) =

1

2
{f(ν) −R0(µ)},

if a(x) − b(x) 6= 0 on [0, 1]. From the above formula, it follows that

Re[(1+j)W (x)]=U(x)+V (x)=
2R1(x/2)−(a(x/2)+b(x/2))g(0)

a(x/2)−b(x/2)
,

Re[(1 − j)W (x)] = U(x) − V (x) = R0(x), x ∈ [0, 2],
(2.21)

if a(x) − b(x) 6= 0 on [0, 1]. Thus we obtain

W (z)=
1

2
{(1 + j)

2R1((x−G(y))/2)−M(x, y)

a((x −G(y))/2) − b((x −G(y))/2)
+ (1 − j)

×R0(x+G(y))},M(x, y)=[a((x−G(y))/2)+b((x−G(y))/2)]g(0)=0.
(2.22)
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In particular, we have

Re[(1 + i)(U(x) + iV (x))] = U(x) + V (x)

=
2R1(x/2) − [a(x/2) + b(x/2)]g(0)

a(x/2) − b(x/2)
on L0,

(2.23)

if R1(z) = 0 on L1, R̂0(x) = 0 on L0, then W (z) = U(z) + jV (z) = 0 in
D−. From (2.2), (2.7) and (2.22), the corresponding function u(z) in (2.17)
of the solution W (z) and f(ν), g(µ) satisfy the estimates

Cδ [u(z), D
−] + C1

δ [u(z), D−
ε ] ≤M1,

Cδ [f(x), L0∩D−
ε ]+Cδ[g(x), L0∩D−

ε ]≤M2,
(2.24)

in which L0 = (0, 2), D−
ε = D− ∩ Π2

l=1{|z − tl| > ε}(> 0)}, δ, ε are suf-
ficiently small positive constants, and Ml = Ml(δ, k0, k2, D

−
ε ) (l = 1, 2)

are positive constants. As stated in Subsection 2.1, we can assume that
R(z) = 0 on L1, b0 = b1 = 0 in (2.8), hence the estimates in (2.24) are true.

Next we find a solution of the Riemann-Hilbert boundary value problem
for the first equation of (2.19) in D+ with the boundary conditions (2.23)
and

Re[λ(z)(U(z)+iV (z))]=Reλ(z)U(z)+Imλ(z)V (z)=R(z) on Γ.

Noting that the index of the above boundary condition is K = −1/2, by
the method in [87]1), we know that the above Riemann-Hilbert problem
has a unique solution W (z) in D+, and then

U(x) − V (x) = Re[(1 − j)(U(x) + jV (x)] = R0(x) on L0

is determined. We mention that if ReW (x)=U(x)=0 on L0, then R0(x)=
R̃0(x) on L0. This shows that Problem A for equation (2.18) is uniquely
solvable, namely

Theorem 2.1 Problem A of equation (2.18) or system (2.19) in D has a

unique solution as stated in (2.22) satisfying the estimate (2.24).

The representation of solutions of Problem T for equation (2.1) is as
follows.

Theorem 2.2 Under Condition C, any solution u(z) of Problem T for
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equation (2.1) in D can be expressed as follows

u(z) = u(x) − 2

∫ y

0

V (z)dy

= 2Re

∫ z

0

[
Rew

H
+

(
i

−j

)
Imw]dz+b0 in

(
D+

D−

)
,

w[z(Z)] = Φ(Z) + Ψ(Z) = Φ̂(Z) + Ψ̂(Z) in D+
Z ,

Ψ(Z) = −2Re
1

π

∫ ∫

D+

t

g(t)/H

t− Z
dσt,

Ψ̂(Z) = −2iIm
1

π

∫ ∫

D+

t

g(t)/H

t−Z dσt in D+
Z ,

w(z) = φ(z) + ψ(z) = ξ(z)e1 + η(z)e2 in D−,

ξ(z) =

∫ µ

0

g1(z)

2H(y)
dµ = ζ(z) +

∫ y

0

g1(z)dy

=

∫

S1

g1(z)dy +

∫ y

0

g1(z)dy =

∫ ŷ

y1

ĝ1(z)dy, z ∈ s1,

η(z) = θ(z) +

∫ y

0

g2(z)dy, z ∈ s2,

gl(z)=Ãl(U+V )+B̃l(U−V )+2C̃lU+D̃lu+Ẽl, l=1, 2,

(2.25)

where U = Hux/2, V = −uy/2, Φ(Z), Φ̂(Z) are analytic functions in D+
Z =

Z(D+), here Z(z) = x+ iY = x+ iY (y) is a mapping from z(∈ D+) to Z,

ζ(z)=
∫
S1
g1(z)dy, ζ(z)e1+θ(z)e2 is a solution of (2.18) in D−, and s1, s2

are two families of characteristics in D−:

s1 :
dx

dy
=
√
−K(y)=H(y), s2 :

dx

dy
=−

√
−K(y)=−H(y) (2.26)

passing through z = x+jy ∈ D−, ξ(x)+η(x)=[U(x)+V (x)]+[U(x)−V (x)]=
2U(x) =H(0)ux = ζ(x)+ θ(x) = 0 on L0, ξ(z) =

∫ µ

0 [g1(z)/2H(y)]dµ is the

integral along characteristic curve s1 from a point z1 = x1 + jy1 on L1 to

the point z = x+ jy ∈ D, S1 is the characteristic curve from a point on L1

to a point on L0, θ(z) = −ζ(x +G(y)), and

W (z) = U(z) + jV (z) =
1

2
[Hux − juy],

ξ(z)=Reψ(z)+Imψ(z), η(z)=Reψ(z)−Imψ(z),

Ã1 = B̃2 =
1

2
(
hy

2h
− b), Ã2 = B̃1 =

1

2
(
hy

2h
+ b),



270 Elliptic, Hyperbolic and Mixed Complex Equations

C̃1 =
a

2H
+
m

4y
, C̃2 = − a

2H
+
m

4y
,

D̃1 = −D̃2 =
c

2
, Ẽ1 = −Ẽ2 =

d

2
,

(2.27)

in which we choose H(y) = [|y|mh(y)]1/2, h(y) is as stated in (2.14), and

dµ = d[x+G(y)] = 2H(y)dy on s1,

dν = d[x−G(y)]=−2H(y)dy on s2.

Proof From (2.14) it is easy to see that equation (2.1) in D can be reduced
to the system of integral equations: (2.25). Moreover we can extend the
equation (2.16) onto the the symmetrical domain D̂Z of DZ with respect
to the real axis ImZ = 0, namely introduce the function Ŵ (Z) as follows:

Ŵ (Z) =




W [z(Z)],

−W [z(Z)],
û(z) =




u(Z) in DZ ,

−u(Z) in D̂Z ,
(2.28)

and then the equation (2.16) is extended as

Ŵz̃ = Â1Ŵ + Â2Ŵ + Â3û+ Â4 = ĝ(Z) in DZ ∪ D̂Z , (2.29)

where

Âl(Z)=




Al(Z),

Ãl(Z),
l=1, 2, 3, Â4(Z)=




A4(Z),

−A4(Z),

ĝl(Z) =




gl(z) in D−

Z ,

−gl(Z) in D̂Z ,
l=1, 2,

here Ã1(Z)=A2(Z), Ã2(Z)=A1(Z), Ã3(Z) = A3(Z). It is easy to see that
the system of integral equations (2.25) can be written in the form

ξ(z)=ζ(z)+

∫ y

0

g1(z)dy=

∫ ŷ

y1

ĝ1(z)dy,

η(z) = θ(z) +

∫ y

0

g2(z)dy=

∫ ŷ

y2

ĝ2(z)dy,

ẑ = x+ jŷ = x+ j|y| in D̃Z ,

(2.30)
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where y1, y2 are the ordinates of intersection points of L1 and characteristics
lines of family s1 in (2.26) emanating from z = x1, x2(< x1) and L1, herein
x1, x2 are the intersection points of two characteristic lines s1, s2 passing
through z = x + jy ∈ D− and x−axis respectively. The function θ(z) is
determined by ζ(z), which can be defined by θ(z) = −ζ(z) = −ζ(x+G(y)),
for the extended integral, for convenience the above form ĝ2(z) is written,
later on the numbers ŷ − y1, t̂− y1 will be written by ỹ, t̃ respectively, and
for convenience |y| + δ is written as y, 0 ≤ |y| ≤ δ, herein δ is a small
positive number.

2.3 Existence of solutions of Tricomi problem for

degenerate equations of mixed type

In order to prove the existence of solutions of Problem T for equation (2.1)
with some conditions, we try to discuss the problem by using the complex
analytic method. As stated in Subsection 2.1, it suffices to discuss Problem
T̃ for (2.1), it is clear that Problem T̃ is equivalent to Problem Ã for the
complex equation

W¯̃z = A1(z)W +A2(z)W +A3(z)u+A4(z) in D, (2.31)

with the relation

u(z) =





2Re

∫ z

0

[
ReW (z)

H(y)
+ iImw(z)]dz + b0 in D+,

u(x) −
∫ y

0

ImW (z)dy in D−,

(2.32)

whereH(y) is as stated in (2.14), and the coefficients in (2.31) are as before,
and the boundary conditions

Re[λ(z)W (z)]=R(z) on Γ∪L1, u(0)=b0, Im[λ(z0)W (z0)]=b1, (2.33)

in which λ(z), R(z), z0, b0, b1 are as stated in (2.10), and R(z) = 0 on Γ∪L1,
b0 = b1 = 0. By Theorems 2.1 and 2.2, we see that Problem Ã can be
divided into two problems, i.e. Problem A1 of equation (2.31), (2.32) in D+

and Problem A2 of equation (2.31), (2.32) in D−, the boundary conditions
of Problems A1 and A2 are as follows:

Re[λ(z)W (z)] = 0 on Γ ∪ L0, u(0) = b0, (2.34)

and

Re[λ(z)W (z)]=R(z) on L1∪L0, Im[λ(z0)W (z0)]=0, (2.35)
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where λ(z) = i, R(x) = −R̂0(x) on L0 in (2.10), (2.34), R(z) = 0 on L1,
λ(z) = j, R(x) = R̃0(x) on L0, because ReW = H(y)ux/2 = 0 on L0,
1 + j can be replaced by j. From the result in Section 2, Chapter II,
we know that Problem A1 for equation (2.31), (2.32), (2.34) in D+ has a
unique solution W (z). Hence in the following we only prove the unique
solvability of Problem A2 for (2.31), (2.32), (2.35) in D−, which is the
Darboux type problem (see [12]3)). Actually after we find the solution
of the above Problem A2, the function uy on L0 is determined, then the
solution of Problem A1 can be found as stated before.

Theorem 2.3 If equation (2.31) satisfies Condition C and (2.36) below,

then there exists a unique solution [W (z), v(z)] of Problem A2 for (2.31),
(2.32), (2.35) in D−.

Proof Denote D0 = D−∩{a0 ≤ x ≤ b0}, where 0 < a0 = δ0 < b0 < 2−δ0,
and δ0 is a sufficiently small positive constant.

We consider v(z) = u(z)−u0(z) as stated in Subsection 2.1 and K(y) =
−|y|mh(y) as stated in (2.14). In order to find a solution of the system of
integral equations (2.25), we need to add the condition

a(x, y)|y|/H(y)=o(1), i.e. |a(x, y)|=ε(y)H(y)/|y|, m≥2, (2.36)

where ε(y) → 0 as y → 0 and max
D−

ε(y) ≤ ε0, ε0 is a positive number.
It is clear that for two characteristics s1, s2 passing through a point z =
x+jy ∈ D− and x1, x2 are the intersection points of the characteristics and
x−axis respectively, for any two points z̃1 = x̃1 +jỹ ∈ s1, z̃2 = x̃2 +jỹ ∈ s2,
we have

|x̃1 − x̃2| ≤ |x1 − x2| = 2 |
∫ y

0

√
−K(t)dt|

≤ 2k0

m+2
|y|1+m/2≤ k1

6
|y|m/2+1≤M |y|m/2+1,

|y|1+m/2 ≤ k0(m+ 2)

2
|x1 − x2|.

(2.37)

From Condition C, we can assume that the coefficients in (2.25) are con-
tinuously differentiable with respect to x ∈ L0 and satisfy the conditions

|Ãl|, |Ãlx|, |B̃l|, |B̃lx|, |D̃l|, |D̃lx|≤k0≤
k1

6
, |Ẽl|, |Ẽlx|≤

k1

6
,

2
√
h,

1√
h
, |hy

h
| ≤ k0 ≤ k1

6
in D̄, l = 1, 2,

(2.38)

and we shall use the constants
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M = 4 max [M1,M2,M3], M1 = max [8(k1d)
2,
M3

k1
],

M2 =
(2+m)k0d

δ2+m
[4k1+

4ε0+m

δ
], M3 =2k2

1[d+
1

2H(y′1)
],

γ = max [4k1dδ
β +

4ε(y) +m

2β′
] < 1, 0 ≤ |y| ≤ δ,

2dM0

N+1
≤γ, 2M

(M0|t̃|)n

n!
≤M ′γn, n=0, 1..., N,N+1, ...,

(2.39)

and Ml(l = 1, 2, 3) are positive constants as stated in (2.43)–(2.47) below, d
is the diameter of D, β′ = (1+m/2)(1−3β), ε0 = max

D−
ε(z), 1/2H(y′1) ≤

k0[(m+2)a0/k0]
−m/(2+m), δ, β are sufficiently small positive constants, and

y′1 is as stated in (2.43), N, M ′ are sufficiently large positive integer and
constant respectively. We choose v0 = 0, ξ0 = 0, η0 = 0 and substitute
them into the corresponding positions of v, ξ, η in the right-hand sides of
(2.25), and obtain

v1(z) = v1(x) − 2

∫ y

0

V0dy = v1(x) +

∫ y

0

(η0 − ξ0) dy,

ξ1(z)=ζ1(z) +

∫ y

0

g10(z)dy=ζ1(z)+

∫ y

0

Ẽ1dy=

∫ ŷ

y1

Ê1dy,

η1(z)=θ1(z) +

∫ y

0

g20(z)dy=θ1(z)+

∫ y

0

Ê2dy=

∫ ŷ

y1

Ê2dy,

gl0 =Ãlξ0 +B̃lη0 + C̃l(ξ0+η0)+D̃lv0+Ẽl =Ẽl, l=1, 2,

(2.40)

where z1 = x1 + jy1 is a point on L1, which is the intersection of L1

and the characteristic curve s1 passing through the point z = x + jy ∈
D−. By the successive approximation, we find the sequences of functions
{vk}, {ξk}, {ηk}, which satisfy the relations

vk+1(z)=vk+1(x)−2

∫ y

0

Vk(z)dy=vk+1(x)+

∫ y

0

(ηk − ξk)dy,

ξk+1(z) = ζk+1(z) +

∫ y

0

g1k(z)dy =

∫ ŷ

y1

ĝ1kdy,

ηk+1(z) = θk+1(z) +

∫ y

0

g2k(z)dy =

∫ ŷ

y1

ĝ2k(z)dy,

glk(z) = Ãlξk + B̃lηk + C̃l(ξk + ηk) + D̃lvk + Ẽl,

l = 1, 2, k = 0, 1, 2, ....

(2.41)
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Setting that g̃lk+1(z) = glk+1(z) − glk(z)(l = 1, 2), and

ỹ = ŷ − y1, t̃ = t̂− y1, ṽk+1(z) = vk+1(z) − vk(z),

ξ̃k+1(z)=ξk+1(z)−ξk(z), η̃k+1(z)=ηk+1(z)−ηk(z),

ζ̃k+1(z)=ζk+1(z)−ζk(z), θ̃k+1(z)=θk+1(z)−θk(z),

we shall prove that {ṽk}, {ξ̃k}, {η̃k}, {ζ̃k}, {θ̃k} in D0 satisfy the estimates

|ṽk(z)−ṽk(x)|, |ξ̃k(z)−ζ̃k(z)|, |η̃k(z)−θ̃k(z)|≤M ′γk−1|y|1−β, 0≤|y|≤δ,

|ξ̃k(z)|, |η̃k(z)|≤M(M2|ỹ|)k−1/(k − 1)!, y≤−δ, or M ′γk−1, 0≤|y| ≤δ,

|ξ̃k(z1)−ξ̃k(z2)−ζ̃k(z1)−ζ̃k(z2)|, |η̃k(z1)−η̃k(z2)−θ̃k(z1)−θ̃k(z2)|

≤M ′γk−1[|x1−x2|1−β +|x1−x2|β |y|β
′

], 0 ≤ |y| ≤ δ, |ṽk(z1)−ṽk(z2)|,

|ξ̃k(z1)−ξ̃k(z2)|,|η̃k(z1)−η̃k(z2)|≤M(M2|t̃|)k−1|x1−x2|1−β

/(k−1)!, y≤−δ, or M ′γk−1[|x1−x2|1−β +|x1−x2|β |t|β
′

], 0≤|y|≤δ,

|ξ̃k(z) + η̃k(z)−ζ̃k(z) − θ̃k(z)|≤M ′γk−1|x1−x2|β |y|β
′

, |ξ̃k(z)+η̃k(z)|

≤M(M2|ỹ|)k−1|x1−x2|1−β/(k−1)! or M ′γk−1|x1−x2|β |y|β
′

,
(2.42)

where z=x+jy, z=x+jt is the intersection point of two characteristics of
family s1 in (2.26) passing through two points z1, z2, β

′ = (1+m/2)(1−3β),
β, δ are appropriately small positive constants, such that (2+m)β < 1 and
γ = max−δ≤y≤0[4k1dδ

β + (4ε(y) + m)/2β′] < 1, d is the diameter of D,

|x1−x2|1−β ≤k0 δ
β |x1−x2|β |y|β

′ ≤|x1−x2|β |y|β
′

, if 0 ≤ |y| ≤ δ, and M ′ is
a sufficiently large positive constant as stated in (2.39) and (2.44) below.

In fact, from (2.40), it follows that the first formula with k = 1 holds,
namely

|ξ1(z) − ζ1(z)| ≤ |
∫ y

0

Ẽ1dt|≤|
∫ y

0

k1

2
dt| ≤ k1|y|

2
,

|ζ1(z)|= |
∫

S1

Ẽ1dt|≤|
∫

S1

k1

2
dt|≤ k1|y1|

2
, |ξ1(z)|≤

k1

2
|ỹ|≤M,

|η1(z)−θ1(z)|≤|
∫ y

0

Ẽ1dt|≤
k1|y|

2
, |θ1(z)|= |− ξ1(x+G(y))|≤ k1|y1|

2
,

|η1(z)| ≤ |θ1(z)| + |η1(z) − θ1(z)| ≤
k1

2
|ỹ| ≤M |ỹ|.
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From the first formula in (2.40) and the above formula, we can obtain

|v1(z)| ≤ 2dmax
D−

|ξ0(z) − η0(z)| ≤ 2k1d
2.

Moreover we can get

|ξ1(z1)−ξ1(z2)−ζ1(z1)+ζ1(z2)|≤|
∫ t

0

[Ẽ1(x1+jt)−Ẽ1(x2+jt)]dt|

≤ |
∫ t

0

|Ẽ1x||x1 − x2|dt| ≤
k1

2
|
∫ t

0

|x1 − x2|dt| ≤
k1

2
|t||x1 − x2|

≤ M3

4k1
|x1−x2|, |ζ1(z1)−ζ1(z2)|≤|

∫

S1

Ẽ1(z)dt−
∫

S′

1

Ẽ1(z)dt|

≤ |
∫

S2

Ẽ1x|x1−x2|dt| + |
∫

S3

Ẽ1x|x1−x2|dt| + |
∫

S4

Ẽ1

2H
dµ|

≤ |
∫ 0

y′

1

k1

2
(x1 − x2)dt| +

k1

2H(y′1)
|G(y′2) −G(y′1)|≤

k1

2
|y′1||x1−x2|

+
k1

4H(y′1)
|x1−x2|≤

k1|ỹ|[d+1/2H(y′1)]

2
|x1−x2|≤

M3|ỹ|
4k1

|x1−x2|

≤M |ỹ|
8k1

|x1−x2|, |ξ1(z1)−ξ1(z2)|, |η1(z1)−η1(z2)|≤
M3|ỹ|
2k1

|x1−x2|,

|ξ1(z) + η1(z) − ζ1(z) − θ1(z)| ≤ |
∫ y

0

[Ẽ1(z1) − Ẽ1(z2)]dt|

≤ |
∫ y

0

Ẽ1x[x1 − x2]dt|≤
k1|y|

2
|x1−x2|, |ζ1(z) + θ1(z)|

= |ζ1(z) − ζ1(x+G(y))| = |ζ1(x−G(y)) − ζ1(x+G(y))|

≤ M3|y1|
2k1

|x1 − x2|, |ξ1(z) + η1(z)| = |ξ1(z) + η1(z)

−ζ1(z) − θ1(z) + ζ1(z) + θ1(z)| ≤
M |ỹ|

4
|x1 − x2|, y ≤ −δ,

|ξ1(z) + η1(z) − ζ1(z) − θ1(z)|, |ξ1(z) + η1(z)|

≤ M |ỹ|
4

|x1−x2|β |y|β
′

, 0 ≤ |y| ≤ δ,

(2.43)
where z = x+ jy is the same as in (2.37) and (2.45) below, the meaning of
the integral

∫ µ

0
[Ẽ1/2H ]dµ is as stated in (2.25), M3 = 2k2

1[d + 1/2H(y′1)]
is a positive constant, S1, S

′
1 are two characteristics of family s1 in (2.26)

passing through two points z′2 = x′2 + jy′2, z
′′
1 = x′′1 + jy′′1 on L1 to two

points z′0 = x′0, z
′′
0 = x′′0 (< x′0) on L0, z1 = x1 + jt, z2 = x2 + jt are
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two points on S1, S
′
1 respectively, denote by z′1 = x′1 + jy′1 = x′1 + jy′′1 the

intersection of S1 and the line y = y′1 = y′′1 , it is clear that S1 = S2∪S3∪S4,
S2 = S1 ∩ {−δ ≤ y ≤ 0}, S3 = S1 ∩ {y′1 ≤ y ≤ −δ}, S4 = S1 ∩ {y < y′1},
and x′2 −G(y′2) = x′1 −G(y′1) = x′0, x

′′
1 −G(y′′1 ) = x′′0 , x1 − x2 = x′0 − x′′0 =

x′1 − x′′1 = 2(x′1 − x′2) = x′2 − x′′1 + G(y′′1 ) − G(y′2), i.e. G(y′′1 ) − G(y′2) =
x′1−x′2 = (x1−x2)/2 ≤ k0|y′0|(m+2)/2/(m+2), herein z′0 = (x′0+x′′0 )/2+jy′0
is the intersection of S1 and S2 emanating from the point z = x′′0 on L0,
and

|ṽ1(z)|= |v1(z)−v1(x)|≤M1|y|, |ξ̃1(z)−ζ̃1(z)|, |η̃1(z)−θ̃1(z)|≤M1|y|,

|ξ̃1(z)+η̃1(z)|= |ξ1(z)+η1(z)|≤M |x1−x2|/4, or M |ỹ||x1−x2|β|y|β
′

,

|ṽ1(z1) − ṽ1(z2)| = |v1(z1) − v1(z2)| ≤M |ỹ||x1−x2|,

|ξ̃1(z1) − ξ̃1(z2)| = |ξ1(z1) − ξ1(z2)| ≤M |ỹ||x1 − x2|,

|η̃1(z1) − η̃1(z2)| = |η1(z1) − η1(z2)| ≤M |ỹ||x1 − x2|.

In the following we use the inductive method, namely suppose the esti-
mates in (2.42) for k = n are valid, then we can prove that they are true for
k = n+1. In the following, we only give the estimates of ξ̃n+1(z1)−ξ̃n+1(z2),
ξ̃n+1(z) + η̃n+1(z), the other estimates can be similarly given. Firstly we
estimate the upper bound of |ξ̃n+1(z1)−ξ̃n+1(z2)|. Noting that

|Ã1(z1)ξ̃n(z1)−Ã1(z2)ξ̃n(z2)|≤|(Ã1(z1)−Ã1(z2))ξ̃n(z1)

+Ã1(z2)(ξ̃n(z1) − ξ̃n(z2))| ≤ k1M(M2|t̃|)n−1[|x1−x2|/6(n−1)!

+|x1−x2|1−β/6(n−1)!]≤k1M(M2|t̃|)n−1|x1−x2|1−β/3(n−1)!,

t≤−δ, and ≤ k1M
′γn−1[|x1−x2|/6+|x1−x2|β |t|β

′

/6],−δ≤ t≤0,

|C̃1(z1)(ξ̃n(z1) + η̃n(z1)) − C̃1(z2)(ξ̃n(z2) + η̃n(z2))|

≤ | 1

2H
|(a(z1) − a(z2))(ξ̃n(z1) + η̃n(z1))

+a(z2)(ξ̃n(z1) + η̃n(z1) − ξ̃n(z2) − η̃n(z2))|

+|m
4t

(ξ̃n(z1) + η̃n(z1) − ξ̃n(z2) − η̃n(z2))|

≤M(M2|t̃|)n−1

(n− 1)!

4ε(t) +m

2|t| |x1−x2|1−β , t≤−δ, and

≤M ′γn−1|x1 − x2|β
4ε(t) +m

2|t| |t|β′

, 0 ≤ |t| ≤ δ,
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from (2.41), we can get

|ξ̃n+1(z1) − ξ̃n+1(z2) − ζ̃n+1(z1) + ζ̃n+1(z2)|

= |
∫ t

0

[g̃1n(z1)−g̃1n(z2)]dt|≤|
∫ t

0

M ′γn−1[2k1|x1−x2|1−β+|x1−x2|β

×(2k1+
4ε(t)+m

2|t| )|t|β′

]dt|≤M ′γn−1[2k1|x1−x2|1−β |t|+|x1−x2|β

×(2k1|t| +
4ε(t) +m

2β′
)|t|β′

] ≤M ′γn|x1 − x2|β |t|β
′

, 0 ≤ |t| ≤ δ,

|ξ̃n+1(z1)−ξ̃n+1(z2)−
∫ t

−δ

[g̃1n(z1)−g̃1n(z2)]dt|= |
∫ −δ

y1

[g̃1n(z1)−g̃1n(z2)]dt|

≤ |
∫ −δ

y′

1

M(M2|t|)n−1

(n− 1)!
[k1 +

4ε(t) +m

2|t| ]|x1 − x2|1−βdt|

+|
∫

S4

M(M2|t|)n−1

(n− 1)!
[k1 +

4ε(t) +m

2|t| |x1 − x2|1−β]dt|

≤MMn−1
2 |t̃|n

(n− 1)!
[
M2

2n
+

2k1 + (4ε0 +m)/δ

2n
]|x1 −x2|1−β

≤M [
(M2|t̃|)n

2n!
+

(M2|t̃|)n

2n!
]|x1−x2|1−β ≤M(M2|t|)n

n!
|x1−x2|1−β

≤M ′γn

2
|x1 − x2|1−β ≤ M ′γn

2
|x1 − x2|β|y|β

′

, 0 ≤ |t| ≤ δ,

|
∫ t

y1

[g̃1n(z1)−g̃1n(z2)]dt|≤
M(M2|t|)n

n!
|x1−x2|1−β , t ≤ −δ,

(2.44)
where t̃ = |t| − y1, M2 is as stated in (2.39), δ, β are sufficiently small
positive constants, x1, x2 are the intersection points of two characteristics
s1, s2 passing through a point z = x + jt ∈ D− and x−axis, and we
use |x1 − x2|1−2β ≤ k0 δ

β |y|β′ ≤ |y|β′

, if 0 ≤ |y| ≤ δ. Similarly to the

integral
∫ y

0 [g̃1n(z1) − g̃2n(z2)]dy, the estimates of
∫ |y|

−δ [g̃1n(z1)− g̃2n(z2)]dy

and
∫ 0

−δ
[g̃1n(z1)− g̃2n(z2)]dy can be obtained. It is obvious that there ex-

ists a sufficiently large positive integer N such that 2dM2/(N + 1) ≤ γ,
it remains that we can discuss the problem only for n ≤ N . But
the constant M can be replaced by a sufficiently large positive constant
M ′ = 2M max0≤n≤N (2dM2)

n/(n!γn), then we have 2M(M2|t̃|)n/n! ≤
M ′γn ≤M ′, n = 1, 2, .... Secondly we consider

I=I1+I2, I2 = ζ̃n+1(z)+θ̃n+1(z)= ζ̃n+1(x−G(y)) − ζ̃n+1(x+G(y)),

I1 = ξ̃n+1(z)+η̃n+1(z)−ζ̃n+1(z)−θ̃n+1(z),
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noting that

|Ã1(z1)ξ̃n(z1) + Ã2(z2)ξ̃n(z2) + B̃1(z1)η̃n(z1) + B̃2(z2)η̃n(z2)|

≤|[Ã1(z1) − Ã1(z2)]ξ̃n(z1) + [Ã1(z2) + Ã2(z2)]ξ̃n(z1)

+Ã2(z2)[ξ̃n(z2) − ξ̃n(z1)] + [B̃1(z1) − B̃1(z2)]η̃n(z1)

+[B̃1(z2) + B̃2(z2)]η̃n(z1) + B̃2(z2)[η̃n(z2)−η̃n(z1)]|

≤ k1Mγn−1(|x1−x2|1−β +|x1−x2|β |t|β
′

)/2 = I3,

|C̃1(z1)(ξ̃n(z1)+η̃n(z1))+C̃2(z2)(ξ̃n(z2)+η̃n(z2))|

= |C̃2(z2)[ξ̃n(z2)+η̃n(z2)+ξ̃n(z1)+η̃n(z1)]+[C̃1(z1)−C̃2(z2)]

×[ξ̃n(z1)+η̃n(z1)]|≤Mγn−1|x1−x2|β(
2ε(t)

|t| +
m

2|t| )|t|
β′

=I4,

if 0 ≤ |y| ≤ δ, and then the inequalities

|I1| = |
∫ y

0

[g̃1n(z1) + g̃2n(z2)]dt|

≤ |
∫ y

0

M ′γn−1[2k1|x1−x2|1−β +|x1−x2|β(2k1+
4ε(t)+m

2|t| )|t|β′

]dt|

≤M ′γn−1[2k1|x1−x2|1−β |y|+|x1−x2|β(2k1|y|+
4ε(y)+m

2β′
)|y|β′

]

≤M ′γn|x1−x2|β |y|β
′

, |I |= |
∫ y

0

[g̃1n(z)+g̃2n(z)]dy+ζ̃n+1(z)+θ̃n+1(z)|

= |
∫ y

y1

[g̃1n(z) + g̃2n(z)]dy| ≤M ′γn|x1 − x2|β |y|β
′

, 0 ≤ |y| ≤ δ,

(2.45)
can be derived, where z = x + jy, and the estimate of |I2| is used by the
same way in (2.44). Moreover we can obtain the estimate

|I |= |
∫ y

y1

[g̃1n(z)+g̃2n(z)]dy|≤|
∫ y

y1

M(M2|ỹ|)n−1

(n− 1)!

(2 +m)k0

δ2+m
|x1−x2|1−β

×[6k0d+
4ε(t) +m

2|t| ]dt| ≤ |
∫ y

y1

M(M2|ỹ|)n−1

(n− 1)!

(2 +m)k0

δ2+m
|x1 − x2|1−β

×[2k1d+
4ε(t) +m

2δ
]dt| ≤M

(M2|ỹ|)n

n!
|x1 − x2|1−β, y ≤ −δ,

similarly to (2.43), where x1, x2 are the intersection points of the charac-
teristic curves s1, s2 passing through a point z = x+ jy ∈ D− and x−axis
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respectively, and we use |x1 −x2|β−1 ≤ (2 +m)k0δ
−2−m if y ≤ −δ. Finally

we estimate

II = II1 + II2, II1 = ξ̃n+1(z) − ζ̃n+1(z)=

∫ y

0

g̃1n(z)dy

=

∫ y

0

[Ãlξ̃n + B̃lη̃n + C̃l(ξ̃n + η̃n) + D̃lṽn]dy, z ∈ s1,

and can get

|II1|= |
∫ y

0

g̃1n(z)dt|≤|
∫ y

0

M ′γn−1d[k1+
2ε(t)+m

4|t| |t|β′

]dt|

≤M ′γn−1d[k1|y|+
2ε(y)+m

4β′
|y|β′

]≤M ′ γ
n

2
|y|1−β, 0≤|y|≤δ,

|II2|= |ζ̃n+1(x+G(y))|≤|
∫ 0

−δ

g̃1ndt|+|
∫ −δ

y1

M
(M2|t̃|)n−1

(n− 1)!

×[k1d+
2ε0+m

4δ
d]dt|≤ 1

2
[M ′γn+M

(M2d)
n

n!
],

|II | ≤ |II1 + II2| ≤M
(M2|ỹ|)n

n!
, y ≤ −δ.

(2.46)

In addition similarly to (2.46), we consider

III = III1 + III2, III2 = θ̃n+1(z) = −ζ̃n+1(x+G(y)),

III1 = η̃n+1(z) − θ̃n+1(z) =

∫ y

0

g̃2n(z)dy, z ∈ s2,

and can obtain

|III2|= |ζ̃n+1(x+G(y))|≤ 1

2
[M ′γn+M

(M2d)
n

n!
],

|III1|= |
∫ y

0

g̃2n(z)dy|≤M ′

2
γn|y|1−β, 0≤|y|≤δ,

|III | = |III1 + III2| ≤M
(M2|ỹ|)n

n!
, y ≤ −δ.

(2.47)

Here we mention that the functions ξ̃n−1(z), ξ̃n−1(z) + η̃n−1(z), η̃n−1(z)
can be successively chosen.

On the basis of the estimate (2.42), the convergence of two sequences
{M(M2|ỹ|)k/k!}, {M ′γk|y|β′}, and the comparison test, we can see that
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from {vk(z)}, {ξk(z)}, {ηk(z)}, there exist the subsequences {vl
k(z)},

{ξl
k(z)}, {ηl

k(z)}, which uniformly converge to v∗(z), ξ∗(z), η∗(z) in

Dl = D− ∩ {|z| > 1/l} ∩ {|z − 2| > 1/l}, l = 1, 2, ...

satisfying

v∗(z) = v∗(x) − 2

∫ y

0

V∗dy = v∗(x) +

∫ y

0

(η∗ − ξ∗)dt,

ξ∗(z)=ζ∗(z)+

∫ y

0

[Ã1ξ∗+B̃1η∗+C̃1(ξ∗+η∗)+D̃1u∗+Ẽ1]dt, z∈s1,

η∗(z)=θ∗(z)+

∫ y

0

[Ã2ξ∗+B̃2η∗+C̃2(ξ∗+η∗)+D̃2u∗+Ẽ2]dt, z∈s2,

and the function [W∗(z), v∗(z)] = [(ξ∗+η∗+jξ∗−jη∗)/2, v∗(z)] is a solution
of Problem A2 for equation (2.31) in Dl. Moreover from {vl

k(z)}, {ξl
k(z)},

{ηl
k(z)}, we can choose the diagonal subsequence {vl

l(z)}, {ξl
l(z)}, {ηl

l(z)}
in Dl, the limits of which are v∗(z), ξ∗(z), η∗(z) in D−\{0, 2} respectively,
thus u(z) = v∗(z)+u0(z) is a solution of Problem T for (2.1) in D−∩{0, 2}.
Hence the solution u(z) of Problem T in D− is obtained. In addition the
boundary value u0y(x) = −2ImW of the solution u0(z) of Problem T on L0

can be as a part of boundary value of Problem A1, we can find the solution
of Problem A1 in D+. Thus the function u(x) on L0 about Problem A2 is
obtained. Hence the existence of solutions of Problem T for equation (2.1)
is proved.

From the above discussion, we obtain the following theorem.

Theorem 2.4 Let equation (2.1) satisfy Condition C and (2.36). Then

the Tricomi problem (Problem T ) for (2.1) is solvable.

In the following we shall prove the uniqueness theorem of Problem T for
equation (2.1).

Theorem 2.5 Under the same conditions as in Theorem 2.4, Problem T
for (2.1) has at most one solution in D.

Proof Let u1(z), u2(z) be any two solutions of Problem T for (2.1). By
Theorem 2.2, it is easy to see that u(z) = u1(z)−u2(z) and w(z) = H(y)uz̃

satisfy the homogeneous equation and boundary conditions

wZ = A1w +A2w +A3u in D,

Re[λ(z)w(z)]=0, z∈Γ∪L1, u(0)=0.
(2.48)
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Now we verify that the above solution u(z) ≡ 0 in D+. If the maximum
M = maxD u(z)> 0, it is clear that the maximum point z∗ 6∈ D ∪ Γ, and
then z∗ = x∗ ∈ L0 = (0, 2). Denote by U(x∗) = {|z − x∗| < ε (> 0)} a
neighborhood of x∗, noting that ux, uy in U(x∗) ∩ {y ≥ 0} are continuous
and U(x) = H(0)ux/2 = 0 on L0 on the x−axis, we can symmetrically
extend W (z) from U(x∗) ∩ {y > 0} onto the symmetrical domain U(x∗) ∩
{y < 0} about Imz = y = 0, according to Theorem 2.2 and the property
of integral 2iImT [g(Z)/H(ImZ)] over U(x∗) (see Lemma 2.1, Chapter I),
we know that ReW [z(Z)] = ReΦ̂(Z) = H(y)ux/2 in U(x∗) ∩ {y > 0}
is a harmonic function with the condition ReW (x) = H(y)ux/2 = 0 on
U(x∗) ∩ {y = 0}, hence

H(y)ux =

∞∑

k,l=0

ckl(x− x∗)
kY l = Y F,

where F is a continuous function in U(x∗), and then we have ux =
O(Y 2/(m+2)F ) in U(x∗) ∩ {y ≥ 0} and ux = 0 on U(x∗) ∩ {y = 0}, this
shows that u(x) = M on U(x∗)∩{y = 0}, from this we can derive u(x) = M
on L0, this contradicts u(0) = 0. Hence max

D+ u(z) = 0. Similarly we can

verify min
D+ u(z) = 0. Thus u(z) = 0 in D+. Moreover similarly to the

proof of Theorem 6.1, Chapter III, we have u(z) = 0 in D−. Therefore
u(z) = 0, u1(z) = u2(z) in D.

From the above discussion, we obtain the following theorem.

Theorem 2.6 Let equation (2.1) satisfy Condition C and the condition

(2.36). Then the Tricomi problem (Problem T ) for (2.1) has a unique so-

lution.

In [74] M. M. Smirnov mainly investigated the unique solvability of
Tricomi problem for the Chaplygin equation, i.e. equation (2.1) with a =
b = c = d = 0 in D. In [76]3), H. S. Sun discussed the uniqueness and
existence of solutions of homogeneous Tricomi problem for general equation
of mixed type with parabolic degenerate line, but he assumes that the
coefficients of (2.1) satisfy some stronger conditions, for instance b ≥ 0, c ≤
0, Ky − amaxL2

√
−K > 0, cy − maxL2

√
−Kcx ≤ 0 in D, and the inner

angles of elliptic domain D+ at z = 0, 2 are less than π/2.

Finally we mention that the coefficients K(y) in equation (2.1) can
be replaced by the function K(x, y) with some conditions, for instance
K(x, y) = sgny|y|mh(x, y), m is a positive number, and h(x, y) is a contin-
uously differentiable positive function. Besides if the boundary condition
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(2.6) is replaced by the boundary conditions

u(z) = φ(z) on Γ, u(x) = ψ(x) on L2,

where the coefficients of the above boundary condition satisfy the conditions
similar to those in (2.7), i.e.

C2
α[φ(z),Γ]≤k2, C

2
α[ψ(x),L2]≤k2, φ(2)=ψ(2),

in which α (0<α< 1), k2 are positive constants, then we can also discuss
by the similar method.

3 The Discontinuous Oblique Derivative Problem for

Second Order Degenerate Equations of Mixed Type

In [12]1),3), the author posed and discussed the discontinuous Tricomi prob-
lem of a special second order equation of mixed type without degenerate
line. The present section deals with the discontinuous oblique derivative
problem (general boundary value problem) for second order linear equations
of mixed (elliptic-hyperbolic) type with parabolic degeneracy. Firstly, we
give the formulation of the above boundary value problem, and then prove
the existence of solutions for the above problem, in which the complex
analytic method is used.

3.1 Formulation of discontinuous oblique derivative

problem for equations of mixed type

Let D be a simply connected bounded domain in the complex plane C with
the boundary ∂D = Γ∪L, where Γ(⊂ {y > 0}) ∈ C2

µ (0 < µ < 1) is a curve
with the end points z = 0, 2, and L = L1 ∪ L2, where

L1 ={x+

∫ y

0

√
|K(t)|dt=0, x∈ [0, 1]},

L2 ={x−
∫ y

0

√
|K(t)|dt=2, x∈ [1, 2]},

(3.1)

K(y) = sgny|y|mh(y) is as stated in Section 2. Denote D+ = D ∩ {y >
0}, D− = D∩{y < 0}. Similarly to Section 2, there is no harm in assuming
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that the boundary Γ of the domain D+ is a smooth curve with the form
x − G̃(y) = 0 and x + G̃(y) = 2 near the points z = 0 and 2 respectively
as stated in Section 2. Denote D+ = D ∩ {y > 0}, D− = D ∩ {y < 0}.
Consider second order linear equation (2.1) of mixed type with parabolic
degeneracy, i.e.

Lu = K(y)uxx + uyy + a(x, y)ux + b(x, y)uy

+c(x, y)u = −d(x, y) in D.
(3.2)

Denote H(y) =
√
|K(y)|, and suppose that the coefficients of (3.2) satisfy

Condition C, namely

L∞[η,D+]≤k0, η=a, b, c, L∞[d,D+]≤k1, c≤0 in D+,

Ĉ [a,D−] = [a,D−] + C[ax, D−] ≤ k0,

Ĉ[b,D−] ≤ k0, Ĉ[c,D−] ≤ k0, C̃ [d,D−]≤k1,

(3.3)

in which k0, k1 are positive constants. Let the functions a(z), b(z), r(z) be
continuous functions on Γ and λ(z) = a(z)+ib(z) with the condition |a(z)|+
|b(z)| 6= 0. Moreover there exist n points E1 = a1, E2 = a2, ..., En = an on
the segment AB = [0, 2] and E0 = 0, En+1 = 2, where a0 = 0 < a1 < a2 <
... < an < an+1 = 2. Denote by A = A0 = 0, A1 = a1/2− j|(−G)−1(a1/2)|,
A2 = a2/2 − j|(−G)−1(a2/2)|, ..., An = an/2 − j|(−G)−1(an/2)|, An+1 =
C = 1−j|(−G)−1(1)| and B1 = 1−j|(−G)−1(1)|+a1/2+j|(−G)−1(a1/2)|,
B2 = 1−j|(−G)−1(1)|+a2/2+j|(−G)−1(a2/2)|, ..., Bn = 1−j|(−G)−1(1)|+
an/2 +j|(−G)−1(an/2)|, Bn+1 = B = 2 on the segments AC, CB respec-

tively. Besides we denote D−
1 = D−∩{∪[n/2]

l=0 (a2l ≤ x−G(y) ≤ a2l+1)}, D−
2

= D− ∩ {∪[(n+1)/2]
l=1 (a2l−1 ≤ x +G(y) ≤ a2l)} and D̃−

2l+1 = D− ∩ {a2l ≤ x

−G(y) ≤ a2l+1}, l = 0, 1, ..., [n/2], D̃−
2l = D− ∩ {a2l−1 ≤ x + G(y) ≤

a2l}, l = 1, ..., [(n + 1)/2], and D+
∗ = D+\Z0, D

−
∗ = D−\Z0, Z0 =

{a0, a1, ..., an, an+1}, and D∗ = D+
∗ ∪D−

∗ .

The discontinuous oblique derivative boundary value problem for equa-
tion (3.2) may be formulated as follows:

Problem P Find a continuous solution u(z) of (3.2) in D̄, where ux, uy

are continuous in D∗ = D+
∗ ∪D−

∗ and satisfy the boundary conditions

2
∂u

∂ν
=

1

H(y)
Re[λ(z)uz̃] = Re[Λ(z)uz̃] = r(z), z ∈ Γ,

2
∂u

∂ν
=

1

H(y)
Re[λ(z)uz̃]=Re[Λ(z)uz]=r(z), z∈L3 =

[n/2]∑

l=0

A2lA2l+1,



284 Elliptic, Hyperbolic and Mixed Complex Equations

2
∂u

∂ν
=

1

H(y)
Re[λ(z)uz̃] = r(z), z ∈ L4 =

[(n+1)/2]∑

l=1

B2l−1B2l, (3.4)

1

H(y)
Im[λ(z)uz̃]|z=A2l+1

=c2l+1, l∈Z={0, 1, ..., [n
2
]}, u(0)=b0,

1

H(y)
Im[λ(z)uz̃]|z=B2l−1

=c2l, l∈Z ′={1, ..., [n+1

2
]}, u(2)=b1,

(3.5)

in which ν is a vector at every point on Γ ∪ L3 ∪ L4, bl (l = 0, 1), cl (l =
1, ..., n + 1) are real constants, Λ(z) = a(z) + ib(z) = cos(ν, x) −
i cos(ν, y), z ∈ Γ, Λ(z) = a(z) + jb(z) = cos(ν, x) + j cos(ν, y), z ∈ L3 ∪L4,
the functions λ(z), r(z) and the constants bl (l = 0, 1), cl (l = 1, ..., n + 1)
satisfy the conditions

C1
α[λ(z),Γ] ≤ k0, C

1
α[r(z),Γ] ≤ k2, C

1
α[λ(x), Ll] ≤ k0,

C1
α[r(x), Ll]≤k2, l = 3, 4, cos(ν, n)≥0 on Γ∪L3∪L4,

|bl| ≤ k2, l = 0, 1, |cl| ≤ k2, l = 1, ..., n+ 1,

max
z∈L3

1

|a(x) − b(x)| ≤ k0, max
z∈L4

1

|a(x) + b(x)| ≤ k0,

(3.6)

where n is the outward normal vector at every point on Γ, λ(z), r(z) are
replaced by λ(x), r(x) on L3 ∪ L4, and α (0 < α < 1), k0, k2 are positive
constants. Moreover we give the some definition: Denote by λ(tl − 0) and
λ(tl+0) the left limit and right limit of λ(z) as z → tl = al (l = 0, 1, ..., n+1)
on Γ ∪ L0 (L0 = (0, 2)), and

eiφl =
λ(tl − 0)

λ(tl + 0)
, γl =

1

πi
ln
λ(tl − 0)

λ(tl + 0)
=
φl

π
−Kl,

Kl =

[
φl

π

]
+ Jl, Jl = 0 or 1, l = 0, 1, ..., n+1,

(3.7)

in which [a] is the largest integer not exceeding the real number a, λ(z) =

exp(iπ/2) on L0 ∩D−
1 ,

λ(a2l + 0) = λ(a2l+1 − 0) = exp(iπ/2), l = 0, 1, ..., [n/2],

and λ(z) = exp(iπ/2) on L0 ∩D−
2 ,

λ(a2l−1 + 0) = λ(a2l − 0) = exp(iπ/2), l = 1, ..., [(n+ 1)/2],
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where 0 ≤ γl < 1 when Jl = 0, and −1 < γl < 0 when Jl = 1 (l =
0, 1, ..., n+ 1), and

K =
1

2
(K0 +K1 + · · · +Kn+1) =

n+1∑

l=0

(
φl

2π
− γl

2

)
(3.8)

is called the index of Problem P . Similarly to Section 3, Chapter II, we can
choose K = 0 on Γ. Here we can assume that −1/2 ≤ γj < 1/2 (j = 1, 2).
Besides similarly to Section 2, Chapter II, we require that the solution u(z)
in D+ satisfies the conditions

uz = O(|Z − zl|−ηl), Z = x+ iG(y), l = 0, 1, ..., n+ 1, (3.9)

in the neighborhood Dl of al (1≤ l≤n) in D+, where ηl =2δ, if γl ≥ 0 (l =
0 or n+ 1), ηl =max (0,−2γl) (l = 0 or n+ 1), ηl =1 (l=1, ..., n). and δ is a
sufficiently small positive number. Now we choose K0 = · · · = Kn+1 = 0,
then K = 0. If cos(ν, n) = 0 on Γ, we can choose K0 = −1,K1 = · · · =
Kn+1 = 0, and the index K = −1/2, in this case, the last point condition
in (3.5) should be cancelled. If we consider Re[λ(z)(U + jV )] = 0 on L0,
where λ(z) = 1, then γ0 = −1/2, γ2 = · · · = γn = 0, γn+1 = −1/2, K = 0,
and we need the last point condition in (3.5) such that the boundary value
problem in D+ is well-posed.

Furthermore, we need to introduce another oblique derivative boundary
value problem.

Problem Q If c = 0 in equation (3.2), we find a continuously differen-
tiable solution u(z) of (3.2) in D∗, which is continuous in D̄ and satisfies
the boundary conditions (3.4), (3.5), but the last point conditions in (3.5)
are replaced by

1

H(y)
Im[λ(z)uz̃]|z=z′

0
= b1, (3.10)

where z′0(6∈ Z0) ∈ Γ is a point, b1 is a real constant, in this case we do not
assume cos(ν, n) ≥ 0 on Γ.

Similarly to Subsection 2.1, there is no harm in assuming that the bound-
ary condition in (3.4),(3.5) (or (3.10)) is the homogeneous boundary con-
dition, because we can find two twice continuously differentiable functions

u±0 (z) in D
±

, and then consider the functions v(z) = v±(z) = u(z)−u±0 (z)

in D
±

.
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3.2 Representation of solutions of discontinuous

oblique derivative problem for mixed equations

In this section, we first write the complex form of equation (3.2). Denote

Y = G(y) =

∫ y

0

H(y)dy = ± 2

m+ 2
|y|(m+2)/2,

whereH(y) = |y|m/2, m is a positive number, and similarly to (2.12)-(2.16),
we have

W (z)=U+iV =
1

2
[H(y)ux−iuy]=uz̃ =

H(y)

2
[ux−iuY ]=H(y)uZ ,

H(y)WZ =
H(y)

2
[Wx + iWY ] =

1

2
[H(y)Wx + iWy] = Wz̃ in D+,

W (z)=U+jV =
1

2
[H(y)ux−juy]=uz̃ =

H(y)

2
[ux−juY ]=H(y)uZ ,

H(y)WZ = W¯̃z = He1(U + V )µ +He2(U − V )ν

=
e1
4
{[ a
H

+
Hy

H
−b](U+V )+[

a

H
+
Hy

H
+b](U−V )+cu+d}

+
e2
4
{[ a
H

−Hy

H
−b](U+V )+[

a

H
−Hy

H
+b](U−V )+cu+d},

H(U + V )µ =
1

4
{[ a
H

+
Hy

H
− b](U + V )

+[
a

H
+
Hy

H
+ b](U − V ) + cu+ d},

H(U − V )ν =
1

4
{[ a
H

− Hy

H
− b](U + V )

+[
a

H
− Hy

H
+ b](U − V ) + cu+ d} in D−,

(3.11)
in which Z = x + iG(y) in D+, and Z = x + jG(y) in D−, thus we can
obtain

W¯̃z = A1(z)W +A2(z)W +A3(z)u+A4(z) in D,

A1 =





1

4
[− a

H
+
iHy

H
− ib],

1

4
[
a

H
+
jHy

H
− jb],

A2 =





1

4
[− a

H
+
iHy

H
+ ib],

1

4
[
a

H
+
jHy

H
+ jb],
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A3 =





− c

4
,

c

4
,

A4 =





−d
4

in D+,

d

4
in D−.

(3.12)

In particular, the complex equation

W¯̃z = 0, i.e. WZ = 0 in D (3.13)

can be rewritten in the system

WZ = 0 in D+
Z ,

(U+V )µ =0, (U−V )ν =0 in D−
τ .

(3.14)

The boundary value problem for equations (3.12) with the boundary con-
dition (3.4), (3.5) or (3.10) (W (z) = uz̃) and the relation

u(z) =





2Re

∫ z

0

[
Rew(z)

H(y)
+ iImw(z)]dz + b0 in D+,

2Re

∫ z

0

[
Rew(z)

H(y)
− jImw(z)]dz + b0 in D−,

(3.15)

will be called Problem A or B.

Now, we give the representation of solutions for the discontinuous oblique
derivative problem (Problem Q) for equation (3.2) in D. For this, we first
discuss the Riemann-Hilbert problem (Problem B) for the second system
of (3.14) in D− with the boundary conditions

Re[λ(z)(U+jV )]=

{
H(y)r(z) = R1(z), z ∈ L3 ∪ L4,

R0(x), x∈L0 ={L0∩D−
1 }∪{L0∩D−

2 },

Im[λ(z)(U+jV )]|z=A2l+1
=H(ImA2l+1)c2l+1=c

′
2l+1, l=0, 1, ..., [n/2],

Im[λ(z)(U+jV )]|z=B2l−1
=H(ImB2l−1)c2l =c

′
2l, l = 1, ..., [(n+1)/2],

(3.16)
in which λ(z) = a(z) + jb(z) on L1 and λ(z) = 1 + j on L′

0 = L0∩D−
1 ,

λ(z) = 1− j on L′′
0 = L0∩D−

2 , and R0(x) is an undetermined real function.
It is clear that the solution of Problem B for (3.14) in D− can be expressed
as

ξ = U(z) + V (z) = f(ν), η = U(z) − V (z) = g(µ),

U(z) = [f(ν) + g(µ)]/2, V (z) = [f(ν) − g(µ)]/2, i.e.

W (z) = U(z) + jV (z) = [(1 + j)f(ν) + (1 − j)g(µ)]/2,

(3.17)
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where f(t), g(t) are two arbitrary real continuous functions on [0, 2]. For
convenience, sometimes we denote by the functions a(x), b(x), r(x) of x the
functions a(z), b(z), r(z) of z in (3.16), thus (3.16) can be rewritten as

a(x)U(z) − b(x)V (z) = H(y)r(x) = R1(x) on L3 ∪ L4,

U(x)−V (x)=R0(x) on L′
0, U(x)+V (x)=R0(x) on L′′

0 ,

[(a(z) − jb(z))(U(z) + jV (z))]|z=A2l+1
= R1(ReA2l+1) + jc′2l+1,

l = 0, 1, ..., [n/2],

[(a(z) − jb(z))(U(z) + jV (z))|z=B2l−1
= R1(ReB2l−1) + jc′2l,

l = 1, ..., [(n+ 1)/2].

From the above formulas, we have

[a(x) − b(x)]f(2x) + [a(x) + b(x)]h2l = 2R1(x) on L3,

[a(x)−b(x)]h2l−1+[a(x)+b(x)]g(2x−2)=2R1(x) on L4,

Im[λ(z)uz̃]|z=A2j+1
=R1(ReA2l+1)+jc

′
2l+1, l=0, 1,..., [n/2],

Im[λ(z)uz̃]|z=B2j−1
=R1(ReB2l−1)+jc

′
2l, l=1,..., [(n+1)/2],

[a(ReA2l+1) + b(ReA2l+1)]h2l = [a(ReA2l+1) + b(ReA2l+1)][U(A2l+1)

−V (A2l+1)] = R1(ReA2l+1) − c′2l+1 or 0, l = 0, 1, ..., [n/2],

[a(ReB2l−1)−b(ReB2l−1)]h2l−1 =[a(ReB2l−1) − b(ReB2l−1)][U(B2l−1)

+V (B2l−1)] = R1(ReB2l−1) + c′2l or 0, l = 1, ..., [(n+ 1)/2].
(3.18)

The above formulas can be rewritten as

f(x−G(y)) =
2R1((x −G(y))/2)

a((x−G(y))/2) − b((x−G(y))/2)

− [a((x−G(y))/2) + b((x−G(y))/2)]h2l

a((x −G(y))/2) − b((x−G(y))/2)
in D−

1 ,

g(x+G(y)) =
2R1((x+G(y))/2 + 1)

a((x+G(y))/2 + 1) + b((x+G(y))/2 + 1)

− [a((x+G(y))/2 + 1) − b((x+G(y))/2 + 1)]h2l−1

a((x+G(y))/2 + 1)+b((x+G(y))/2 + 1)
in D−

2 .
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In particular we have

R̃0(x)=





f(x)=
2R1(x/2)−[a(x/2)+b(x/2)]h2l

a(x/2)−b(x/2)
on L′

0,

g(x)=
2R1(x/2+1)−[a(x/2+1)−b(x/2+1)]h2l−1

a(x/2 + 1) + b(x/2 + 1)
on L′′

0 .

(3.19)
Thus the solution w(z) of (3.13) can be expressed as

W (z) = f(x−G(y))e1 + g(x+G(y))e2

=
1

2
{f(x−G(y))+g(x+G(y))+j[f(x−G(y))−g(x+G(y))]},

(3.20)

where f(x − G(y)), g(x + G(y)) are as stated in the above formula and
h2l−1, h2l are as before.

Next we find a solution of the Riemann-Hilbert boundary value problem
(Problem B) for equation (3.13) in D+ with the boundary conditions

Re[λ(z)(U(x)+iV (x))] = R1(z) on Γ, u(0)=b0,

Re[λ(z)(U(x) + iV (x))]= R̃0(x) on L′
0 ∪ L′′

0 ,

Im[λ(z)(U(x) + iV (x))]|z=z′

0
=H(Imz′0)b1 = b′1,

(3.21)

where λ(z) = 1 + i on L′
0, λ(z) = 1 − i on L′′, R̃0(x) is as stated in (3.19).

Noting that the index of the above boundary condition is K = 0, by the
result in Section 1, Chapter I, we know that the above Riemann-Hilbert
problem has a unique solution W (z) in D+, and then the functions

U(x) − V (x) = Re[(1 − j)(U(x) + jV (x)] = R0(x) on L0∩D−
1 ,

U(x) + V (x) = Re[(1 + j)(U(x) + jV (x)] = R0(x) on L0∩D−
2 ,

are determined. This shows that Problem B for equation (3.13) is uniquely
solvable, namely

Theorem 3.1 Problem B of equation (3.13) or system (3.14) in D has a

unique solution as stated in (3.20), and the solution satisfies the estimates

Cδ [u(z), D
−] + C1

δ [u(z), D−
ε ] ≤M1

Cδ [f(x), L0∩D−
ε ]+Cδ[g(x), L0∩D−

ε ]≤M2,
(3.22)

in which H(y) = |y|m/2, ν = x − G(y), µ = x + G(y), u(z) is the corre-

sponding function determined by (3.15), W (z) is as stated in (3.20), D−
ε =



290 Elliptic, Hyperbolic and Mixed Complex Equations

D− ∩ Πn+1
l=0 {|z − al| > ε}(> 0)}, ε, δ(> 0) are small enough, and Ml =

Ml(δ, k0, k2, D
−
ε ) (l = 1, 2) are positive constants.

The representation of solutions of Problem P for equation (3.2) is as
follows.

Theorem 3.2 Suppose that equation (3.2) satisfies Condition C and u(z)
is any solution of Problem P for equation (3.2) in D. Then the solution

u(z) can be expressed as follows

u(z) = −2

∫ y

0

V (z)dy + u(x)

= 2Re

∫ z

0

[
Rew

H
+

(
i

−j

)
Imw]dz + b0 in

(
D+

D−

)
,

w(z)=W (z)+Φ(Z)+Ψ(Z),Ψ(Z)=−Re
2

π

∫ ∫

D+

t

f(t)

t−Z dσt in D+
Z ,

w(z) = φ(z) + ψ(z) = ξ(z)e1 + η(z)e2 in D−,

ξ(z)=ζ(z)+

∫ y

0

g1(z)dy=ζ0(z)+

∫

S1

g1(z)dy+

∫ y

0

g1(z)dy,

g1(z)=Ã1(U+V )+B̃1(U−V )+2C̃1U+D̃1u+Ẽ1, z ∈ s1,

η(z)=θ(z)+

∫ y

0

g2(z)dy = θ0(z)+

∫

S2

g2(z)dy+

∫ y

0

g2(z)dy,

g2(z)=Ã2(U+V )+B̃2(U−V )+2C̃2U+D̃2u+Ẽ2, z ∈ s2,
(3.23)

in which ζ0(z) = ReW (z) + ImW (z), ζ(z) = ζ0(z)+
∫

S1
g1(z)dy in D−

1 ,

θ(z) = θ0(z)+
∫

S2
g2(z)dy in D−

2 , θ(x) = −ζ(x), W (z) is as stated in

(3.20), f(Z) = g(Z)/H, U = Hux/2, V = −uy/2, and φ(z) are solutions of

(3.13) in D−, s1, s2 are two families of characteristics in D−:

s1 :
dx

dy
=
√
−K(y)=H(y), s2 :

dx

dy
=−

√
−K(y)=−H(y) (3.24)

passing through z = x+ jy ∈ D−, S1, S2 are the characteristic curves from

the points on L1, L2 to the points on L0 respectively, and

w(z) = U(z) + jV (z) =
1

2
Hux − j

2
uy,

ξ(z)=Reψ(z)+Imψ(z), η(z)=Reψ(z)−Imψ(z),
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Ã1 =B̃2 =
1

2
(
hy

2h
−b), Ã2=B̃1 =

1

2
(
hy

2h
+b), C̃1 =

a

2H
+
m

4y
,

c̃2 = − a

2H
+
m

4y
, D̃1 = −D̃2 =

c

2
, Ẽ1 = −Ẽ2 =

d

2
,

in which we choose H(y) = [|y|mh(y)]1/2, h(y) is a continuously differen-

tiable positive function, and

dµ=d[x +G(y)]=2H(y)dy on s1, dν=d[x−G(y)]=−2H(y)dy on s2.

Proof From (3.11) we see that equation (3.2) in D− can be reduced to
the system of integral equations: (3.23). Noting (3.24), we have

ds1 =
√

(dx)2+(dy)2 =−
√

1+(dx/dy)2dy=−
√

1−Kdy=−
√

1−K√
−K

dx,

ds2 =
√

(dx)2+(dy)2 =−
√

1+(dx/dy)2dy =−
√

1−Kdy =

√
1−K√
−K

dx,

(3.25)
it is clear that the the formula (3.23) is true.

3.3 Solvability of discontinuous oblique derivative

problem for degenerate equations of mixed type

In this section, we prove the existence of solutions of Problems P and Q
for equation (3.12). Firstly we discuss the complex equation

w¯̃z = A1(z)w +A2(z)w +A3(z)u+A4(z) in D, (3.26)

with the relation

u(z) =





2Re

∫ z

0

[
Rew(z)

H(y)
+ iImw(z)]dz + b0 in D+,

2Re

∫ z

0

[
Rew(z)

H(y)
− jImw(z)]dz + b0 in D−,

(3.27)

where H(y) is as stated before, and the coefficients in (3.26) are as stated
in (3.12), and the boundary value problem (3.26), (3.27) with the boundary
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conditions

Re[λ(z)w(z)]=H(y)r(z)=R1(z) on Γ∪L3∪L4,

Im[λ(z)w(z)]|z=z′

0
= H(Imz′0)b1 = b′1,

Im[λ(z)w(z)]|z=A2l+1
= c′2l+1, l = 0, 1, ..., [n/2],

Im[λ(z)w(z)]|z=B2l−1
= c′2l, l = 1, ..., [(n+1)/2],

(3.28)

is called Problem A or B, where λ(z), R1(z), A2l+1, B2l−1, c
′
2l−1, c

′
2l are as

stated in (3.4), (3.5) and (3.16). Similarly to Section 2, we can give a

transformation v(z) = v±(z) = u(z)−u±0 (z) in D
±

, where u±0 (z) in D± are
harmonic functions with the boundary condition (3.4) on Γ ∪L3 ∪L4, and
u±0 (z) in D±, then Problem Q for equation (2.1) is reduced to the boundary
value problem (Problem Q̃) for equation

K(y)vxx + vyy + avx + bvy + cv + d̃ = 0 in D,

d̃ = d+ Lu±0 in D±,

with the boundary conditions

Re[λ(z)vz̃ ]=R1(z)−Re[λ(z)u0z̃]=R̃1(z) on Γ∪L3∪L4,

v(2)=b1 or Im[λ(z)vz̃]|z=z′

0
=b′1−Im[λ(z)u0z̃]|z=z′

0
=b′′1 ,

Im[λ(z)vz̃ ]|z=A2l+1
=c′′2l+1, l=0, 1, ..., [n/2],

Im[λ(z)vz̃ ]|z=B2l−1
=c′′2l, l=1, ..., [(n+1)/2],

where R1(z) = 0 on Γ ∪ L3 ∪ L4, b0 = b1 = 0, c′′l = 0, l = 1, ..., n + 1 and

the boundary value problem about W (z) = vz̃ is called Problem Ã or B̃. It
is not difficult to see that Problem B̃ can be divided into Problem B1 for
equation (3.26), (3.27) in D+ with the boundary conditions

Re[λ(z)W (z)] = R1(z) = 0 on Γ, Re[−iW (x)] = −R̂0(x) on L0,

and Problem B2 for equation (3.26), (3.27) in D− with the boundary con-
ditions

Re[λ(z)W (z)] = 0 on L3 ∪ L4,

Re[(1 − j)W (x)] = R(x) = R̃0(x) on L0 ∩D−
1 ,



Chapter V Second Order Linear Equations of Mixed Type 293

Re[(1 + j)W (x)] =R(x)=−R̃0(x) on L0 ∩D−
2 ,

Im[λ(z)W (z)]|z=A2l+1
=c′′2l+1 =0, l = 0, 1, ..., [n/2],

Im[λ(z)W (z)]|z=B2l
=c′′2l = 0, l = 1, ..., [(n+ 1)/2],

noting ReW (x) = H(y)vx = 0 on L0, the above number 1− j, 1 + j can be
replaced by −j, j respectively. Similarly to Theorems 2.6 and 3.4, Chapter
II, here a0, a1, ..., an+1 are the discontinuous points of Problem B1 on ∂D+,
but we can multiply the solution W (z) by X(Z) =

∏n+1
l=0 (Z − al)

ηl , ηl =
1− 2γl if γl ≥ 0 (l = 0 or n+1), ηl = max[0,−2γl] if γl < 0 (l = 0 or n+1),
and ηl = 1 (l = 1, ..., n), in this case the index of X(Z)λ(z) on ∂D+ is
K̃ = n/2, hence there are n+ 1 point conditions u(al) = 0 (l = 1, ..., n+ 1)
except u(a0) = b0, we can prove that Problem B1 for (3.26), (3.27) has a
unique solution W (z). In the following we only prove the unique solvability
of Problem B2 for (3.26), (3.27) in D−.

Theorem 3.3 If equation (3.2) satisfies Condition C and (3.29) below,

then there exists a solution [W (z), v(z)] of Problem B2 for (3.26), (3.27).

Proof Denote D0 = D− ∩ Πn+1
l=1 {bl−1 ≤ x ≤ bl}, in which al + δ0 =

bl < bl+1 = al+1 − δ0 (l = 0, 1, ..., n) and δ0 is a sufficiently small positive
number.

We may only discuss the case of K(y) = −|y|mh(y). In order to find
a solution of the system of integral equations (3.23), we need to add the
condition

|y|a(x, y)
H(y)

= o(1), i.e.
|a(x, y)|
H(y)

=
ε(y)

|y| , m ≥ 2. (3.29)

It is clear that for two characteristics s1 : x = x1(y, z0), s2 : x = x2(y, z0)
passing through P0 = z0 = x0 + jy0 ∈ D−, we have

|x1 − x2| ≤ 2|
∫ y0

0

√
−Kdy| ≤M |y0|m/2+1 for (x0, y0) ∈ D−, (3.30)

for any z1 = x1+jy ∈ s1, z2 = x2+jy ∈ s2, in which M (> max[2
√
h(y), 1])

is a positive constant. From (3.3), we can assume that the coefficients of
(3.23) possess continuously differentiable with respect to x ∈ L0 and satisfy
the conditions

|Ãl|, |Ãlx|, |B̃l|, |B̃lx|, |D̃l|, |D̃lx|,

|Ẽl|, |Ẽlx|, |1/
√
h|, |hy/h| ≤M, z ∈ D̄, l = 1, 2.

(3.31)
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According to the proof of Theorem 1.4, it is sufficient to find a solution of
Problem B2 for arbitrary segment −δ ≤ y ≤ 0, where δ is a sufficiently
small positive number, and we use the positive constant

M0 ≥ 2k1d+
4ε0 +m

2δ
, (3.32)

where d is the diameter of D, ε0 = max
D−

ε(z), β is a sufficiently small
positive constant. In the following we shall find a solution of Problem B2

for (3.26), (3.27) on −δ < y < 0. Firstly, similarly to Section 2, we choose
v0, ξ0, η0 and substitute them into the corresponding positions of v, ξ, η in
the right-hand sides of (3.23), and obtain

v1(z)=v1(x)−2

∫ y

0

V0dy=v1(x)+

∫ y

0

(η0−ξ0)dy,

ξ1(z)=ζ1(z)+

∫ y

0

[Ã1ξ0+B̃1η0+C̃1(ξ0+η0)+D̃1u0+Ẽ1]dy, z ∈ s1,

η1(z)=θ1(z)+

∫ y

0

[Ã2ξ0+B̃2η0+C̃2(ξ0+η0)+D̃2u0+Ẽ2]dy, z ∈ s2.

(3.33)
By the successive approximation, we find the sequences of functions {vk},
{ξk}, {ηk}, which satisfy the relations

vk+1(z) = vk+1(x)−2

∫ y

0

Vk(z)dy = vk+1(x)+

∫ y

0

(ηk − ξk)dy,

ξk+1(z)=ζk+1(z)+

∫ y

0

[Ã1ξk+B̃1ηk+C̃1(ξk +ηk)+D̃1uk+Ẽ1]dy, z ∈ s1,

ηk+1(z)=θk+1(z)+

∫ y

0

[Ã2ξk+B̃2ηk+C̃2(ξk+ηk)+D̃2uk+Ẽ1]dy, z ∈ s2,

k = 0, 1, 2, ....
(3.34)

and similarly to (2.42) in Section 2, we can prove that {ṽk}, {ξ̃k}, {η̃k} in
D0 satisfy the estimates

|ξ̃k+1(z)−ζ̃k+1(z)|≤M ′γk−1|y|1−β,

|η̃k+1(z)−θ̃k+1(z)|, |ṽk+1(z)−ṽk+1(x)|≤M ′γk−1|y|1−β ,

|ξ̃k+1(z) + η̃k+1(z)| ≤M ′γk−1|x1 − x2|β |y|β
′

, 0≤|y|≤δ,

(3.35)

where z = x + jy is the intersection point of the characteristics s1, s2 in
(3.24) emanating from two points x1, x2 on x−axis, β′ = (1+m/2)(1−3β),
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δ, β are sufficiently small positive constants such that (2+m)β < 1, γ (< 1)
is a positive constant, and M ′ is a sufficiently large positive constant. On
the basis of the above estimates, we can derive that {vk}, {ξk}, {ηk} in D0

uniformly converge to v∗, ξ∗, η∗ satisfying the system of integral equations

v∗(z)=v∗(x)−2

∫ y

0

V∗dy=v∗(x)+

∫ y

0

(η∗−ξ∗)dy,

ξ∗(z)=ζ∗(z)+

∫ y

0

[Ã1ξ∗+B̃1η∗+C̃1(ξ∗+η∗)+D̃1u∗+Ẽ1]dy, z∈s1,

η∗(z)=θ∗(z)+

∫ y

0

[Ã2ξ∗+B̃2η∗+C̃2(ξ∗+η∗)+D̃2u∗+Ẽ2]dy, z∈s2,

and the function [v∗(z)]z̃ = W ∗(z) satisfies equation (3.26) and boundary
condition (3.28), this shows that Problem B2 in D0 has a solution for
equation (3.26). Due to δ0(> 0) can be arbitrarily small and by the result
in Section 1, hence u(z) = v(z) +u0(z) is a solution of Problem Q for (3.2)
in D−. Thus the existence of solutions of Problem Q for equation (3.2)
with c = 0 in D is proved. From the above discussion, we can see that the
solution of Problem Q for (3.2) with c = 0 in D is unique.

From the above result, we have the following theorem.

Theorem 3.4 Let equation (3.2) satisfy Condition C and (3.29). Then

the oblique derivative problem (Problem Q) for (3.2) with c = 0 has a unique

solution.

Finally, we prove the following theorem.

Theorem 3.5 Under Condition C and (3.29) in D−, the oblique deriva-

tive problem (Problem P ) for (3.2) has a solution.

Proof From Theorem 3.4, we see that Problem Q for (3.2) with c = 0
has a solution u∗(z) in D, if u∗(2) = b1, then the solution u∗(z) is just a
solution of Problem P for (3.2) with c = 0. Otherwise, u∗(2) = b′1 6= b1, we
can find a solution u1(z) of Problem Q for the homogeneous equation

K(y)uxx+uyy+a(x, y)ux+b(x, y)uy + c(x, y)u = 0 in D (3.36)

with the boundary conditions

Re[λ(z)u1z̃]=0, z∈Γ,Re[λ(z)u1z̃]=0, z∈L3∪L4,

u1(0) = 0, Im[λ(z)u1z̃]|z=z′

0
= 1,
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Im[λ(z)u1z̃]|z=A2j+1
= 0, j = 0, 1, ..., [n/2],

Im[λ(z)u1z̃]|z=B2j−1
= 0, j = 1, ..., [(n+ 1)/2].

(3.37)

It is obvious that u1(z) 6≡ 0 in D, thus there exists a real constant d1 6= 0,
such that

d1u1(2) = b′1 − b1,

thus the function
u(z) = u∗(z) − d1u1(z) in D̄

is just a solution of Problem P for the linear equation (3.2) with c = 0.
Moreover we can prove the solvability of Problem P for (3.2) by using the
method of parameter extension. This completes the proof.

Remark 3.1 Actually the solution W (z) = uz̃ of Problem B1 for equa-
tion (3.26) has n + 2 discontinuous points in Z0, hence in order to dis-
cuss the unique solvability of Problem B1, we need n+ 1 point conditions
in (3.4),(3.5) or (3.10) except u(0) = b0. If the last point condition in
(3.4),(3.5) or (3.10) is replaced by n+ 1 (n > 0) point conditions as follows

u(0) = b0, u(zl) = bl, or

1

H(y)
Im[λ(z)uz̃]|z=z′

l
= bl, l = 1, ..., n+ 1,

where zl (∈ Γ ∪ L0\{0, 2}), z′l (∈ Γ\Z0, l = 1, ..., n + 1) are n + 1 distinct
points respectively, bl (l = 1, ..., n + 1) are all real constants satisfying the
conditions |bl|≤ k2 (l = 1, ..., n+ 1), and choose the index K = n/2 of the
boundary value problem in D+, then the corresponding boundary value
problems (Problems Q and P ) are uniquely solvable.

4 The Exterior Tricomi-Rassias Problem for Second

Order Degenerate Equations of Mixed Type

In [71]2), the author posed the exterior Tricomi-Rassias Problem for the
mixed equation

K(y)uxx + uyy + r(x, y)u = f(x, y)

in a doubly connected domain and proved the uniqueness of solutions for the
problem. In this section we discuss the exterior Tricomi-Rassias Problem
for general second order equations of mixed type in a doubly connected
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domain. We first give the representation of solutions of the boundary value
problem for the equations, and then prove the uniqueness and existence of
solutions for the problem by a new method.

4.1 Formulation of exterior Tricomi-Rassias problem

for degenerate equations of mixed type

Consider a function K(y) as follows

K = K(y)





> 0 for {y > 0} ∪ {y < −1},

= 0 for {y = 0} ∪ {y = −1},

< 0 for {−1 < y < 0},

and K(y) are continuous in D∩{y ≥ −1/2} and D∩{y ≤ −1/2}, possesses
the derivative K ′(y) in y 6= 0 and 1, the doubly connected domain D =
G1 ∪ G′

1 ∪ G2 ∪ G′
2 ∪ (A1B1) ∪ (A2B2) possesses the exterior boundary

Ext(D) = Γ0 ∪ Γ′
0 ∪ Γ2 ∪ Γ′

2 ∪ ∆1 ∪ ∆′
1 and interior boundary Int(D) =

Γ1 ∪ Γ′
1 ∪ ∆2 ∪ ∆′

2, where A1B1, A2B2 are two lines with end points A1 =
(−1, 0), B1 = (1, 0), A2 = (−1,−1), B2 = (1,−1), and
Γ0 is the elliptic arc for y > 0 connecting points A1, B1,
Γ′

0 is the elliptic arc for y < −1 connecting points A2, B2,
Γ1 : x = −G1(y) = −

∫ y

0

√
−K(t)dt is a characteristic for −1/2 < y <

0, 0 < x < 1 emanating from the point O1 = (0, 0),
Γ′

1 : x = G2(y) =
∫ y

−1

√
−K(t)dt is a characteristic for −1 < y < −1/2, 0 <

x < 1 emanating from the point O2 = (0,−1),
Γ2 : x = G1(y) + 1 =

∫ y

0

√
−K(t)dt+ 1 is a characteristic for −1/2 < y <

0, 0 < x < 1 emanating from the point B1 = (1, 0),
Γ′

2 : x = −G2(y) + 1 = −
∫ y

−1

√
−K(t)dt + 1 is a characteristic for −1 <

y < −1/2, 0 < x < 1 emanating from the point B2 = (1,−1),
∆1 : x = −G1(y) − 1 = −

∫ y

0

√
−K(t)dt− 1 is a characteristic for −1/2 <

y < 0, −1 < x < 0 emanating from the point A1 = (−1, 0),
∆′

1 : x = G2(y) − 1 =
∫ y

−1

√
−K(t)dt − 1 is a characteristic for −1 < y <

−1/2, −1 < x < 0 emanating from the point A2 = (−1,−1),
∆2 : x = G1(y) =

∫ y

0

√
−K(t)dt is a characteristic for −1/2 < y < 0, −1 <

x < 0 emanating from the point O1 = (0, 0),
∆′

2 : x = −G2(y) = −
∫ y

−1

√
−K(t)dt is a characteristic for −1 < y <

−1/2, −1 < x < 0 emanating from the point O2 = (0,−1), and
G1 = {(x, y) ∈ D||x| < 1, y > 0} is a upper elliptic domain, G′

1 = {(x, y) ∈
D||x| < 1, y < −1} is a lower elliptic domain, G2 = {(x, y) ∈ D|0 < x <
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1,−1 < y < 0} is a right hyperbolic domain, G′
2 = {(x, y) ∈ D| − 1 <

x < 0,−1 < y < 0} is a left hyperbolic domain with the boundaries ∂G1 =
Γ0∪(A1B1), ∂G

′
1 = Γ′

0∪(B2A2), ∂G2 = Γ1∪Γ′
1∪Γ2∪Γ′

2∪(B1O1)∪(O2B2),
∂G′

2 = ∆1 ∪ ∆′
1 ∪ ∆2 ∪ ∆′

2 ∪ (O1A1) ∪ (A2O2), respectively.
The above characteristic curves intersect at the points: Γ1 ∩ Γ′

1 = P1 =
(x1,−1/2),Γ2 ∩ Γ′

2 = P2 = (x2,−1/2),∆1 ∩ ∆′
1 = P ′

1 = (x′1,−1/2), ∆2 ∩
∆′

2 = P ′
2 = (x′2,−1/2). We can assume that Γ0, Γ′

0 are two smooth curves
vertical to the axis Imz = 0 near z = ±1,±1− i respectively as similar to
Section 2. Here note the difference between the domains G1, G2, ... and the
functions G1(y), G2(y), ....

Consider general second order equation of mixed type

Lu=K(y)uxx+uyy+a(x, y)ux+b(x, y)uy+c(x, y)u=−d(x, y) in D, (4.1)

where the coefficients satisfy Condition C, namely

L∞[η,D+]≤k0, η=a, b, c, L∞[d,D+]≤k1, c≤0 in D+,

Ĉ[d,D−]=C[d,D−]+C[dx, D−]≤k1, Ĉ[η,D−] ≤ k0, η=a, b, c,
(4.2)

where D+ =D∩{|y−1/2|> 1/2}, D− =D\D+, k0, k1(≥ max[1, 12k0]) are
positive constants, and

G1(y) =

∫ y

0

H(t)dt, G2(y) =

∫ y

−1

H(t)dt, H(y) =
√
|K(y)|.

Now we can choose sgnyK(y) = |y|mh(y), y ≥ −1/2,−sgn(1 + y)K(y) =
|y+1|mh(y), y ≤ −1/2, m is a positive number, h(y) is a continuously differ-
entiable positive function, if h(y) = 1, then G1(y) = 2sgny|y|(m+2)/2/(m+
2), G2(y) = −2sgn(1 + y)|y + 1|(m+2)/2/(m+ 2). For simplicity, in the fol-
lowing denote by G(y) the functions G1(y) in D ∩ {y > −1/2} and G2(y)
in D ∩ {y < −1/2} respectively.

The exterior Tricomi-Rassias problem for equation (4.1) may be formu-
lated as follows:

Problem TR Find a real continuous solution u(z) of equation (4.1) in D,
where ux, uy are continuous in D∗ = D̄\T and u(z) satisfies the boundary
conditions

u(z) = φ1(s) on Γ0, u(z) = φ2(s) on Γ′
0,

u(z) = ψ1(x) on Γ2, u(z) = ψ2(x) on Γ′
2,

u(z) = ψ3(x) on ∆1, u(z) = ψ4(x) on ∆′
1,

(4.3)
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in which T = {±1,±1− i, 0,−i, P1P2, P
′
1P

′
2} and φl(s) (l = 1, 2), ψl(x)

(l=1, 2, 3, 4) satisfy the conditions

C2
α[φ1(s),Γ0] ≤ k2, C

2
α[φ2(s),Γ

′
0] ≤ k2,

C2
α[ψ1(x),Γ2] ≤ k2, C

2
α[ψ2(x),Γ

′
2] ≤ k2,

C2
α[ψ3(x),∆1] ≤ k2, C

2
α[ψ4(x),∆

′
1] ≤ k2,

φ1(0) = ψ3(−1), φ2(0) = ψ2(1 − i),

φ1(S1) = ψ1(1), φ2(S2) = ψ4(−1 − i),

(4.4)

in which S1, S2 are the lengths of Γ0,Γ
′
0 respectively, and α (0 < α < 1), k2

are positive constants.

Now we mention that if Γ0 is the curve with the form x = ±1 ∓ G̃1(y)
near z = ±1, and Γ′

0 is the curve with the form x = ±1 ± G̃2(y) including
the line segments Rez = ±1,±1− i near z = ±1,±1− i respectively, then
the boundary condition (4.3) can be rewritten in the form

Re[λ(z)uz̃] = r(z)/2, b0 = φ1(0),

r(z) = φ1y = φ′1(y) on Γ0 near z = ±1,

Re[λ(z)uz̃] = r(z)/2, b−1 = φ2(0),

r(z) = φ2y = φ′2(y) on Γ′
0 near z = ±1− i,

(4.5)

where uz̃ = [H(y)ux − iuy]/2, λ(z) is as stated in (4.7) below. In addition,
we find the derivative for (4.3) with respect to the parameter s = x on
∆1,∆

′
1,Γ2,Γ

′
2, and can obtain

us = ux + uyyx = ux + uy/H(y) = ψ′
1(x) on Γ2,

U(z) − V (z) = [H(y)ux + uy]/2

= H(G−1
1 (x− 1))ψ′

1(x)/2 = R1(x) on Γ2,

us = ux + uyyx = ux − uy/H(y) = ψ′
2(x) on Γ′

2,

U(z)+V (z) = [H(y)ux − uy]/2

= H((−G2)
−1(x− 1))ψ′

2(x)/2 = R2(x) on Γ′
2,

us = ux + uyyx = ux − uy/H(y) = ψ′
3(x) on ∆1,

U(z) + V (z) = [H(y)ux − uy]/2
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= H((−G1)
−1(x+ 1))ψ′

3(x)/2=R3(x) on ∆1,

us = ux + uyyx = ux + uy/H(y) = ψ′
4(x) on ∆′

1,

U(z) − V (z) = [H(y)ux + uy]/2

= H(G−1
2 (x+ 1))ψ′

4(x)/2 = R4(x) on ∆′
1, i.e.

Re[(1 − j)(U + jV )] = U(z) − V (z) = R1(x) on Γ2,

Im[(1 − j)(U + jV )] = −[U − V ]|z=z1+0=P2+0

= −H(−1/2)ψ′
1(x2 + 0)/2 = b1,

Re[(1 + j)(U + jV )] = U(z) + V (z) = R2(x) on Γ′
2,

Im[(1 + j)(U + jV )] = [U + V ]|z=z3−0=P2−0

= H(−1/2)ψ′
2(x2 + 0)/2 = b3,

Re[(1 + j)(U + jV )] = U(z) + V (z) = R3(x) on ∆1,

Im[(1 + j)(U + jV )] = [U + V ]|z=z2−0=P ′

1
−0

= H(−1/2)ψ′
3(x

′
1 − 0)/2 = b2,

Re[(1 − j)(U + jV )] = U(z) − V (z) = R4(x) on ∆′
1,

Im[(1 − j)(U + jV )] = −[U−V ]|z=z4+0=P ′

1
+0

= −H(−1/2)ψ′
4(x

′
1 − 0)/2 = b4,

(4.6)

in which the function H(y) =
√
−K(y), (±G)−1

1 (x′) is the inverse function
of x′ = ±G1(y) = ±

∫ y

0 H(t)dt, (±G)−1
2 (x′) is the inverse function of x′ =

±G2(y) = ±
∫ y

−1
H(t)dt, and

W (z) =





U + iV in D+, U = H(y)ux/2

U + jV in D−, V = −uy/2
in D,

λ(z) =





−i on Γ0 ∪ Γ′
0 near z = −1 and 1− i,

i on Γ0 ∪ Γ′
0 near z = 1 and − 1 − i,

1 − j, Reλ=1 6=−Imλ=−1 on Γ′
2 ∪ ∆1,

1 + j, Reλ = 1 6= Imλ = −1 on Γ2 ∪ ∆′
1.

(4.7)
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From the above formulas, we can write the complex forms of boundary
conditions of U + jV :

Re[λ(z)W (z)] = R(z) on Γ = Γ0 ∪ Γ′
0,

Re[λ(z)(U+jV )]=Re[λ(z)W (z)]=H(y)r(z)

= R̃(z) on L = ∆1 ∪ ∆′
1 ∪ Γ2 ∪ Γ′

2,

Im[λ(z)(U + jV )]|z=zl
= bl, l = 1, 2, 3, 4,

u(a1) = φ1(−1) = b0, u(a2)=φ2(1−i)=b−1,

λ(z) = ∓i, R(z) = ±φ1y/2 on Γ0 near ∓ 1,

λ(z)=∓i, R(z)=±φ2y/2 on Γ′
0 near ± 1−i,

λ(z)=1+j, R̃(z) = R1(x) =H(G−1
1 (x−1))ψ′

1(x)/2 on Γ2,

λ(z)=1−j, R̃(z)=R2(x)=H((−G2)
−1(x−1))ψ′

2(x)/2 on Γ′
2,

λ(z)=1−j, R̃(z)=R3(x)=H((−G1)
−1(x+1))ψ′

3(x)/2 on ∆1,

λ(z)=1+j, R̃(z)=R4(x)=H((G2)
−1(x+1))ψ′

4(x)/2 on ∆′
1,

b1 = −H(−1/2)ψ′
1(x2 + 0)/2, b3 = H(−1/2)ψ′

2(x2+0)/2,

b2 = H(−1/2)ψ′
3(x

′
1 − 0)/2, b4 = −H(−1/2)ψ′

4(x
′
1−0)/2,

(4.8)

where a1 = −1, a2 = 1 − i, b0 = u(a1), b−1 = u(a2), and

u(z)=2Re

∫ z

−1

[
U

H(y)
+

(
i

−j

)
V ]dz + φ1(−1) in

(
D+

D−

)
.

The number

K =
1

2
(K1 +K2 +K3)

is called the index of Problem TR on ∂G1, where

Kj =

[
φj

π

]
+ Jj , Jj = 0 or 1,

eiφj =
λ(tj − 0)

λ(tj + 0)
, γj =

φj

π
−Kj , j = 1, 2, 3,

in which t1 = −1, t2 = 1, t3 = 0, and λ(tj−0), λ(tj +0) are the left limit and
right limit of λ(t) at tj on ∂G1 respectively. Here K = 0 on the boundary
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∂G1 of G1 can be chosen. If cos(l, n) ≡ 0 on Γ0, then the value u(1) can
be derived, i.e.

u(1) = 2Re

∫ 1

−1

uzdz + u(−1)

= 2

∫ S

0

Re[z′(s)uz ]ds+φ1(−1)=2

∫ S

0

r(z)ds+φ1(−1),

in which Λ(z) = z′(s) on Γ0, z(s) is a parameter expression of arc length
s of Γ0 with the condition z(−1) = 0, S is the length of the boundary Γ0.
We consider Re[λ(x)W (z)] = 0, λ(x) = 1 on L′

0 = {−1 < x < 1, y = 0},
and λ(t1 + 0) = λ(t2 − 0) = λ(t3 + 0) = λ(t3 − 0) = e0πi, thus we have

eiφ1 =
λ(t1−0)

λ(t1+0)
=e−πi/2−0πi =e−πi/2, γ1 =

−π/2
π

−K1=−1

2
,

eiφ2 =
λ(t2 − 0)

λ(t2 + 0)
=e0πi−πi/2 =e−πi/2, γ2 =

−π/2
π

−K2=−1

2
,

eiφ3 =
λ(t3 − 0)

λ(t3 + 0)
= e0πi−0πi = e0πi, γ3 = 0π−K3=0,

hence K1 = K2 = K3 = 0, and then the index of λ(z) on G1 is K =
(K1 +K2 +K3)/2 = 0, in this case we can add a point condition u(0) = 0
in the boundary condition (4.8), but we shall omit to write it later on.
Moreover we can get the index K = 0 of λ(z) on ∂G′

1. In the following
we mainly discuss the case of D̃ = D ∩ {y ≥ −1/2}, D̃−

1 = D ∩ {x <
0,−1/2 ≤ y ≤ 0}, D̃−

2 = D ∩ {x > 0,−1/2 ≤ y ≤ 0}, and the case of

D̂ = D ∩ {y ≤ −1/2} can be similarly discussed.

For the above Problem TR, we can first discuss the problem in D∩{y ≥
−1/2}, and then discuss the problem in D ∩ {y ≤ −1/2}. Noting that
φ1(s) ∈ C2

α(Γ0), φ2(s) ∈ C2
α(Γ′

0), ψ1(x) ∈ C2
α(Γ2), ψ2(x) ∈ C2

α(Γ′
2), ψ3(x) ∈

C2
α(∆1), ψ4(x) ∈C2

α(∆′
1) (0 < α < 1), we can find two twice continuously

differentiable functions u±0 (z) in D±\{P ′
1, P2}, for instance, which are the

solutions of the Dirichlet problem with the boundary condition on Γ0∪Γ′
0∪

Γ2 ∪Γ′
2 ∪∆1 ∪∆′

1 in (4.3) for harmonic functions in D±, thus the functions
v(z) = v±(z) = u(z) − u±0 (z) in D± is the solution of Problem T̃ , i.e. the
equation

K(y)vxx+vyy+avx+bvy+cv+d̃ = 0 in D (4.9)

and the corresponding boundary conditions
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v(z) = 0 on Γ0 ∪ Γ′
0 ∪ Γ2 ∪ Γ′

2 ∪ ∆1 ∪ ∆′
1, i.e.

Re[λ(z)W (z)] = R(z) = 0 on Γ0 ∪ Γ′
0 ∪ Γ2 ∪ Γ′

2 ∪ ∆1 ∪ ∆′
1,

u(al) = bl = 0, l = 1, 2, 3, 4, Im[λ(zl)W (zl)]|z=zl
= b′l = 0, l = 1, 2,

(4.10)
where a1 = −1, a2 = 1 − i, a3 = 0, a4 = −i, d̃ = d + Lu±0 in D, W (z) =
U + iV = v+

z̃ in D+ and W (z) = U + jV = v−z̃ in D−, hence we only
discuss the homogeneous boundary condition (4.10) and the case of index
K = 0 on ∂G1. From v(z) = v±(z) = u(z) − u±0 (z) in D±, we have
u(z) = v−(z) + u−0 (z) in D−, u(z) = v+(z) + u+

0 (z) in D+, v+(z) =

v−(z)−u+
0 (z)+u−0 (z) on L0 = L′

0∪L′′
0 , and v+

y = v−y −u+
0y +u−0y = 2R̂0(x)

on L0 = L′
0 ∪ L′′

0 , L
′
0 = {−1 < x < 0, y = 0}, L′′

0 = {0 < x < 1, y = 0}, and
v−y = 2R̃0(x) on L0.

4.2 Representation of solutions of exterior

Tricomi-Rassias Problem

First of all, for the latter requirement we first discuss the following problem:
because the intersection points of characteristic boundary P1 = Γ1 ∩ Γ′

1,
P2 = Γ2 ∩ Γ′

2, and P ′
1 = ∆1 ∩ ∆′

1, P
′
2 = ∆2 ∩ ∆′

2 are not equal, we need to
give a transformation, such that the bounded domain Ĝ will be reduced to
another bounded domain G̃, where Ĝ is bounded by the boundary O1B1 ∪
Γ1 ∪ Γ2 ∪ P1P2, and G̃ is bounded by the boundary O1B1 ∪ Γ̃1 ∪ Γ̃2, herein

Γ̃1 ={x=−G1(y), 0≤x≤1/2}, Γ̃2={x=G1(y)+1, 1/2≤x≤1}. (4.11)

Setting P1 = (x1,−1/2), P2 = (x2,−1/2), it is clear that 0 < x1 < 1/2 <
x2 < 1, and denote

L′
1 = {y=−γ(x), 0 ≤ x ≤ x2} = {x = −G1(y), 0 ≤ x ≤ x1}

∪{y=−γ(x)=−1/2, x1≤x≤x2}, L′
2={x=G1(y)+1, x2≤x≤1},

(4.12)
where G1(y) is as stated in Subsection 4.1. Let the domain Ĝ be a simply
connected domain with the boundary L′

1 ∪L′
2 ∪O1B1. Obviously the curve

L′
1 can be expressed by x = σ(ν) = (µ + ν)/2, herein µ = x + G1(y) =

x+ Y, ν = x−G1(y) = x− Y , i.e. µ = 2σ(ν) − ν, 0 ≤ ν ≤ x2 + γ(x2). We
make a transformation

µ̃=[µ−2σ(ν)+ν]/[1−2σ(ν)+ν], ν̃=ν, 2σ(ν)−ν≤µ≤1, 0≤ν≤1, (4.13)
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where µ, ν are real variables, its inverse transformation is

µ = [1 − 2σ(ν) + ν]µ̃+ 2σ(ν) − ν, ν = ν̃, 0 ≤ µ̃ ≤ 1, 0 ≤ ν̃ ≤ 1. (4.14)

It is not difficult to see that the transformation in (4.13) maps the domain
Ĝ onto G̃. The transformation (4.13) and its inverse transformation (4.14)
can be rewritten as





x̃=
1

2
(µ̃+ν̃)=

2x−(1 + x−Y )[2σ(x+γ(x))−x−γ(x)]
2 − 4σ(x+ γ(x)) + 2x+ 2γ(x)

,

Ỹ =
1

2
(µ̃−ν̃)= 2Y −(1−x+Y )[2σ(x+γ(x))−x−γ(x)]

2 − 4σ(x+ γ(x)) + 2x+ 2γ(x)
,

(4.15)

and




x=
1

2
(µ+ ν) =

[1 − 2σ(x + γ(x)) + x+ γ(x)](x̃+Ỹ )

2

+σ(x + γ(x)) − x+ γ(x) − x̃+ Ỹ

2
,

Y =
1

2
(µ− ν) =

[1 − 2σ(x+ γ(x)) + x+ γ(x)](x̃+Ỹ )

2

+σ(x + γ(x)) − x+ γ(x) + x̃− Ỹ

2
.

(4.16)

Denote by Z̃ = x̃+ jỸ = f(Z), Z = x + jY = f−1(Z̃) the transformation
(4.15) and the inverse transformation (4.16) respectively. In this case, the
corresponding equation (4.21) below in Ĝ can be rewritten in the form

ξµ =Ã1ξ+B̃2η+C̃1u+D̃1, ην =Ã2ξ+B̃2η+C̃1u+D2, z∈Ĝ. (4.17)

Through the transformation (4.13), we obtain ξµ̃ = [1−2σ(ν)+ν]ξµ, ην̃ = ην

in Ĝ, where ξ = u+ v, η = u− v, and then

ξµ̃ =[1−2σ(ν)+ν][Ã1ξ+B̃2η+C̃1u+D̃1],

ην̃ = Ã2ξ + B̃2η + C̃1u+ D̃2,
in G̃. (4.18)

Moreover the boundary condition on Γ2 in (4.3) can be reduced to the form

Re[(1−j)(U+jV )]=U(z)−V (z)= R̃(z), i.e.

Re[λ(z)w(z)] = R̃(z) = R1(x) on Γ2,
(4.19)
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which R1(x) is as stated in (4.8). Through the transformation (4.15), the
above boundary condition (4.19) is transformed into

Re[λ(f−1(Z̃))w(f−1(Z̃))]=R1(f
−1(Z̃)), Z̃= x̃+jỸ ∈f(Γ2),

Im[λ(f−1(Z̃1))w(f−1(Z̃1))] = b1,

(4.20)

in which Z̃ = f(Z), Z̃1 = f(Z ′
1), Z

′
1 = x2 + jG[−γ(x2)]. Therefore the

boundary value problem (4.17), (4.19) is reduced to the boundary value
problem (4.18), (4.20), which is called Problem A− in G̃. On the basis of
Theorem 4.6 below, we see that the boundary value problem (4.18) (in G̃),
(4.20) has a unique solution w(Z̃), and then

w = w[Z̃(z)] in Ĝ

is just a solution of the corresponding Problem A− for (4.17) in Ĝ with the
boundary condition (4.19). Similarly we can discuss the domain bounded
by A1O1 ∪ ∆1 ∪ ∆2 ∪ P ′

1P
′
2. As for other characteristic curves Γ′

1,Γ
′
2 and

∆′
1,∆

′
2, we can similarly handle, but it needs to choose the above known

value u(z) = u0(z) on the boundary {x′1 ≤ x ≤ x′2, x1 ≤ x ≤ x2, y = −1/2}
as the boundary value on {x′1 ≤ x ≤ x′2, x1 ≤ x ≤ x2, y = −1/2} of
D−∩{y < −1/2}, because we first have found the solution u0(z) of Problem
T in D− ∩ {y ≥ −1/2}.

In this section, we first give the representation of solutions for the exterior
Tricomi-Rassias problem (Problem TR) for equation (4.1) inD. Noting that
W (z)=U+iV =[H(y)ux−iuy]/2 in D+ andW (z)=U+jV =[H(y)ux−juy]/2
in D−, we have

Wz̃ =[H(y)Wx+iWy]/2=
1

4
[H2uxx+uyy+iHyux]=

1

4
[(
iHy

H
− a

H
)Hux

−buy−cu−d]=
1

4
[(
iHy

H
− a

H
−ib)W+(

iHy

H
− a

H
+ib)W−cu−d]

= WZ =A1(z)W +A2W +A3(z)u+ A4(z) = g(Z) in D+,

Wz̃ = WZ =
1

2
[H(y)Wx + jWy] =

1

2
[H [(U+jV )x + j(U+jV )y]

= H [e1(U + V )µ + e2(U − V )ν ] =
e1
4

[(
Hy

H
+

a

H
− b)(U + V )

+(
Hy

H
+
a

H
+b)(U−V )+cu+d]+

e2
4

[(−Hy

H
+

a

H
− b)(U + V )

+(−Hy

H
+

a

H
+ b)(U − V ) + cu+ d] in D−,

(4.21)
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where Z = Z(z), τ = µ + iν = x + G(y) + j[x − G(y)] = τ(z) are the
mappings from D onto the domains DZ and Dτ respectively. Especially,
the complex equation

W¯̃z = 0 in D (4.22)

can be rewritten in the system

[(U+ V ) + i(U− V )]µ−iν = 0 in D+,

(U + V )µ = 0, (U − V )ν = 0 in D−.
(4.23)

The boundary value problem for equation (4.21) with the boundary condi-
tion (4.8) (W (z) = uz̃) and the relation

u(z) =





2Re

∫ z

−1

[
ReW (z)

H(y)
+ iImW (z)]dz + b0 in D+,

2Re

∫ z

−1

[
ReW (z)

H(y)
− jImW (z)]dz + b0 in D−,

(4.24)

will be called Problem A. By the above discussion at the beginning of
this subsection, we can consider that characteristics Γ1,Γ2 and ∆1,∆2 pos-
sess the intersection points z0 = (x0, jy0) = (1/2, jy0), z

′
0 = (x′0, jy0) =

(−1/2, jy0) respectively.

Now, we give the representation of solutions for the exterior Tricomi-
Rassias problem (Problem TR) for system (4.23) in D. It is obvious that
Problem TR for equation (4.1) is equivalent to the following boundary value
problem (Problem A) for (4.21) with the boundary conditions

Re[λ(z)W (z)] = R̃(z) on L = ∆1 ∪ Γ2,

Re[λ(z)W (z)] = R0(z) on L0 = L′
0 ∪ L′′

0 ,

Im[λ(z)W (z)]|z=zl
=bl, u(al)=b1−l, l=1, 2,

(4.25)

where λ(x) = 1+j = a+jb on L′
0 ={−1<x< 0, y=0}, λ(x) = 1−j = a+jb

on L′′
0 = {0 < x < 1, y = 0}, and R0(z) on L0 is an undetermined real

function. It is clear that the solution of problem A for (4.23) in D− can be
expressed as

ξ(z) = U(z)+V (z) = f(ν), η(z) = U(z)−V (z) = g(µ),

U(z) = [f(ν) + g(µ)]/2, V (z) = [f(ν) − g(µ)]/2, i.e.

W (z) = U(z) + jV (z) = [(1 + j)f(ν) + (1 − j)g(µ)]/2,

(4.26)
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in which µ = x+G(y), ν = x−G(y), G(y) =
∫ y

0
H(t)dt, f(t), g(t) are two

arbitrary real continuous functions of t ∈ (−1, 0) ∪ (0, 1). For convenience,
denote by the functions a(x), b(x), r(x) of x the functions a(z), b(z), r(z) of
z in (4.25), and from (4.8), (4.25), we have

a(z)u(z) − b(z)v(z) = R̃(z) on L,

λ(xl)W (zl) = R̃(xl) + jbl, l = 1, 2, i.e.

[a(x)−b(x)]f(2x+1)+[a(x)+b(x)]g(−1)=2R̃(x) on [−1,−1/2],

[a(x) − b(x)]f(1) + [a(x) + b(x)]g(2x− 1) = 2R̃(x) on [1/2, 1],

[a(x0) − b(x0)]f(1) = [a(x0) − b(x0)][U(z0) + V (z0)] = 0,

[a(x′0)+b(x
′
0)]g(−1) = [a(x′0) + b(x′0)][U(z′0) − V (z′0)] = 0,

(4.27)

if f(x) = U(x) + V (x) = V (x) = −[U(x) − V (x)] = −g(x) on L0, then we
can replace f(ν), g(µ) by −g(ν), −f(µ) respectively. The above formula
can be rewritten in the form

[a((t−1)/2)−b((t−1)/2)]f(t)+[a((t−1)/2)+b((t−1)/2)]g(−1)

= 2R̃((t− 1)/2), t ∈ [−1, 0],

[a((t+1)/2)−b((t+1)/2)]f(1)+[a((t+1)/2)+b((t+1)/2)]g(t)

= 2R̃((t+ 1)/2), t ∈ [0, 1], i.e.

f(x−G(y)) =
2R̃((x−G(y) − 1))/2)

a((x −G(y) − 1)/2)− b((x−G(y) − 1)/2)

− [a((x−G(y) − 1)/2) + b((x−G(y) − 1)/2)]g(−1)

a((x −G(y) + 1)/2)− b((x−G(y) + 1)/2)
,

−1 ≤ x−G(y) ≤ 0,

g(x+G(y)) =
2R̃((x +G(y) + 1)/2)

a((x +G(y) + 1)/2) + b((x+G(y) + 1)/2)

− [a((x+G(y) + 1)/2) − b((x+G(y) + 1)/2)]f(1)

a((x +G(y) + 1)/2) + b((x+G(y) + 1)/2)
,

0 ≤ x+G(y) ≤ 1.

(4.28)

Thus the solution w(z) of (4.22) can be expressed as (4.26), where f(x −
G(y)), g(x + G(y)) are as stated in (4.28) and f(1), g(−1) are as stated
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before. Finally we find a solution W (z) of the Riemann-Hilbert boundary
value problem for equation (4.22) in D+ with the boundary conditions

Re[λ(z)W (z)] = R(z) on Γ = Γ0,

Re[λ(z)W (z)]=−R̂0(x) on L′
0, Re[λ(z)W (z)]= R̂0(x) on L′′

0 ,
(4.29)

in which λ(z) = 1 + i on L′
0 = {−1 < x < 0, y = 0}, and λ(z) = 1 − i on

L′′
0 = {0 < x < 1, y = 0}. Noting that the index of the above boundary

condition is K = 0, on the basis of the result in [87]1), we know that the
above Riemann-Hilbert problem has a unique solution w(z) in D+, and
then

Re[λ(z)W (z)]= R̃0(x) on L′
0, Re[λ(z)W (z)]=−R̃0(x) on L′′

0 , (4.30)

is determined, where λ(z) = 1 + j on L0, and λ(x) = 1 − j on L′′
0 . Hence

Problem A for equation (4.22) has a unique solution w(z) in D. The above
results can be written as a theorem.

Theorem 4.1 Problem TR of equation (4.22) or system (4.23) in D has

a unique solution u(z) as stated in (4.26), (4.28).

The representation of solutions of Problem TR for equation (4.1) can be
written the following theorem.

Theorem 4.2 Under Condition C, any solution u(z) of Problem TR for

equation (4.1) in D can be expressed as follows

u(z)=u(x)−2

∫ y

dl

V (z)dy=2Re

∫ z

cl

[
Rew

H
+

(
i

−j

)
Imw]dz+b0 in

(
D+

D−

)
,

w[z(Z)] = Φ(Z) + Ψ(Z),Ψ(Z)=−2Re
1

π

∫ ∫

D+

t

f(t)

t−Zdσt in D+
Z ,

w(z) = φ(z) + ψ(z) = ξ(z)e1 + η(z)e2 in D−,

ξ(z)=

∫ µ

0

g1(z)

2H(y)
dµ=ζ(z)+

∫ y

dl

g1(z)dy=

∫

S1

g1(z)dy+

∫ y

dl

g1(z)dy

=

∫ |y|

y1

ĝ1(z)dy, z ∈ s1, η(z) = θ(z) +

∫ y

dl

g2(z)dy, z ∈ s2,

gl(z)=Ãl(U + V ) + B̃l(U − V ) + 2C̃lU + D̃lu+ Ẽl, l = 1, 2,
(4.31)

where c1 = −1, c2 = 1 − j, d1 = 0, d2 = −1, U = Hux/2, V = −uy/2, Φ(Z)
is an analytic function in D+

Z = Z(D+), in which Z(z) = x+iY = x+iG(y)
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is a mapping from z(∈ D+) to Z(∈ D+
Z ), Z(z) = x + jY = x + jG(y) in

D−, D−
Z = Z(D−), and s1, s2 are two families of characteristics in D−:

s1 :
dx

dy
=
√
−K(y)=H(y), s2 :

dx

dy
=−

√
−K(y)=−H(y) (4.32)

passing through z = x+ jy ∈ D−, S1, S2 are the characteristic curves from

the points on ∆1,Γ
′
2 and Γ2,∆

′
1 to the points on L0, φ(z)=ζ(z)e1+θ(z)e2

is a solution of (4.23) in D−, ζ(z) =
∫

S1
g1(z)dy, θ(z) = −ζ(x + G(y)) in

D̃−
1 = D−∩{x < 0, y > −1/2}, and η(z)=

∫
S2
g2(z)dy, ζ(z)=−θ(x−G(y))

in D̃−
2 = D− ∩ {x > 0, y > −1/2}, and

w(z) = U(z) + jV (z) =
1

2
[Hux − juy],

ξ(z)=Reψ(z)+Imψ(z), η(z)=Reψ(z)−Imψ(z),

Ã1 = B̃2 =
1

2
(
hy

2h
− b), Ã2 = B̃1 =

1

2
(
hy

2h
+ b),

C̃1 =
a

2H
+
m

4y
, C̃2 = − a

2H
+
m

4y
,

D̃1 = −D̃2 =
c

2
, Ẽ1 = −Ẽ2 =

d

2
,

and

dµ = d[x+G(y)] = 2H(y)dy on s1,

dν = d[x−G(y)] = −2H(y)dy on s2.

Proof From (4.21) it is easy to see that equation (4.1) in D− can be
reduced to the system of integral equations: (4.31). Moreover we can extend
the equation (4.21) onto the the symmetrical domain D̂Z ofD−

Z with respect

to the real axis ImZ = 0, namely introduce the function Ŵ (Z) as follows:

Ŵ (Z) =




W [z(Z)],

−W [z(Z)],
û(z) =




u(Z) in D−

Z ,

−u(Z) in D̂Z ,
(4.33)

and then the equation (4.31) is extended as

Ŵz̃ = Â1Ŵ + Â2Ŵ + Â3û+ Â4 = ĝ(Z) in D−
Z ∪ D̂Z , (4.34)
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where

Âl(Z)=




Al(Z),

Ãl(Z),
l=1, 2, 3, Â4(Z)=




A4(Z),

−A4(Z),

ĝl(Z)=




gl(z) in D−

Z ,

−gl(Z) in D̂Z ,
l=1, 2,

in which Ã1(Z) = A2(Z), Ã2(Z) = A1(Z), Ã3(Z) = A3(Z), the system of
integral equations (4.31) can be written in the form

ξ(z)=ζ(z)+

∫ y

0

g1(z)dy=

∫ ŷ

y1

ĝ1(z)dy,

η(z) = θ(z) +

∫ y

0

g2(z)dy=

∫ ŷ

y1

ĝ2(z)dy,

ẑ = x+ jŷ = x+ j|y| in D−
Z ∪ D̂Z ,

(4.35)

where x1 + jy1 is the intersection point of ∆1 or Γ2 and the characteristic
curve s1 or s2 passing through z = x+ jy, the function θ(z) is determined
by ζ(z), namely the function θ(z) will be defined by θ(z) = −ζ(x +G(y))
in D̃−

1 = D− ∩ {x < 0, y > −1/2}, and the function ζ(z) will be defined by
ζ(z) = −θ(x −G(y)) in D̃−

2 = D− ∩ {x > 0, y > −1/2}, for the extended
integral, for convenience later on the above form ĝ2(z) is written, and the
numbers ŷ − y1, t̂− y1 will be written by ỹ, t̃ respectively.

4.3 Unique solvability of solutions of exterior

Tricomi-Rassias problem

In this subsection, we prove the uniqueness and existence of solutions of
Problem TR for equation (4.1).

Theorem 4.3 Suppose that equation (4.1) satisfies the above conditions.

Then Problem TR for (4.1) has at most one solution in D.

Proof Let u1(z), u2(z) be any two solutions of Problem TR for (4.1). By
Theorem 4.2, it is easy to see that u(z) = u1(z) − u2(z) and w(z) = uz̃

satisfy the homogeneous equation and boundary conditions

K(y)uxx+uyy+aux+buy+cu=0, i.e.

wz̃ =A1w+A2w+A3u in D,
(4.36)
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1

2

∂u

∂ν
=

1

H(y)
Re[λ(z)uz̃]=Re[λ(z)w(z)]=0 on Γ ∪ L,

Im[λ(z)uz̄]|z=zl
= 0, l = 1, 2, u(al) = 0, l = 1, 2,

(4.37)

where the function w(z) = U(z)+ jV (z) = [Hux− juy]/2 in the hyperbolic
domain D− can be expressed in the form

w(z) = φ(x) + ψ(z) = ξ(z)e1 + η(z)e2,

ξ(z)=ζ(z)+

∫ y

0

[Ã1(U+V )+B̃1(U−V )+2C̃1U+2D̃1u]dy, z∈s1,

η(z)=θ(z)+

∫ y

0

[Ã2(U+V )+B̃2(U−V )+2C̃2U+2D̃2u]dy, z∈s2,

(4.38)

where φ(z) is a solution of (4.23). On the basis of Theorem 4.4 below, we
can derive that φ(z) + ψ(z) = 0, w(z) = 0, z ∈ D−. Thus the solution

u(z) = 2 Re

∫ z

−1

[
Rew(z)

H
+

(
i

−j

)
Imw]dz in

(
D+

D−

)
, (4.39)

is the solution of the homogeneous equation of (4.1) with homogeneous
boundary conditions of (4.3):

We first verify that the above solution u(z) ≡ 0 in D+. If the maximum
M = max

D+ u(z) > 0, it is clear that the maximum point z∗ 6∈ G1 ∪{0}. If
u(z) attains its maximum at a point z∗ = x∗ ∈ L0 = L′

0∪L′′
0 . Now we verify

the maximum point z∗ 6∈ L0. In fact, u(z) can be expressed as in (4.31), it
is easy to see that ReW (Z) = ReΦ(Z) = U(Z) = H(0)ux/2 = 0, x ∈ L0,
we can extend the analytic function Φ(Z) from G1 ∩ {Y > 0} onto the
symmetrical domain D̃+ about the real axis ImZ = 0, the extended function
is denoted by Φ(Z) again, obviously ReΦ(Z) is a harmonic function in
D′ = G1 ∪ D̃+ ∪ L0, thus ReΦ(Z) = ReW (Z) = H(y)ux/2 = Y F in
D′

ε = D′ ∩ {|Z − x∗| < ε, ε is a sufficiently small positive constant and
F is Hölder continuous in D′

ε, and then ux = O(Y 2/(m+2)), it follows that
u(x) = M in D′

ε ∩ {Y = 0}, which can be derived u(x) = M on L′
0, this

contracts u(1) = u(−1) = 0. Hence max
D+ u(z) = 0. By the similar

method, min
D+ u(z) = 0 can be derived. From Theorem 4.4 below, we can

get u(z) = 0 in D−. Therefore u(z) = 0, u1(z) = u2(z) in D+.

Theorem 4.4 Let D− be given as above and equation (4.1) satisfy Con-

dition C and (4.50) below. Then the exterior Tricomi-Rassias problem

(Problem TR) for (4.1) in D− at most has a solution.
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Proof We assume that m is a positive number, denote by u1(z), u2(z)
two solutions of Problem TR for (4.1), by Theorem 4.2, we see that the
function uz̃(z) = u1z̃(z)−u2z̃(z) = U(z) + jV (z) in D− is a solution of the
homogeneous system of integral equations

u(z)=u(x)−2

∫ y

0

V (z)dy=

∫ z

1

[
Rew

H(y)
−jImw]dz in D−,

w(z)=φ(z)+ψ(z)=ξ(z)e1+η(z)e2,

ξ(z)=ζ(z)+

∫ y

0

[Ã1(U+V )+B̃1(U−V )+2C̃1U+D̃1u]dy, z∈s1,

η(z)=θ(z)+

∫ y

0

[Ã2(U+V )+B̃2(U−V )+2C̃2U+D̃2u]dy, z∈s2.

(4.40)

Noting that ux, uy are continuous in D\({±1,±1−j, 0,−j, P1P2, P
′
1P

′
2} and

φ(z) is a solution of (4.22) in D−, we can prove w(z) = φ(z) + ψ(z) = 0 in
D−.

In fact, choose any closed set

D0 = D− ∩ {−1 ≤ a0 = −1 + δ0 ≤ x < b0 = −δ0 ≤ 0,−δ ≤ y ≤ 0} or

D− ∩ {0 ≤ a0 = δ0 < x < b0 = 1 − δ0 ≤ 1,−δ ≤ y ≤ 0},

where δ, δ0 are sufficiently small positive constants, a0, b0 are real numbers,
noting that the continuity of ux, uy in D0 and the estimate in (4.56) be-
low, there exist positive numbers N (> 1), γ (< 1), β = min(1,m/2) − ε0
dependent on m,u(z), D0, ε0, such that

|u(z) − u(x)| ≤ Nγ|y|β, |u(z)| ≤ Nγ, |ξ(z)| ≤ Nγ,

|η(z)| ≤ Nγ, |ξ(z) + η(z)| ≤ Nγ|y|1+m/2−ε0 ,
(4.41)

in which ε0 is a sufficiently small positive constant. From (40), we can
obtain

|ξ(z) − ζ(z)| = |
∫ y

0

[Ã1ξ + B̃1η + C̃1(ξ + η) + D̃1u]dy|

≤ |
∫ y

0

Nγ[|Ã1| + |B̃1| + |D̃1| + |C̃1||y|1+m/2−ε0 ]dy|

≤ |
∫ y

0

Nγ[2k3 + (
|ε(y)|

2
+
m

4
)|y|m/2−ε0 ]dy|

≤Nγ[2k3|y|+
|ε(y)| +m/2

2 +m− 2ε0
|y|1+m/2−ε0 ]≤Nγ2|y|β on s1,
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where ε(y) is as stated in (4.50) below, and k3 is a constant such that
|hy/h| ≤ k3(≥ max[1, k0, k1, k2]). Similarly we have

|η(z) − θ(z)|= |
∫ y

0

[Ã2ξ+B̃2η+C̃2(ξ+η)+D̃2u]dy|≤Nγ2|y|β on s2.

Applying the repeated insertion, as stated in the proof of Theorem 4.5
below, the inequalities

|u(z)−u(x)|≤Nγk|y|β , |ξ(z)−ζ(z)|≤Nγk|y|β ,

|η(z) − θ(z)| ≤ Nγk|y|β, k = 2, 3, ...
(4.42)

are obtained. This shows that u(z) = 0, ξ(z) = 0, η(z) = 0 in D0. Taking
into account the arbitrariness of a0, b0, by using the method in Section 1,
we can derive u(z) = 0, ξ(z) = 0, η(z) = 0 in D.

In order to prove the existence of solutions of Problem TR for equation
(4.1), it suffices to discuss Problem T̃ for (4.1), it is clear that Problem T̃
is equivalent to Problem A for the complex equation

w¯̃z = A1(z)w +A2(z)w +A3(z)u+A4(z) in D, (4.43)

with the relation

u(z) =





2Re

∫ z

cl

[
Rew(z)

H(y)
+ iImw(z)]dz + b0 in D+,

u(x) −
∫ y

0

Imw(z)dy in D−,

l = 1, 2, (4.44)

and the boundary conditions

Re[λ(z)w(z)] = R(z) on Γ ∪ L,

Im[λ(z)uz̃]|z=zl
= bl, l = 1, 2, u(al) = b1−l, l = 1, 2,

(4.45)

where c1 = −1, c2 = 1 − i or 1 − j, H(y) =
√
|K(y)|, the coefficients in

(4.43) are as stated in (4.21), λ(z), R(z), zl, bl are as stated before, but

R(z) = 0 on Γ ∪ L, bl = 0, l = −1, 0, 1, 2. (4.46)

Similarly to Section 2, we can divided Problem A into two boundary value
problems, i.e. Problem A+: (4.43), (4.44) in D+ with the boundary condi-
tions

Re[λ(z)w(z)] = R(z) on Γ0,

Re[(1 + i)w(z)] = R̂0(x) on L′
0,

(4.47)
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and Problem A−: (4.43), (4.44) in D− with the boundary conditions

Re[λ(z)w(z)]=R(z) on L, Im[λ(zl)w(zl)]=bl, l=1, 2,

Re[(1 − j)w(z)] = R̃0(x) on L′
0

(4.48)

where L0 = L′
0 ∪ L′′

0 , we mention that the corresponding functions f(x) =
−g(x) on L0 in (4.48), and

R(z) = 0 on Γ ∪ L, b0 = b−1 = b1 = b2 = 0. (4.49)

On the basis of the result in Section 2, Chapter II (here z = ±1,±1−i, 0,−i
are the discontinuous points of Problem A+), we can prove the existence
of solutions of Problem A+. In the following we shall find a solution of the
above Problem A− in D− as follows.

Theorem 4.5 If equation (4.1) satisfies Condition C and (4.50) be-

low, then there exists a solution [w(z), u(z)] of Problem A− for (4.43),
(4.48), (4.49).

Proof We first discuss the problem in D0 = D−∩ ({a0 ≤ x ≤ b0}∪{a1 ≤
x ≤ b1}), where −1 < a0 = −1 + δ0 < b0 = −δ0 < 0 or 0 < a1 = δ0 < b1 =
1 − δ0 < 1), and δ0 is a sufficiently small positive constant.

We choose v(x) = u(x) − u0(x) on L0 and discuss the case of K(y) =
−|y|mh(y), m, h(y) is as stated in (4.2) and u0(z) is as stated in Subsection
4.1. In order to find a solution of the system of integral equations (4.31),
we need to add a condition, namely

a(x, y)|y|/H(y) = o(1), i.e. |a(x, y)|/H(y) = ε(y)/|y|, m ≥ 2, (4.50)

where ε(y) → 0 as y → 0. It is clear that for two characteristics s1, s2
passing through a point z = x + jy ∈ D− and x1, x2 are the intersection
points with the axis y = 0 respectively, for any two points z̃1 = x̃1 + jỹ ∈
s1, z̃2 = x̃2 + jỹ ∈ s2, we have

|x̃1−x̃2|≤|x1−x2|=2|
∫ y

0

√
−K(t)dt|

≤ 2k0

m+2
|y|1+m/2≤ k1

12
|y|m/2+1≤M |y|m/2+1.

(4.51)

From Condition C, we can assume that the coefficients in (4.31) are con-
tinuously differentiable with respect to x ∈ L0 and satisfy the conditions

|Ãl|, |Ãlx|, |B̃l|, |B̃lx|, |D̃l|, |D̃lx|≤k0≤k1/12, |Ẽl|, |Ẽlx|≤k1/12,

2
√
h, 1/

√
h, |hy/h| ≤ k0 ≤ k1/12 in D̄, l = 1, 2,

(4.52)
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and later on we shall use the constants

M = 4 max[M1,M2,M3], M1 = max[8(k1d)
2,
M3

k1
],

M2 =
(2 +m)k0d

δ2+m
[4k1+

4ε0+m

δ
], M3 =2k2

1[d+
1

2H(y′1)
],

γ = max[4k1dδ
β +

4ε(y) +m

2β′
] < 1, 0 ≤ |y| ≤ δ,

(4.53)

in which β′ = (1 + m/2)(1 − 3β), ε0 = max
D−

ε(z), δ, β are sufficiently
small positive constants, d is the diameter of D−, and

1/2H(y′1) ≤ k0[(m+ 2)a0/k0]
−m/(2+m),

herein y′1 is similar to that as in (2.43). We choose v0 = 0, ξ0 = 0, η0 = 0 and
substitute them into the corresponding positions of v, ξ, η in the right-hand
sides of (4.31), and obtain

v1(z) = v1(x) − 2

∫ y

0

V0dy= v1(x) +

∫ y

0

(η0 − ξ0)dy,

ξ1(z)=ζ1(z)+

∫ y

0

g10(z)dy=ζ1(z)+

∫ y

0

Ẽ1dy=

∫ ŷ

y1

Ê1dy,

η1(z)=θ1(z)+

∫ y

0

g20(z)dy=θ1(z)+

∫ y

0

Ê2dy=

∫ ŷ

y1

Ê2dy,

gl0 = Ãlξ0 + B̃lη0 + C̃l(ξ0+η0)+D̃lv+Ẽl = Ẽl, l=1, 2,

(4.54)

where z1 = x1 + jy1 is a point on ∆1, which is the intersection of ∆1

and the characteristic curve s1 passing through the point z = x + jy ∈
D−. By the successive approximation, we find the sequences of functions
{vk}, {ξk}, {ηk}, which satisfy the relations

vk+1(z)=vk+1(x)−2

∫ y

0

Vk(z)dy=vk+1(x)+

∫ y

0

(ηk−ξk)dy,

ξk+1(z) = ζk+1(z) +

∫ y

0

g1k(z)dy =

∫ ŷ

y1

ĝlkdy,

ηk+1(z) = θk+1(z) +

∫ y

0

g2k(z)dy =

∫ |y|

y1

ĝ2k(z)dy,

glk(z) = Ãlξk + B̃lηk + C̃l(ξk + ηk) + D̃lvk + Ẽl,

l = 1, 2, k = 0, 1, 2, ....

(4.55)
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Setting that g̃lk+1(z) = glk+1(z) − glk(z) and

ỹ = ŷ − y1, t̃ = ŷ − y1, ṽk+1(z) = vk+1(z) − vk(z),

ξ̃k+1(z)=ξk+1(z)−ξk(z), η̃k+1(z)=ηk+1(z)−ηk(z),

ζ̃k+1(z)=ζk+1(z)−ζk(z),θ̃k+1(z)=θk+1(z)−θk(z),

we can prove that {ṽk}, {ξ̃k}, {η̃k}, {ζ̃k}, {θ̃k} in D0 satisfy the estimates

|ṽk(z)−ṽk(x)|, |ξ̃k(z)−ζ̃k(z)|, |η̃k(z)−θ̃k(z)|≤M ′γk−1|y|1−β, 0≤|y|≤δ,

|ξ̃k(z)|, |η̃k(z)|≤M(M2|ỹ|)k−1/(k − 1)!, y≤−δ, or M ′γk−1, 0≤|y| ≤δ,

|ξ̃k(z1)−ξ̃k(z2)−ζ̃k(z1)−ζ̃k(z2)|, |η̃k(z1)−η̃k(z2)−θ̃k(z1)−θ̃k(z2)|

≤M ′γk−1[|x1−x2|1−β +|x1−x2|β |y|β
′

], 0 ≤ |y| ≤ δ, |ṽk(z1)−ṽk(z2)|,

|ξ̃k(z1)−ξ̃k(z2)|,|η̃k(z1)−η̃k(z2)|≤M(M2|t̃|)k−1|x1−x2|1−β

/(k−1)!, y≤−δ, or M ′γk−1[|x1−x2|1−β +|x1−x2|β |t|β
′

], 0≤|y|≤δ,

|ξ̃k(z) + η̃k(z)−ζ̃k(z) − θ̃k(z)|≤M ′γk−1|x1−x2|β |y|β
′

, |ξ̃k(z)+η̃k(z)|

≤M(M2|ỹ|)k−1|x1−x2|1−β/(k−1)! or M ′γk−1|x1−x2|β |y|β
′

,
(4.56)

in which z = x + jy, z = x + jt is a intersection point of s1, s2 in (4.32)
passing through z1, z2; β

′, β are as stated before, δ is a sufficiently small
positive constant, moreover γ = 4k1dδ

β+(4 max−δ≤y≤0 |ε(z)|+m)/2β′ < 1,
d is the diameter of D, and M2 = (2+m)k0dδ

−2−m[4k1δ+4ε0 +m]/δ, and
M ′ is a sufficiently large positive constants a stated in (2.53).

From the estimate (4.56), we see that for any two points z1 = x1 +
jG(y1), z2 = x2 + jG(y2) ∈ D0, where x1 < x2, y1 = y < y2(< 0), setting
that z3 = x3 + jG(y1) is the intersection point of the characteristic line
s1 : x−G(y) = x2 −G(y2) and the straight line G(y) = G(y1), then

|ξk(z1) − ξk(z3)| ≤ 2Mγk−1|x1−x3|β |t|β
′

,

|ξk(z2) − ξk(z3)| ≤Mγk−1|y|1−β|y1 − y2|β ,
and then

|ξk(z1) − ξk(z2)| ≤ |ξk(z1) − ξk(z3)| + |ξk(z2) − ξk(z3)|

≤Mγk−1[2|x1 − x3|β|y|β
′

+ |y|1−β |y1−y2|β ]

≤Mγk−1(2|y|β′

+|y|1−β)|z1−z2|β ≤M ′′Mγk−1|z1−z2|β ,

(4.57)
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where M ′′ = maxD−

[2|y|β′

+ |y|1−β]. For other case, we can similarly get

the estimates:

|vk(z1) − vk(z2)|, |ηk(z1) − ηk(z2)| ≤M ′′Mγk−1|z1 − z2|β. (4.58)

The formula (4.57) shows that these sequences of functions {vk(z)},
{ξk(z)}, {ηk(z)} in Dl = D− ∩ {|z ± 1| ≥ 1/l} ∩ {|z| ≥ 1/l} (l > 2) are
uniformly bounded and equicontinuous. In particular for δ0 = 1/l, l (> 2)
is a positive integer, from these sequences, we can choose the subsequences
{vl

k(z)}, {ξl
k(z)}, {ηl

k(z)}, which uniformly converge to v∗(z), ξ∗(z), η∗(z) in
Dl respectively, and v∗(z), ξ∗(z), η∗(z) satisfy the system of integral equa-
tions

v∗(z)=v∗(x)−2

∫ y

0

V∗dy=u∗(x)+

∫ y

0

(η∗−ξ∗)dy,

ξ∗(z)=ζ∗(z)+

∫ y

0

[Ã1ξ∗+B̃1η∗+C̃1(ξ∗+η∗)+D̃1u∗+Ẽ1]dy, z∈s1,

η∗(z)= θ∗(z)+

∫ y

0

[Ã2ξ∗+B̃2η∗+C̃2(ξ∗+η∗)+D̃2u∗+Ẽ2]dy, z∈s2,

and the function v(z) = v∗(z) is a solution of ProblemA0 for equation (4.43)
in Dl. Moreover from {vl

k(z)}, {ξl
k(z)}, {ηl

k(z)} (l = 1, 2...), we can select
the diagonal sequence {vl

l(z)}, {ξl
l(z)}, {ηl

l(z)}, which uniformly converge
to v∗(z), ξ∗(z), η∗(z) in D0 respectively. Hence the function u(z) = v(z)+
u0(z) is a solution of Problem TR for (4.1) in D−. Thus the existence of
solutions of Problem TR for equation (4.1) in D is proved.

From the above discussion, we obtain the following theorem.

Theorem 4.6 Let equation (4.1) satisfy Condition C and (4.50). Then

the Problem TR for (4.1) has a solution.

Remark 4.1 If the coefficients K(y) in equation (4.1) can be replaced
by function K(x, y) = sgny|y|mh(x, y) in D ∩ {y ≥ −1/2} and K(x, y) =
−sgn(1 + y)|1 + y|mh(x, y) in D ∩ {y ≤ −1/2}, where m is a positive
number and h(x, y) is a continuously differentiable positive function in D.
Moreover, the above characteristics Γl,Γ

′
l,∆l,∆

′
l (l = 1, 2) can be replaced

by more general curves, which can discussed by the similar method as
stated in Section 3, Chapter IV and Section 2, Chapter VI below. Besides
we can discuss the unique solvability of some oblique derivative problem
for equation (4.1) in an N(2 < N < ∞)-connected domain D by using
the method of parameter extension and the repeated insertion similar to
Section 2.
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5 The Frankl Boundary Value Problem for Second

Order Degenerate Equations of Mixed Type

This section deals with the Frankl boundary value problem for second order
linear equations of mixed (elliptic-hyperbolic) type with parabolic degener-
acy. We first give the representation formula and prove the uniqueness of
solutions for the above boundary value problem, moreover by the method
of parameter extension, the existence of solutions is proved. In the books
[12]1),3), the Frankl problem was discussed for the special mixed equa-
tions of second order: uxx + sgny uyy = 0. In the book [74], the Frankl
problem was discussed for the mixed equation with parabolic degeneracy:
sgny|y|muxx + uyy = 0, which is a mathematical model of problem of gas
dynamics, where the existence of solutions of Frankl problem was proved
by using the method of integral equations. In this section, we shall not use
this method. We first prove the uniqueness of solutions of the Frankl prob-
lem for general mixed equations with parabolic degeneracy, give a priori
estimate of its solutions, and then prove the solvability of the problem for
the equations, which is generalized the corresponding result from [12]1),3).

5.1 Formulation of Frankl problem for second

order equations of mixed type

Let D be a simply connected bounded domain in the complex plane C with
the boundary ∂D=Γ∪A′A∪A′C∪CB, where Γ(⊂ {x>0, y>0})∈C2

µ(0<
µ < 1) with the end points A = i and B = b1, A

′A = {x = 0,−1 ≤ y ≤ 1},
A′C={x−G(y)= c1, x>0, y<0} is the characteristic line and CB={c1≤
x≤ b1, y= 0}, and denote D+ =D ∩ {y > 0}, D− =D∩{y < 0}. Let K(y)
be an odd continuous function, possess the derivative K ′(y) and yK(y)>0
on y 6= 0, and K(0)=0. Without loss of generality, we may assume that Γ
possesses the form x= b1− G̃(y), y = G̃(x), x > 0, y > 0 near z= b1, i and
are orthogonal with the real axis and imaginary axis at z= i respectively as
stated in Section 3, otherwise through a conformal mapping from D+ onto
the above domain, such that three boundary points i, 0, c1 are not changed,
then the above requirement can be realized.

Frankl Problem Find a continuous solution u(z) of equation (2.1)
in D, where ux, uy are continuous in D∗ = D\{0, c1, b1, i,−i} and satisfy
the boundary conditions

u = ψ1(s) on Γ, (5.1)
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u = ψ2(x) on CB, (5.2)

∂u

∂x
= 0 on A′A, (5.3)

u(iy) − u(−iy) = φ(y), −1 ≤ y ≤ 1. (5.4)

Here ψ1(s), ψ2(x), φ(y) are given real-valued functions satisfying the con-
ditions

C2
α[ψ1(s),Γ] ≤ k2, C

2
α[ψ2(x), CB] ≤ k2,

C2
α[φ(y), A′A] ≤ k2, ψ1(0)=ψ2(b1)=b0,

(5.5)

in which s is the arc length parameter on Γ normalized such that s = 0
at the point B, S0 is the length of Γ, and α (0 < α < 1), k2 are positive
constants. The above boundary value problem is called Problem F and the
corresponding homogeneous problem is called Problem F0.

Let

U=
1

2
H(y)ux, V =−1

2
uy,ReW =U, ImW =V in D, (5.6)

then equation (2.1) can be written as the complex equation

Wz̃ = A1W +A2W +A3u+A4 in D,

u(z)=2Re

∫ z

b1

[
ReW (z)

H(y)
+

(
i

−j

)
ImW (z)]dz+ψ1(0) in

(
D+

D−

)
.

(5.7)

The boundary conditions of the Frankl problem can be rewritten as

1

2

∂u

∂l
=

1

H(y)
Re[λ(z)W (z)]=Re[Λ(z)W (z)]=R(z), z∈Γ ∪ CB,

U(0, y) =
1

2

∂u

∂x
= R(z) =

1

H(y)
Re[λ(iy)W (iy)] =

= Re[Λ(iy)W (iy)] = 0,−1 ≤ y ≤ 1, u(b1) = b0 = ψ1(0),

(5.8)

1

H(y)
Re[λ(x)W (x)] = Re[Λ(x)W (x)] =R(x)

=
1√
2
[F (−x) − 1

2
φ′(−x)], x ∈ L0 = (0, c1),

(5.9)
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in which l is the tangent vector on the boundary Γ, F (−x) is an undeter-
mined function, and

λ(z)=





xs/H − iys,

1,

1

(1+i)/
√

2,

R(z)=





ψ′
1(s)/2 on Γ,

0 on A′A,

H(0)ψ′
2(x)/2 = 0 on CB,

[F (−x)−φ′(−x)/2]/
√

2 on OC,

the above last boundary condition is derived as follows. From (5.4) and
(5.3), for system (5.25) below we have

−V (0, y) =
1

2
[u(0, y)]y =

1

2
[u(0,−y)]y +

1

2
φ′(y)

= V (0,−y) +
1

2
φ′(y) = −F (y) +

1

2
φ′(y),−1 ≤ y ≤ 1,

U(0, y) =
1

2
H(y)ux =

1

2
[f(−G(y)) + g(G(y))] = 0, V (0, y) = −1

2
uy

=
1

2
[f(−G(y)) − g(G(y))] = F (y) − 1

2
φ′(y), −1 ≤ y ≤ 1,

U(0, y) + V (0, y) = f(−G(y)) = F (y) − 1

2
φ′(y), −1 ≤ y ≤ 0,

U(0, y)−V (0, y)=g(G(y))=g(−G(−y))=−F (y)+
1

2
φ′(y),0≤y≤1,

U(x, 0)+V (x, 0)=f(x)=F [(−G)−1(x)]− 1

2
φ′[(−G)−1(x)], 0≤x≤c1,

U(x, 0)−V (x, 0)=g(x)=−F [−(−G)−1(x)]+
1

2
φ′[−(−G)−1(x)],

U(x, 0) = 0, 0 ≤ x ≤ c1,
(5.10)

in which F (y) = −V (0,−y), y = (−G)−1(x) is the inverse function of
x = −G(y) = −

∫ y

0 H(t)dt, −1 ≤ y ≤ 0, 0 ≤ x = −G(y) ≤ c1, and from
K(y) = −K(−y), it follows that G(y) = −G(−y). We shall prove the
solvability of the Frankl problem for equation (2.1) by using the methods
of parameter extension and symmetry extension.

We can choose the index K = 0 of λ(z) on the boundary ∂D+ of D+.
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In fact, due to the boundary condition

Re[λ(z)W (z)]=
1

2
Re[λ(z)(H(y)ux−iuy)]=R(z) on ∂D+, (5.11)

where ∂D+ = AO ∪ OB ∪ Γ, and λ(z) = 1 on AO ∪ CB, λ(z) = exp(πi/4)
on OC, λ(z) = Reλ(z) + iImλ(z) on Γ, R(z) is as stated in (5.9). Denote
t1 = 0, t2 = c1, t3 = b1, t4 = i, it is clear that λ(t1 + 0) = λ(t2 − 0) =
exp(πi/4), λ(t2 + 0) = λ(t3 − 0) = λ(t4 − 0) = 1 = exp(0πi), hence we have

Kj =

[
φj

π

]
+Jj , Jj = 0 or 1, eiφj =

λ(tj−0)

λ(tj +0)
, γj =

φj

π
−Kj , j=1, ...,4,

eiφ1 =
λ(t1−0)

λ(t1+0)
=
ei0π

eiπ/4
=e−iπ/4,−1<γ1=

φ1

π
−K1=−1

4
−K1=−1

4
,

eiφ2 =
λ(t2−0)

λ(t2+0)
=
eiπ/4

e0iπ
=eiπ/4, 0<γ2 =

φ2

π
−K2=

1

4
−K2=

1

4
<1,

eiφ3 =
λ(t3−0)

λ(t3+0)
=
e0iπ

eiπ/2
,−1<γ3=

φ3

π
−K3=−1

2
−K3=−1

2
<0,

eiφ4 =
λ(t4−0)

λ(t4+0)
=
ei0

ei0
=ei0 =1, 0≤γ4=

φ4

π
−K4 =0−K4=0<1,

(5.12)
here [b] is the largest integer not exceeding the real number b, we choose
K1 = K2 = K3 = K4 = 0. Under these conditions, the index K of λ(z) on
the boundary ∂D+ of D+ is just as follows:

K =
1

2
(K1 +K2 +K3 +K4) = 0. (5.13)

If the last boundary condition in (5.9) is replaced by that in (5.10), then
λ(x) = 1, R(x) = 0 on OC, in this case we can choose γ1 = γ2 = 0, γ3 =
−1/2, γ4 = 0,K1 = K2 = K3 = K4 = 0, hence the index of λ(z) on ∂D+

is also K = (K1 +K2 +K3 +K4)/2 = 0. In the following we choose this
case and K = 0, and can add one point condition u(0) = 0 in the boundary
conditions (5.8)-(5.10), but we omit to write it later on.

Noting that U(0, y) = 0 on A′A, we can extend W (z) onto the reflected
domain D̃ of D about the segment A′A. In fact, we introduce the function

W̃ (z) =

{
W (z) in D,

−W (−z) in D̃,
(5.14)
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this function W̃ (z) is a solution of the equation

W̃z̃ = Ã1W̃ + Ã2W̃ + Ã3ũ+ Ã4 in D,

ũ(z)=2Re

∫ z

b1

[
ReW̃ (z)

H
+

(
i

−j

)
ImW ]dz+ψ1(0) in

(
D+

D−

)
,

(5.15)

with the boundary conditions

Re[λ̃(z)W̃ (z)]=R̃1(z), z∈ Γ̃, u(b1)=b0 =ψ1(0),

Re[λ̃(x)W̃ (x)] = R̃0(x), x ∈ L̃,

(5.16)

in which Γ̃=Γ∪CB∪Γ̃∪B̃C, L̃=(0, c1)∪(−c1, 0), and

Ãl =




Al(z),

−Al(−z̄),
l = 1, 2, Ãl =

{
Al(z),

Al(−z̄),
l = 3, 4, in

(
D

D̃

)
, (5.17)

and

λ̃(z) =




λ(z),

λ(−z̄),
R̃(z) =




R(z) on Γ∪CB,

−R(−z̄) on Γ̃∪B̃C,

λ̃(z)=





1 + i√
2
,

1 − i√
2
,

R̃0(x)=

{
R(x) on OC=(0, c1),

−R(−x) on C̃O=(−c1, 0),

(5.18)

in which Γ̃, B̃C = (−b1,−c1), C̃O and ÃB are the reflected curves of
Γ, CB,OC and BA about the imaginary axis respectively. We choose
the index of the function λ̃(z) on the boundary ∂(D̂+) of the elliptic do-
main D̂+ = D+ ∪ D̃+ ∪ AO as K = 0, where D̃+ is the symmetric do-
main of D+ with respect to Rez = 0. In fact, noting that λ̃(z) = 1 on
CB ∪ B̃C , λ̃(z) = exp(iπ/4) on OC, λ̃(z) = exp(−iπ/4) on C̃O, denote
t1 = 0, t2 = c1, t3 = b1, t4 = i, t5 = −b1, t6 = −c1, we have λ̃(b1 + 0) =
exp(iπ/2), λ̃(i− 0) = λ̃(i+ 0) = exp(0i), λ̃(−b1 − 0) = exp(−iπ/2), hence
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we have

Kj =

[
φj

π

]
+Jj , Jj =0 or 1, ejφj =

λ̃(tj−0)

λ̃(tj +0)
, γj =

φj

π
−Kj , j=1, ..., 6,

eiφ1 =
λ̃(t1−0)

λ̃(t1+0)
=
e−iπ/4

eiπ/4
=e−iπ/2,−1<γ1=

φ1

π
−K1=−1

2
−K1=−1

2
,

eiφ2 =
λ̃(t2 − 0)

λ̃(t2 + 0)
=
eiπ/4

e0iπ
=eiπ/4,−1<γ2=

φ2

π
−K2 =

1

4
−K2 =

1

4
,

eiφ3 =
λ̃(t3−0)

λ̃(t3+0)
=
e0iπ

eiπ/2
=e−iπ/2,−1<γ3=

φ3

π
−K3=−1

2
−K3=−1

2
,

eiφ4 =
λ̃(t4 − 0)

λ̃(t4 + 0)
=
e0i

e0i
= ei0,−1 < γ4 =

φ4

π
−K4 = 0 −K4 = 0,

eiφ5 =
λ̃(t5−0)

λ̃(t5+0)
=
e−iπ/2

e0iπ
=e−iπ/2,−1<γ5=

φ5

π
−K5=−1

2
−K5=−1

2
,

eiφ6 =
λ̃(t6−0)

λ̃(t6+0)
=

e0iπ

e−iπ/4
=eiπ/4, 0 < γ6 =

φ6

π
−K6 =

1

4
−K6 =

1

4
.

(5.19)
If we choose K1 = K2 = K3 = K4 = K5 = K6 = 0, the index K of λ̃(z) is
just

K =
1

2
(K1 +K2 + · · · +K6) = 0. (5.20)

We can discuss the solvability of the corresponding boundary value prob-
lem (5.15), (5.16), and then derive the existence of solutions of the Frankl
problem for equation (2.1).

5.2 Representation and uniqueness of solutions of

Frankl problem for degenerate mixed equations

In this section, we first write the complex form of equation (2.1). Denote

Y = G(y) =

∫ y

0

H(y)dy = ± 2

m+ 2
|y|(m+2)/2, (5.21)
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where H(y) = |y|m/2, m is a positive number, and

W (z)=U+iV =
1

2
[H(y)ux−iuy]=uz̃ =

H(y)

2
[ux−iuY ]=H(y)uZ ,

H(y)WZ =
H(y)

2
[Wx + iWY ] =

1

2
[H(y)Wx + iWy] = Wz̃ in D+,

W (z)=U+jV =
1

2
[H(y)ux−juy]=uz̃ =

H(y)

2
[ux−juY ]=H(y)uZ ,

H(y)WZ =
H(y)

2
[Wx + jWY ] =

1

2
[H(y)Wx + jWy] = Wz̃ in D−,

(5.22)
in which Z = x+ iG(y) in D+. Similarly to (2.12), (2.15), we have

H(y)WZ =A1(z)W +A2(z)W +A3(z)u+A4(z)=g(Z) in DZ . (5.23)

In particular the complex equation

W¯̃z = 0, i.e. WZ = 0 in D (5.24)

can be rewritten in the system

[(U + V ) + i(U − V )]µ−iν =0 in D+,

(U + V )µ = 0, (U − V )ν = 0 in D−.
(5.25)

The boundary value problem for equations (5.23) with the boundary con-
dition (5.1)-(5.4)(W (z) = uz̃) and the relation

u(z) =





2Re

∫ z

b1

[
ReW (z)

H1(y)
+ iImW (z)]dz + b0 in D+,

2Re

∫ z

b1

[
ReW (z)

H1(y)
− jImW (z)]dz + b0 in D−,

(5.26)

will be called Problem A.

Now, we give the representation of solutions for the Frankl problem
(Problem F ) for system (5.25) in D. For this, we first discuss the Riemann-
Hilbert problem (Problem A) for the second system of (5.25) in D− with
the boundary conditions

Re[λ̃(z)W̃ (z)] = R̃1(z), z ∈ Γ̂, u(b1)=b0,

Re[λ̃(x)W̃ (x)]=R̃0(x), x ∈ L̂=(0, c1) ∪ (−c1, 0),

(5.27)
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in which λ̃(x) = eiπ/4 on (0, c1) and λ̃(x) = e−iπ/4 on (−c1, 0), Γ̂ = Γ ∪
CB∪ Γ̃∪ B̃C, λ̃(z), R̃1(z), R̃0(x), b0 are as stated in (5.16). On the basis of
the result in [86]33), the solution W̃ (z) of Problem A for the second system
of (5.25) and the function F (−x) in (5.9) can be found. Moreover we can
find a solution W̃ (z) of Problem A for (5.24) in D+∪D̃+ by using Theorem
1.3, Chapter I, thus the function R̃0(x) in the boundary condition

Re[W̃ (z)]=0 on OA′,Re[(1−j)W̃ (x)]/
√

2=R̃0(x), x∈(0, c1),

Re[(1 + j)W̃ (x)]/
√

2 = R̃0(x), x ∈ (−c1, 0)
(5.28)

is found. The result can be written the following theorem.

Theorem 5.1 Problem A of equation (5.24) or system (5.25) in D has a

unique solution W̃ (z), which satisfies the estimates

|ReW̃ (z)| ≤M1, |ImW̃ (z)| ≤M1 in D−
ε ,

in which D−
ε = D− ∩ {|z| > ε}∩ {|z− c1| < ε} ∩ {|z− b1| < ε(> 0)}, M1 =

M1(α, k0, k2, D
−
ε ) is a positive constant.

Now we state and can verify the representation of solutions of Problem
F for equation (2.1).

Theorem 5.2 Under Condition C, any solution u(z) of Problem F for

equation (2.1) in D− can be expressed as follows

u(z)=u(x)−2

∫ y

0

V (z)dy=2Re

∫ z

b1

[
Rew

H
+

(
i

−j

)
Imw]dz+b0 in

(
D+

D−

)
,

w(z)=W (z)+Φ(Z)+Ψ(Z),Ψ(Z)=−2Re
1

π

∫ ∫

D+

t

f(t)

t−Zdσt in D+
Z ,

w(z) = φ(z) + ψ(z) = ξ(z)e1 + η(z)e2,

ξ(z)=ζ(z)+

∫ y

0

g1(z)dy = ζ0(z)+

∫

S1

g1(z)dy+

∫ y

0

g1(z)dy,

g1(z)=Ã1(U+V )+B̃1(U−V )+2C̃1U+D̃1u+Ẽ1, z ∈ s1,

η(z)=θ(z)+

∫ y

0

[Ã2(U+V )+B̃2(U−V )+2C̃2U+2D̃2u+Ẽ2]dy, z ∈ s2,

(5.29)
in which U = Hux/2, V = −uy/2, ξ0(z) = ReW (z) + ImW (z), W (z) is as

stated in Theorem 5.1, φ(z) is a solution of (5.25) in D−, u(x) = ψ2(x) on
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CB, s1, s2 are two families of characteristics in D− as follows:

s1 :
dx

dy
=
√
−K(y)=H(y), s2 :

dx

dy
=−

√
−K(y)=−H(y) (5.30)

passing through z = x + jy ∈ D−, ζ(z) = ζ0(z)+
∫

S1
g1(z)dy, S1 is the

characteristic curve from a point on x + G(y) = 0 to a point on OC,

θ(z) = −ζ(x+G(y)), and

w(z) = U(z) + jV (z) =
1

2
[Hux − juy],

ξ(z) = Reψ(z) + Imψ(z), η(z) = Reψ(z) − Imψ(z),

Ã1 =B̃2 =
1

2
(
hy

2h
−b), Ã2=B̃1 =

1

2
(
hy

2h
+b), C̃1 =

a

2H
+
m

4y
,

C̃2 = − a

2H
+
m

4y
, D̃1 = −D̃2 =

c

2
, Ẽ1 = −Ẽ2 =

d

2
,

(5.31)

in which we choose H(y) = [|y|mh(y)]1/2, h(y) is a continuously differen-

tiable positive function and

dµ = d[x+G(y)] = 2H(y)dy on s1,

dν = d[x−G(y)] = −2H(y)dy on s2.
(5.32)

Theorem 5.3 The solution of Problem F of equation (2.1) in D is unique,

and the solution u(z) and W (z) = uz̃ satisfy the estimate

Ĉδ [W (z), D+]=Cδ [X(Z)(ReW/H+iImW ), D+]+Cδ[u(z), D+]≤M2,

Ĉδ [W (z), D+] ≤M3(k1 + k2),
(5.33)

in which X(Z) = Π4
l=1(Z − tl)

ηl , if η1 = η2 = 1, η3 = max(−2γ3, 0) if

γ3 < 0, η4 = 0, γl, tl (l = 1, ....4) are as stated in (5.12), and M2 =
M2(δ, k,H,D), M3 = M3(δ, k0, H,D) are non-negative constants, and k =
(k0, k1, k2).

Proof We first prove the uniqueness of solutions of Problem F for equa-
tion (2.1) in D. Let u1(z), u2(z) be any two solutions of Problem F for
(2.1). It is easy to see that u(z) = u1(z)− u2(z) and W (z) = uz̃ = U + iV
in D+ satisfy the homogeneous equation and boundary conditions

Wz̃ = A1W +A2W +A3u in D+,

u(z) = 0 on Γ∪CB, ux =0 on AO.
(5.34)
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If the maximum M = maxD u(z) > 0, it is clear that the maximum point
z∗ 6∈ D+ ∪ BA ∪ CB. From the method in the proof of Theorem 3.2,
Chapter II, we can derive that the maximum M cannot be attained at a
point z∗ = iy∗ ∈ AO. If the maximum M attains at a point z∗ = x∗ ∈ OC,
from the same proof of Theorem 5.2, Chapter II, we can derive that ux = 0
on OC, and then u(x) = M on OC, this contradicts u(x) = 0 on CB. Hence
max

D+ u(z) = 0. Similarly we can derive min
D+ u(z) = 0. Moreover on the

basis of the uniqueness of Cauchy problem of the homogeneous equation of
(2.1) in D− with the initial conditions u(x) = 0, uy = 0 on OC, we can
prove min

D−
u(z) = 0(see [86]33)). Therefore u(z) = 0, u1(z) = u2(z) in

D. In addition by using the method in the proofs of Theorems 2.4 and 3.3,
Chapter II, we can obtain the estimate (5.33), here we mention that noting
that ReW = U = H(y)ux/2 = 0 on OB = [0, b1], the function W (Z) in
D+

Z can be symmetrically extended in the symmetrical domain D̃Z about
ImZ = 0.

5.3 Existence of solutions of Frankl problem for

degenerate equations of mixed type

In this section, we prove the existence of solutions of Problem F for equation
(2.1). Firstly we discuss the boundary value problem (Problem A), i.e.
the complex equation (5.23), the relation (5.26) and the boundary value
problem (5.27), (5.28).

Making a transformation v(z) = u(z) − u0(z), where u0(z) is a func-
tion as stated in (5.26), in which u0z̃ = W0(z) is a solution of Problem A
for equation (5.24), then Problem F for equation (2.1) is reduced to the
boundary value problem (Problem F0) for equation

K(y)vxx + vyy + avx + bvy + cu+ d̃ = 0,

d̃=[a−
(

i

−j

)
H ′(y)]u0x+bu0y+cu0+d in

(
D+

D−

)
.

(5.35)

with the homogeneous boundary conditions

Re[λ̃(z)W̃ (z)]=0, z ∈ Γ ∪ Γ̃ ∪ CB ∪ B̃C, u(b1)=0,

Re[λ̃(x)W̃ (x)] = R(x), x ∈ L = (0, c1) ∪ (−c1, 0),

(5.36)

where W̃ = vz̃ , R(x) = F (−x)/
√

2 is as stated in (5.9). According to
the property of solutions of the discontinuous Riemann-Hilbert boundary
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value problem for analytic functions, we can verify that the orders of poles
at z = 0, c1, b1, i are less than 1, hence we can only discuss Problem F0

for equation (5.23) with the boundary conditions (5.27), (5.28). Problem
F0 can be divided into two problems, i.e. Problem A1 of equation (5.23),
(5.26) inD+ and ProblemA2 of equation (5.23), (5.26) inD−, the boundary
conditions of Problems A1 and A2 are as follows:

Re[λ̃(z)W̃ (z)] = 0 on Γ ∪ Γ̃ ∪ CB ∪ B̃C, u(b1) = 0,

Re[λ̃(x)W̃ (x)]=R̂0(x) or R̃0(x) on L=(0, c1)∪(−c1, 0),

(5.37)

and

u(b1)=0, Re[λ(x)W (x)]=R(x) on L, Re[λ̃(z)W̃ (z)]=0 on OA′, (5.38)

in which λ̃(x), R(x) = R̂0(x) or R̃0(x) on L = (0, c1)∪(−c1, 0) are as stated
before. As stated in Section 2, R̂0(x) and R̃0(x) is as stated in (2.10). The
solvability of Problem A1 can be obtained by using the estimate (5.33) and
the method of parameter extension as stated in Theorem 5.5 below, and
the result of Problem A2 will be proved as follows.

Theorem 5.4 Let equation (2.1) satisfy Condition C and (5.40) be-

low. Then there exists a unique solution [w(z), u(z)] of Problem A2 for

(5.23), (5.26) in D−.

Proof Denote D0 = D− ∩ ({a0 ≤ x ≤ a1}, where a0 = δ0 < a1 = c1 − δ0,
and the positive constant δ0 is small enough. We choose v0 = 0, ξ0 =
0, η0 = 0 and substitute them into the corresponding positions of v, ξ, η in
the right-hand sides of (5.29), and by the successive approximation, we find
the sequences of functions {vk}, {ξk}, {ηk}, which satisfy the relations

vk+1(z)=vk+1(x)−2

∫ y

0

Vk(z)dy=vk+1(x)+

∫ y

0

(ηk−ξk)dy,

ξk+1(z)=ζk+1(z)+

∫ y

0

[Ã1ξk+B̃1ηk+C̃1(ξk+ηk)+D̃1vk+Ẽ1]dy, z∈s1,

ηk+1(z)=θk+1(z)+

∫ y

0

[Ã2ξk+B̃2ηk+C̃2(ξk+ηk)+D̃2vk+Ẽ2]dy, z∈s2,

k = 0, 1, 2, ....
(5.39)

We may only discuss the case of K(y) = −|y|mh(y), because otherwise
we can similarly discuss. In order to find a solution of the system of integral
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equations (5.29), we can assume that

a(x, y)|y|/H(y) = o(1), i.e. |a(x, y)|/H(y) = ε(y)/|y|, m ≥ 2. (5.40)

It is clear that for two characteristics s1 : x = x1(y, z0), s2 : x = x2(y, z0)
passing through P0 = z0 = x0 + jy0 ∈ D, we have

|x1 − x2| ≤ 2|
∫ y0

0

√
−Kdy| ≤M |y0|m/2+1 for y1 < y < 0, (5.41)

for any z1 = x1+jy ∈ s1, z2 = x2+jy ∈ s2, in whichM (> max[2
√
h(y), 1])

is a positive constant. From (2.2), we can assume that the coefficients of
(5.39) satisfy the conditions

|Ãl|, |Ãlx|, |B̃l|, |B̃lx|, |D̃l|, |D̃lx|,

|Ẽl|, |Ẽlx|, |1/
√
h|, |hy/h| ≤M, z ∈ D̄, l = 1, 2.

(5.42)

According to the proof of Theorem 2.3, we can prove that {vk} , {ξk}, {ηk}
in D0 uniformly converge to v∗, ξ∗, η∗, thus Problem A2 in D0. Noting the
arbitrariness of δ0, we see that Problem A2 in D− has a unique solution.

Now we give the sketch of the proof of solvability of Problem A1 for
(2.1) in D+.

Theorem 5.5 Suppose that equation (2.1) satisfies Condition C. Then

there exists a solution of (Problem A1) for (5.23), (5.26) in D+.

Proof We first consider the boundary value problem (Problem At) with
the parameter t ∈ [0, 1] for the linear case of equation (5.23), i.e.

wz̃ − tF (z, u, w) = E(z) in D+, (5.43)

Re[λ(z)w(z)] = tR(z) + S(z) on ∂D+ = Γ ∪ AO ∪ OB, (5.44)

where F (z, u, w) in D+
Z , R(z) on ∂D+ = Γ∪AO∪OB are as stated in (5.23)

and (5.8) − (5.10), and yτX(Z)E(z)∈ Ĉ(D
+
), X(Z)S(z)∈Cα(∂D+), τ =

max(0, 1−m/2). When t = 0, the unique solution of Problem A0 for (5.43),
(5.44)) can be found. Suppose that when t = t0 (0 ≤ t0 < 1), Problem At0

is solvable, i.e. Problem At0 for (5.43), (5.44)) has a solution [W0(z), u0(z)]
(W0(z) ∈ Ĉ(D)), we can find a neighborhood Tε = {|t − t0| ≤ ε, 0 ≤ t ≤
1}(0 < ε < 1) of t0 such that for every t ∈ Tε, Problem At is solvable. In
fact, Problem At can be written in the form

wz̃ − t0F (z, u, w) = (t− t0)F (z, u, w) +E(z) in D+, (5.45)
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Re[λ(z)w(z)] − t0R(z) = (t− t0)R(z) + S(z) in ∂D+, u(b1) = 0, (5.46)

Replace [u(z), w(z)] in the right-hand side of (5.45), (5.46) by a system
[u0(z), w0(z)] (w0(z) ∈ Ĉ(D+)) and the corresponding function u0(z) in
the first formula of (5.29), especially, we select w0(z) = 0, u0(z) = 0 and
substitute them into the right-hand sides of (5.45), (5.46), it is obvious
that the boundary value problem for such equation then has a solution
[w1(z), u1(z)] (w1(z) ∈ Ĉ(D)). Using successive approximation, we obtain
a sequence of solutions [wn(z), un(z)] (wn(z) ∈ Ĉ(D+), n = 1, 2, ...), which
satisfy the equations

wn+1z̃−t0F (z, un+1, wn+1)=(t− t0)F (z, un, wn)+E(z) in D+,

Re[λ(z)wn+1(z)]−t0R(z)=(t− t0)R(z)+S(z) on ∂D+, un+1(b1) = 0.
(5.47)

From the above formulas, it follows that

[wn+1−wn]z̃−t0[F (z, un+1, wn+1) − F (z, un, wn)]

= (t− t0)[F (z, un, wn) − F (z, un−1, wn−1)] in D,

Re[λ(z)(wn+1(z)−wn(z))]=0 on ∂D+, un+1(b1) − un(b1) = 0.

(5.48)

Noting that Condition C and for the above systems of functions [un(z), wn],
[un−1, wn−1], we can obtain the estimate

L∞[(t−t0)[|y|τX(Z)(F (z, un, wn)−F (z, un−1, wn−1)), D+]

≤ 2|t− t0|M4Ĉ[wn−wn−1, D+],

and by Theorem 5.3 we can derive

Ĉ [wn+1 − wn, DZ ] ≤ 2|t− t0|M3M4Ĉ [wn − wn−1, DZ ],

in which the constant M3 = M3(δ, k0, H,D) is as stated in (5.33), and
M4 = M4(δ, k,H,D) is a positive constant. Choosing the constant ε so
small that 2εM3M4 ≤ 1/2 and |t− t0| ≤ ε, it follows that

Ĉ [wn+1 − wn), DZ ] ≤ 2εM3M4Ĉ [wn−wn−1, D]≤ 1

2
Ĉ,D],

and when n,m ≥ N0 + 1, N0 is a positive integer, the inequality

Ĉ[wn+1−wn, D]≤2−N0

∞∑

j=0

2−jĈ[w1−w0, D]≤2−N0+1Ĉ [w1−w0, D],
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holds. Hence {wn(z)}, {un(z)} are Cauchy sequences, according to the
completeness of the Banach space Ĉ(D), there exists a function w∗(z) ∈
Ĉ(D+), and w∗(z) = u∗z̃(z), so that Ĉ[wn(z)−w∗(z), D+] to 0 as n→ ∞.
we can see that [w∗(z), u∗(z)] is a solution of Problem At for every t ∈ Tε =
{|t − t0| ≤ ε}. Because the constant ε is independent of t0 (0 ≤ t0 < 1),
therefore from the solvability of Problem At0 when t0 = 0, we can derive the
solvability of Problem At when t = ε, 2ε, ..., [1/ε] ε, 1. In particular, when
t = 1 and E(z) = 0, S(z) = 0, Problem A1 for the equation (5.23) has a
solution [W (z), u(z)]. This completes the proof.

Combining the above results, we have the following theorem.

Theorem 5.6 Suppose that equation (2.1) satisfies Condition C and

(5.40). Then the Frankl problem (Problem F ) for (2.1) has a unique so-

lution.
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CHAPTER VI

SECOND ORDER QUASILINEAR

EQUATIONS OF MIXED TYPE

This chapter mainly deals with the Tricomi problem and oblique derivative
boundary value problem for second order quasilinear equations of mixed
(elliptic-hyperbolic) type with parabolic degeneracy. We shall discuss the
boundary value problems for general second order quasilinear equations
of mixed (elliptic-hyperbolic) type and the problems in general domains
including multiply connected domains. Moreover we shall consider the
oblique derivative problem for second order quasilinear equations of mixed
type with nonsmooth degenerate line and degenerate rank 0. In the mean-
time, we shall give a priori estimates of solutions for above problem.

1 The Oblique Derivative Problem for Second Order
Quasilinear Equations of Mixed Type

In this section, we first give the representation of solutions for some bound-
ary value problem of second order quasilinear equations of mixed type with-
out parabolic degeneracy, and then prove the uniqueness and existence of
solutions of the problem and give a priori estimates of solutions of the above
problem.

1.1 Formulation of oblique derivative problem for
second order equations of mixed type

Let D be a simply connected bounded domain D in the complex plane C

as stated in Chapter V. We consider the second order quasilinear equation
of mixed type

uxx + sgny uyy = aux + buy + cu+ d in D, (1.1)

where a, b, c, d are real functions of z(∈ D), u, ux, uy (∈ R), its complex
form is the following complex equation of second order

Luz =uzz̄ = F (z, u, uz), F =Re[A1uz]+A2u+A3 inD, (1.2)

333
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where Aj = Aj(z, u, uz), j = 1, 2, 3, and

uzz̄ =

{

[(uz)x + i(uz)y]/2 = [uxx + uyy]/4 in D+,

[(uz)x + j(uz)y]/2 = [uxx − uyy]/4 in D−,

A1 =

{

[a+ ib]/2 in D+,

[a− jb]/2 in D−,
A2 =

c

4
, A3 =

d

4
in D.

Suppose that the equation (1.2) satisfies the following conditions, namely

Condition C.

1) Al(z, u, uz) (l = 1, 2, 3) are measurable in z ∈ D+ and continuous in
D− for all continuously differentiable functions u(z) in D∗ = D̄\{0, 2}, and
satisfy

Lp[Al, D+] ≤ k0, l = 1, 2, Lp[A3, D+] ≤ k1, A2 ≥ 0 in D+,

Ĉ[Al, D−]=C[Al, D−]+C[Alx, D−]≤k0, l=1, 2, Ĉ[A3, D−]≤k1.
(1.3)

2) For any continuously differentiable functions u1(z), u2(z) in D∗, the
equality

F (z, u1, u1z)−F (z, u2, u2z)=Re[Ã1(u1−u2)z]+Ã2(u1−u2) in D (1.4)

holds, where Ãl = Ãl(z, u1, u2) (j = 1, 2) satisfy the conditions

Lp[Ãl, D+] ≤ k0, Ĉ [Ãl, D−] ≤ k0, l = 1, 2, (1.5)

in (1.3),(1.5), p (> 2), k0, k1 are positive constants. In particular, when
(1.2) is a linear equation, the condition (1.4) obviously holds.

Problem P The oblique derivative boundary value problem for equa-
tion (1.2) is to find a real continuously differentiable solution u(z) of (1.2)
in D∗ = D\{0, 2}, which is continuous in D and satisfies the boundary
conditions

1

2

∂u

∂ν
=Re[λ(z)uz]=r(z), z∈Γ,

1

2

∂u

∂ν
=Re[λ(z)uz]=r(z), z∈L1,

Im[λ(z)uz]z=z0
= b1, u(0) = b0, u(2) = b2,

(1.6)

where ν is a given vector at every point on Γ∪L1, λ(z) = a(x) + ib(x) =
cos(ν, x)− i cos(ν, y), z ∈ Γ, and λ(z)=a(x) + ib(x)=cos(ν, x) + j cos(ν, y),
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z0 is the intersection point of L1 and L2, z ∈ L1, b0, b1, b2 are real constants,
and λ(z), r(z), b0, b1, b2 satisfy the conditions

C1
α[λ(z),Γ ∪ L1]≤k0, C

1
α[r(z),Γ∪L1]≤k2, cos(ν,n)≥0 on Γ,

|b0|, |b1|, |b2| ≤ k2, maxz∈L1
[1/|a(z)− b(z)|] ≤ k0,

(1.7)

in which n is the outward normal vector at every point on Γ, α (0 < α <
1), k0, k2 are positive constants. For convenience, we may assume that
uz|z=z0

= w(z0) = 0.

The boundary value problem for (1.2) with A3(z, u, uz) = 0, z ∈ D,u ∈
R, uz ∈ C, r(z) = 0, z ∈ ∂D and b0 = b1 = b2 = 0 will be called Problem
P0. The number

K =
1

2
(K1 +K2) (1.8)

is called the index of Problem P and Problem P0, where

Kl =

[

φl

π

]

+Jl, Jl =0 or 1, eiφl =
λ(tl−0)

λ(tl+0)
, γl =

φl

π
−Kl, l=1, 2, (1.9)

in which [a] is the largest integer not exceeding the real number a, t1 =
0, t2 = 2, λ(t) = exp(iπ/4) on L0, and λ(t1 + 0) = λ(t2 − 0) = exp(iπ/4),
here we only discuss the case of K = 0 on ∂D+ if cos(ν, n) 6≡ 0 on Γ, or
K=−1/2 if cos(ν, n) ≡ 0 on Γ, because in this case the last point condition
in (1.6) can be eliminated, and the solution of Problem P is unique.

Besides, if A2 = 0 in D, the last condition in (1.6) is replaced by

Im[λ(z)uz]|z=z1
= b2, (1.10)

where z1(6= 0, 2) ∈ Γ, and b2 is a real constant, and here the condition
cos(l, n) ≥ 0 can be cancelled, then the boundary value problem for (1.2)
will be called Problem Q.

1.2 Existence and uniqueness of solutions for
oblique derivative problem

Similarly to Section 1, Chapter V, we can prove the following results.

Lemma 1.1 Let equation (1.2) satisfy Condition C. Then any solution

of Problem P for (1.2) can be expressed as

u(z) = 2Re

∫ z

0

ŵ(z)dz + b0, w(z) = w0(z) +W (z) in D, (1.11)
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here and later on we denote ŵ = w in D+ and ŵ = w in D−, w0(z) is a

solution of Problem A for the equation

wz̄ = 0 in D (1.12)

with the boundary condition (1.6) (w0(z) = u0z), and W (z) possesses the

form

W (z) = w(z) − w0(z) in D, w(z) = Φ̃(z)eφ̃(z) + ψ̃(z) in D+,

φ̃(z)= φ̃0(z)+Tg= φ̃0(z)−
1

π

∫ ∫

D+

g(ζ)

ζ−z dσζ , ψ̃(z)=Tf in D+,

W (z)=Φ(z)+Ψ(z),Ψ(z)=

∫ µ

0

g1(z)dµe1+

∫ ν

2

g2(z)dνe2 in D−,

(1.13)

where Imφ̃(z) = 0 on L0 = {0 < x < 2, y = 0}, e1 = (1 + j)/2, e2 =
(1 − j)/2, µ = x + y, ν = x − y, φ̃0(z) is an analytic function in D+ and

continuous in D+, such that Imφ̃(x) = 0 on L0, and

g(z)=











A1

2
+
A1W̃

2W̃
, W̃ (z) 6= 0,

0, W̃ (z)=0, z ∈ D+,

f(z)=Re[A1φ̃z ]+A2u+A3 in D+,

g1(z)=g2(z)=Aξ+Bη+Cu+D, ξ=Rew+Imw, η=Rew−Imw,

A =
ReA1 + ImA1

2
, B=

ReA1−ImA1

2
, C=A2, D=A3 in D−,

(1.14)
where W̃ (z) = w(z) − ψ̃(z), Φ̃(z) is an analytic function in D+ and Φ(z)
is a solution of equation (1.12) in D− satisfying the boundary conditions

Re[λ(z)(Φ̃(z)eφ̃(z) + ψ̃(z))] = r(z), z ∈ Γ,

Re[λ(x)(Φ̃(x)eφ̃(x) + ψ̃(x))] = s(x), x ∈ L0,

Re[λ(x)Φ(x)] = Re[λ(x)(W (x) − Ψ(x))], z ∈ L0,

Re[λ(z)Φ(z)] = −Re[λ(z)Ψ(z)], z ∈ L1,

Im[λ(z0)Φ(z0)] = −Im[λ(z0)Ψ(z0)],

(1.15)

in which λ(x) = 1+i on L0 in the second formula of (1.15) and λ(x) = 1+j
on L0 in the third formula of (1.15), and s(x) is as stated in (1.33), Chapter
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V. Moreover by Theorem 1.2, Chapter V, the solution w0(z) of Problem A
for (1.12) and u0(z) satisfy the estimate in the form

Cδ [u0(z), D] + Cδ [X(z)w0(z), D+]

+Cδ [Y
±(µ, ν)w±

0 (µ, ν), D−]≤M1(k1+k2),
(1.16)

where

X(z)=

2
∏

l=1

|z−tl|ηl , Y ±(z)=

2
∏

l=1

Y ±(µ, ν)=

2
∏

l=1

[|ν−tl||µ−tl|]ηl ,

ηl = max[−2γl, 0] + 8δ, l = 1, 2,

(1.17)

herein w±
0 (µ, ν) = Rew0(z) ± Imw0(z), w0(z) = w0(µ, ν), µ = x + y, ν =

x − y, and γ1, γ2 are the real constants in (1.9), δ (≤ α) is a sufficiently

small positive constant, and

u0(z) = 2Re

∫ z

0

ŵ0(z)dz + b0 in D̄ (1.18)

where p0 (2 < p0 ≤ p), M1 = M1(p0, δ, k0, D) are positive constants.

Theorem 1.2 Suppose that equation (1.2) satisfies Condition C. Then

Problem P for (1.2) has a unique solution u(z) in D.

Theorem 1.3 Suppose that the equation (1.2) satisfies Condition C.

Then any solution u(z) of Problem P for (1.2) satisfies the estimates

C̃1
δ [u,D+] = Cδ[u(z), D+] + Cδ [X(z)uz, D+] ≤M2,

C̃1[u,D−]=Cδ [u(z), D−]+C[Y ±(µ, ν)u±z (µ, ν), D−]≤M3,

C̃1
δ [u,D+] ≤M4(k1 + k2), C̃

1[u,D−] ≤M4(k1 + k2),

(1.19)

where X(z), Y ±(µ, ν) are stated in (1.17), and Ml = Ml (p0, δ, k0, D) (l =
2, 3, 4) are positive constants (see [86]17)).

1.3 C
1

α
(D̄)-estimate of solutions of oblique derivative

problem for second order mixed equations

Now, we give the C1
α(D̄)-estimate of solutions u(z) for Problem P for (1.2),

but it needs to assume the following conditions: For any real numbers u1, u2
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and complex numbers w1, w2, the inequalities

|Al(z0, u1, w1)−Al(z2, u2, w2)|≤k0[|z0−z2|α+|u1−u2|α

+|w1 − w2|], l = 1, 2, |A3(z0, u1, w1) −A3(z2, u2, w2)|

≤ k1[|z0 − z2|α + |u1 − u2|α + |w1 − w2|], z0, z2 ∈ D−,

(1.20)

hold,where α (0 < α < 1), k0, k1 are positive constants, which is called
Condition C ′.

Theorem 1.4 If Condition C ′ holds, then any solution u(z) of Problem

P for equation (1.2) in D− satisfies the estimates

C̃1
δ [u,D−] = Cδ [u,D−] + Cδ [Y

±(µ, ν)u±z (µ, ν), D−] ≤M5,

C̃1
δ [u,D−]≤M6(k1 + k2),

(1.21)

where u±z (µ, ν) = Reuz ± Imuz, δ (0 < δ ≤ α), M5 = M5(p0, δ, k,D),
M6 = M6(p0, δ, k0, D) are positive constants, k = (k0, k1.k2).

Proof Similarly to Theorem 1.3, it suffices to prove the first estimate in
(1.21). Due to the solution u(z) of Problem P for (1.2) is found by the
successive approximation through the integral expressions (1.11), (1.13)
and (1.14), we first choose the solution of Problem A of (1.12), i.e.

w0(z)=ξ0(z)e1+η0(z)e2, and u0(z)=2Re

∫ z

0

ŵ0(z)dz+b0 in D. (1.22)

Substitute them into the positions of u0, w0 in the right-hand side of (1.14),
we can obtain Ψ1(z), w1(z), u1(z) as stated in (1.11)-(1.14). Denote

u1(z)=2Re

∫ z

0

ŵ1(z)dz+b0, w1(z)=w0(z)+Φ1(z)+Ψ1(z),

Ψ1
1(z) =

∫ µ

0

G1(z)dµ,G1(z) = Aξ0 +Bη0 + Cu0 +D,

Ψ2
1(z) =

∫ ν

2

G2(z)dν,G2(z) = Aξ0 +Bη0 + Cu0 +D,

(1.23)

from the last two equalities in (1.23), it is not difficult to see that G1(z) =
G1(µ, ν), Ψ1

1(z) = Ψ1
1(µ, ν) and G2(z) = G2(µ, ν), Ψ2

1(z) = Ψ2
1(µ, ν) satisfy

the Hölder continuous estimates about µ, ν respectively, namely

Cδ [G1(µ, ·), D−] ≤M7, Cδ [Ψ
1
1(µ, ·), D−] ≤M7R,

Cδ [G2(·, ν), D−] ≤M8, Cδ[Ψ
2
1(·, ν), D−] ≤M8R,

(1.24)
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in which Ml = Ml(p0, δ, k,D) (l = 7, 8) and R = 2. Moreover, from (1.20)
we can derive that Ψ1

1(µ, ν), Ψ2
1(µ, ν) about ν, µ satisfy the Hölder condi-

tions respectively, namely

Cδ [Ψ
1
1(·, ν), D−] ≤M9R, Cδ[Ψ

2
1(µ, ·), D−] ≤M9R, (1.25)

where M9 =M9(p0, δ, k,D). Besides we can obtain the estimate of Φ1(z),
i.e.

Cδ [Φ1(z), D−] ≤M10R = M10(p0, δ, k,D
−)R, (1.26)

in which Φ1(z) satisfies equation (1.12) and the boundary conditions in
(1.15), but in which the function Ψ(z) is replaced by Ψ1(z). Setting w1(z) =
w0(z) + Φ1(z) + Ψ1(z) and by the first formula in (1.23), the function
u1(z) from w1(z) can be found. Furthermore from (1.25), (1.26), we can
derive that the functions w̃±

1 (z) = w̃±
1 (µ, ν) = Rew̃1(z)± Imw̃1(z) (w̃1(z) =

w1(z) − w0(z)) and ũ1(z) = u1(z) − u0(z) satisfy the estimates

Cδ [w̃
±
1 (µ, ν)Y ±(µ, ν), D−] ≤M11R, Cδ [ũ1(z), D−] ≤M11R, (1.27)

where M11 = M11(p0, δ, k,D). Thus, according to the successive approx-
imation, we can obtain the estimates of functions w̃±

n (z) = w̃±
n (µ, ν) =

Rew̃n(z)±Imw̃n(z) (w̃n(z) = wn(z)−wn−1(z)) and the corresponding func-
tion ũn(z) = un(z) − un−1(z) satisfy the estimates

Cδ [Y
±(µ, ν)w̃±

n (µ, ν), D−] ≤ (M11R)n/n!,

Cδ [ũn(z), D−] ≤ (M11R)n/n!.
(1.28)

Therefore the sequences of functions

wn(z)=

n
∑

m=1

w̃m(z)+w0(z), un(z)=

n
∑

m=1

ũm(z)+u0(z), n=1, 2, ... (1.29)

uniformly converges to w(z), u(z) in any close subset of D∗ respectively,
and w(z), u(z) satisfy the estimates

Cδ [Y
±(µ, ν)w±(µ, ν), D−] ≤ eM11R, C̃1

δ [u(z), D−] ≤M5, (1.30)

this is just the first estimate in (1.21).

From the estimates (1.19) and (1.21), we can see the regularity of solu-
tions of Problem P for (1.2).

As for Problem Q for (1.2), we can similarly discuss its unique solvability
(see [86]33)).
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By using a similar method as before, we can discuss the solvability of
Problem P ′ for equation (1.2) with the boundary conditions

Re[λ(z)uz] = r(z), z ∈ Γ, u(0) = b0, u(2) = b2,

Re[λ(z)uz] = r(z), z∈L2, Im[λ(z)uz]|z=z0
= b1,

and the corresponding Problem Q′, in which the coefficients λ(z), r(z),
b0, b1, b2 satisfy the condition (1.7), but where the conditions C1

α[λ(z), L1]
≤ k0, C

1
α[r(z), L1] ≤ k2, maxz∈L1

[1/|a(x) − b(x)|] ≤ k0 are replaced by
C1

α[λ(z), L2] ≤ k0, C
1
α[r(z), L2] ≤ k2, maxz∈L2

[1/|a(x) + b(x)|] ≤ k0 and in
(1.9) the condition λ(t) = eiπ/4 on L0 = (0, 2) and λ(t1 − 0) = λ(t2 + 0) =
exp(iπ/4) is replaced by λ(t) = e−iπ/4 on L0 = (0, 2) and λ(t1 − 0) =
λ(t2 + 0) = e−iπ/4.

2 The Oblique Derivative Problem for Degenerate
Equations of Mixed Type in General Domains

This section deals with the oblique derivative problem for second order
quasilinear equations of mixed (elliptic-hyperbolic) type with parabolic de-
generacy. Firstly, we give a representation theorem and prove the unique-
ness of solutions for the above boundary value problem, and then by using
the methods of successive approximation and parameter extension, the ex-
istence of solutions for the above problem is proved. Moreover we discuss
the above boundary value problem in general domains, in particular, the
Tricomi problem for Chaplygin equation in general domain is called Frankl
problem (see [71]2)).

2.1 Formulation of oblique derivative problem for
mixed equations with parabolic degeneracy

Let D be a simply connected bounded domain in the complex plane C

with the boundary ∂D = Γ ∪ L, where Γ(⊂ {y > 0}) ∈ C2
µ (0 < µ < 1)

is a smooth curve with the form x − G̃(y) = 0 and x + G̃(y) = 2 near the
points z = 0 and 2 respectively, here G̃(y) is the same as that in Section 2,
Chapter V, and L = L1 ∪ L2 ∪ L3 ∪ L4, where

L1 ={x+

∫ y

0

√

−K(t)dt = 0, x ∈ [0, a/2]},
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L2 ={x−
∫ y

0

√

−K(t)dt = a, x ∈ [a/2, a]},

L3 ={x+

∫ y

0

√

−K(t)dt=a, x∈ [a, 1+a/2]},

L4 ={x−
∫ y

0

√

−K(t)dt=2, x∈ [1+a/2, 2]},

in which a (0 < a < 2) is a constant, K(y) = sgny|y|mh(y), m is a positive
number, h(y) is a continuously differentiable positive function, and z1 =
a/2 + jy1, z2 = 1 + a/2 + jy2 are the intersection points of L1, L2 and
L3, L4 respectively. Denote D+ = D ∩ {y > 0}, D− = D ∩ {y < 0}, D−

1 =
D− ∩ {x < a}, D−

2 = D− ∩ {x > a}. Consider second order quasilinear
equation of mixed type with parabolic degeneracy

K(y)uxx+uyy+aux+buy + cu+ d = 0 in D. (2.1)

where a, b, c, d are real functions of z(∈D), u, ux, uy(∈R), and suppose that
the equation (2.1) satisfies the following conditions, namely Condition C.

1) a, b, c, d are measurable in D+ and continuous in D− for any contin-
uously differentiable function u(z) in D∗ = D\{0, a, 2}, and satisfy

L∞[η,D+] ≤ k0, η = a, b, c, L∞[d,D+] ≤ k1, c ≤ 0 in D+,

C̃ [d,D−]=C[d,D−]+C[dx,D−]≤k1, C̃ [η,D−]≤k0, η=a, b, c.

(2.2)

2) For any two continuously differentiable functions u1(z), u2(z) in D∗,
F (z, u, uz) = aux + buy + cu+ d satisfies the following condition

F (z, u1, u1z)−F (z, u2, u2z)= ã(u1−u2)x+b̃(u1−u2)y+c̃(u1−u2) in D,

in which ã, b̃, c̃ satisfy the conditions

L∞[ã, D+], L∞[b̃, D+], L∞[c̃, D+]≤k0, c̃≤0 in D+,

C̃[ã, D−] ≤ k0, C̃ [b̃, D−] ≤ k0, C̃[c̃, D−] ≤ k0,

(2.3)

where H(y)=
√

|K(y)|, k0, k1(≥ 6 max[1, k0]) are positive constants.

In order to write the complex form of the above equation, we denote
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W (z) and Wz̃ as follows

W (z)=U+iV =
1

2
[H(y)ux−iuy]=uz̃ =

H(y)

2
[ux−iuY ]=H(y)uZ ,

H(y)WZ =
H(y)

2
[Wx + iWY ] =

1

2
[H(y)Wx + iWy] = Wz̃ in D+,

in which H(y) =
√

|K(y)|, Z = x + iG(y) in D+, G(y) =
∫ z

0 H(y)dy, we
have

K(y)uxx+uyy =H(y)[H(y)ux−iuy]x+i[H(y)ux−iuy]y

−iHyux = 2{H [U + iV ]x + i[U+iV ]y}−i[Hy/H ]Hux

= 4H(y)WZ−i[Hy/H ]Hux =−[aux+buy+cu+d], i.e.

H(y)WZ =H [Wx+iWY ]/2=H [(U+iV )x+i(U+iV )Y ]/2

= H{Ux − VY + i[Vx+UY ]}/2

={i[Hy/H ]H(y)ux−[aux+buy+cu+d]}/4

={[iHy/H − a/H ]H(y)ux−buy−cu−d}/4

={i[Hy/H − a/H ](W +W )−ib(W −W )+cu+d]}/4

= A1W +A2W +A3u+A4 = g(Z) in D+
Z ,

(2.4)

in which D+
Z is the image domains of D+ with respect to the mapping

Z = Z(z) respectively. Moreover denote

W (z)=U+jV =
1

2
[H(y)ux−juy]=

H(y)

2
[ux−juY ]=H(y)uZ ,

H(y)WZ =
H(y)

2
[Wx+jWY ]=

1

2
[H(y)Wx+jWy]=Wz̃ in D−,

in which H(y) =
√

|K(y)|, we get

−K(y)uxx−uyy =H(y)[H(y)ux−juy]x+j[H(y)ux−juy]y

−jHyux =2{H [U+ jV ]x+j[U+ jV ]y}−j[Hy/H ]Hux

= 4H(y)WZ − j[Hy/H ]Hux = aux + buy + cu+ d, i.e.

H(y)WZ =H [Wx+jWY ]/2=H [(U+jV )x+j(U+jV )Y ]/2
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=H{e1[Ux+VY +Vx+UY ]/2+e2[Ux + VY − Vx − UY ]/2}

=H{e1[(U+V )x+(U+V )Y ]/2+e2[(U−V )x−(U−V )Y ]/2}

= H [e1(U+V )µ+e2(U−V )ν ]={j[Hy/H ]Hux+aux+buy+cu

+d}/4={[iHy/H+a/H ](W+W )−jb(W −W )+cu+d}/4

= (e1−e2)[Hy/H ]Hux/4+(e1+e2)[aux+buy+cu+d]/4

= e1{[Hy/H ]Hux+aux+buy+cu+d}/4

+e2{−[Hy/H ]Hux + aux+buy+cu+d}/4

= e1{[Hy/H+a/H ]Hux+buy + cu+ d}/4

+e2{−[Hy/H−a/H ]Hux+buy+cu+d}/4

= e1{[Hy/H+a/H ]U−bV +cu/2+d/2}/2

+e2{−[Hy/H − a/H ]U − bV + cu/2 + d/2}/2, i.e.

(U+V )µ =
1

4H
{2[

Hy

H
+
a

H
]U−2bV +cu+d},

(U−V )ν =
1

4H
{−2[

Hy

H
− a

H
]U−2bV +cu+d} in D−

τ ,

(2.5)

in which e1 =(1+j)/2, e2 =(1−j)/2. Hence the complex form of (2.1) can
be written as

Wz̃ =A1(z, u,W )W+A2(z, u,W )W+A3(z, u,W )u+A4(z, u,W ),

u(z) =



















2Re

∫ z

0

[
U(z)

H(y)
+ iV (z)]dz + b0 in D+

2Re

∫ z

0

[
U(z)

H(y)
− jV (z)]dz + b0 in D−,

(2.6)

where b0 = u(0), and the coefficients Al(z, u,W )(l = 1, 2, 3, 4) are similar
to (2.16), Chapter V, namely

A1 =















1

4
[− a

H
+
iHy

H
− ib],

1

4
[
a

H
+
jHy

H
− jb],

A2 =















1

4
[− a

H
+
iHy

H
+ ib],

1

4
[
a

H
+
jHy

H
+ jb],
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A3 =











− c

4
,

c

4
,

A4 =















−d
4

in D+,

d

4
in D−.

(2.7)

The oblique derivative boundary value problem for equation (2.1) may
be formulated as follows:

Problem P Find a continuous solution u(z) of (2.1) in D̄, where ux, uy

are continuous in D∗ = D\{0, a, 2}, and satisfy the boundary conditions

1

2

∂u

∂ν
=

1

H(y)
Re[λ(z)uz̃] = Re[Λ(z)uz] = r(z) on Γ ∪ L1 ∪ L4,

1

H(y)
Im[λ(z)uz̃]|z=zl

=Im[Λ(z)uz]|z=zl
=bl, l=1,2,u(0)=b0,u(2)=b3,

(2.8)
in which ν is a given vector at every point z ∈ Γ∪L1 ∪L4, uz̃ = [H(y)ux −
iuy]/2, Λ(z) = cos(ν, x)− i cos(ν, y), λ(z) = Reλ(z)+ iImλ(z), if z ∈ Γ, and
uz̃ = [H(y)ux−juy]/2, λ(z) = Reλ(z)+jImλ(z), if z ∈ L1, bl (l = 0, 1, 2, 3)
are real constants, and r(z), bl (l = 0, 1, 2, 3) satisfy the conditions

C1
α[λ(z),Γ]≤k0, C

1
α[λ(x),L1]≤k0, C

1
α[r(z),Γ]≤k2, C

1
α[r(x),L1]≤k2,

cos(ν, n) ≥ 0 on Γ ∪ L1, |bl| ≤ k2, l = 0, 1, 2, 3,

max
z∈L1

1

|Reλ(z) − Imλ(z)| , max
z∈L4

1

|Reλ(z) + Imλ(z)| ≤ k0,

(2.9)
in which n is the outward normal vector at every point on Γ, α(0<α<1),
k0, k2 are positive constants. We consider the boundary condition (2.8) and

Re[λ(z)(U + jV )] = 0, λ(z) = eiπ/2 on L0,

the number

K =
1

2
(K1 +K2 +K3)

is called the index of Problem P on ∂D+, in which

Kl =

[

φl

π

]

+Jl, Jl =0 or 1, eiφl =
λ(tl−0)

λ(tl+0)
, γl =

φl

π
−Kl, l=1, 2, 3,

in which t1 = 0, t2 = 2, t3 = a, λ(t) = eiπ/2 on L′
0 = (0, a) and L′′

0 = (a, 2)
on the x−axis, and λ(t1 + 0) = λ(t2 − 0) = λ(t3 − 0) = λ(t3 + 0) =
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eiπ/2. Similarly to Section 3, Chapter II, K = 0 on the boundary ∂D+

of D+ can be chosen, for instance we can choose K1 = K2 = K3 = 0
and K = 0, and require that −1/2 ≤ γl < 1/2, (l = 1, 2). For the latter
sections, we have the similar requirement. When cos(ν, n) ≡ 0 on Γ and
Re[λ(x)(U + jV )] = 0, λ(x) = i = eiπ/2 on L0, we can also select γ1 =
γ2 = γ3 = 0, K1 = −1,K2 = K3 = 0, K = −1/2. We mention that from
the boundary condition (2.8), we can determine the value u(2) by the value
u(0), namely

u(2)=2Re

∫ 2

0

uzdz+u(0)=2

∫ S

0

Re[z′(s)uz]ds+b0=2

∫ S

0

r(z)ds+b0,

in which Λ(z) = z′(s) on Γ, z(s) is a parameter expression of arc length s
of Γ with the condition z(0) = 0, and S is the length of the boundary Γ. If
we consider cos(l, n) ≡ 0 on Γ, and

Re[λ(z)(U + jV )] = 0, λ(x) = 1 = e0πi on L0,

then γ1 = γ2 = −1/2, γ3 = 0, K1 = K2 = K3 = 0, and K = 0. In this
section, we choose the case K = 0.

When c = 0 in equation (2.1), the last point condition in (2.8) can be
replaced by

Im[λ(z)uz̃]|z=z3
= H(Imz3)b3 = b′3, (2.10)

where z3 is a point on Γ\{0, 2}, and b3 is a constant satisfying the conditions
|b3| ≤ k2, in this case the condition cos(ν, n) ≥ 0 on Γ can be cancelled.
The boundary value problem is called Problem Q.

2.2 Representation of solutions of oblique derivative
problem for degenerate mixed equations

It is clear that the complex equation

W¯̃z = 0 in D (2.11)

can be rewritten in the system

[(U + V ) + i(U − V )]µ−iν = 0 in D+,

(U + V )µ = 0, (U − V )ν = 0 in D−.
(2.12)
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The corresponding boundary value problems of Problems P and Q for equa-
tion (2.1) with the boundary conditions (2.8), (2.10) (W = uz̃) will be called
Problems A and B respectively.

Now, we give the representation of solutions for the oblique derivative
problem (Problem P ) for system (2.12) in D. For this, we first discuss the
Riemann-Hilbert problem (Problem A) for system: the second system of
(2.12) in D− with the boundary conditions

Re[λ(z)(U + jV )]=







H(y)r(z)=R1(z), z∈L1∪L4,

R0(x), x ∈ L0 = L′
0 ∪ L′′

0 ,

Im[λ(z)(U+jV )]|z=zl
=bl, l=1, 2, u(0)=b0, u(2)=b3,

(2.13)

in which λ(z) = a(z) + jb(z) on L1 ∪ L4, and λ(z) = 1 + j on L′
0 = (0, a),

λ(x) = 1− j on L′′
0 = (a, 2) and R0(x) is an undetermined real function. It

is clear that the solution of Problem A for (2.12) in D− can be expressed
as

ξ = U(z) + V (z) = f(ν), η = U(z) − V (z) = g(µ),

U(z)=[f(ν) + g(µ)]/2, V (z) = [f(ν) − g(µ)]/2, i.e.

W (z)=U(z) + jV (z) = [(1+j)f(ν)+(1−j)g(µ)]/2,

(2.14)

where f(t), g(t) are two arbitrary real continuous functions on [0, 2]. For
convenience, denote by the functions a(x), b(x), r(x) of x the functions
a(z), b(z), r(z) of z in (2.13), thus (2.13) can be rewritten as

a(x)U(x, y) − b(x)V (x, y) = R1(z) on L1 ∪ L4,

U(x) − V (x) = R0(x) on L′
0 = (0, a),

U(x) + V (x) = R0(x) on L′′
0 = (a, 2), i.e.

[a(x)−b(x)]f(x−G(y))+[a(x)+b(x)]g(x+G(y))=2R1(z) on L1∪L4,

U(x) − V (x) = R0(x) on L′
0 = (0, a),

U(x) + V (x) = R0(x) on L′′
0 = (a, 2), i.e.

[a(
t

2
) − b(

t

2
)]f(t) + [a(

t

2
) + b(

t

2
)]g(0) = 2R1(

t

2
), t ∈ [0, a],

[a(
t

2
+1)−b( t

2
+1)]f(2)+[a(

t

2
+1)+b(

t

2
+1)]g(t)=2R1(

t

2
+1), t∈ [a, 2],
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U(t) − V (t) = R0(t) on L′
0 = (0, a),

U(t) + V (t) = R0(t) on L′′
0 = (a, 2),

where

[a(a/2) + b(a/2)]g(0) = r(a/2) − b′1 or 0,

a(a/2+1)−b(a/2+1)]f(2)=r(a/2+1)+b′2 or 0.

Moreover we can derive

f(ν)=f(x−G(y)) =
2R1(ν/2) − (a(ν/2) + b(ν/2))g(0)

a(ν/2) − b(ν/2)
,

g(µ) = g(x+G(y)) = R0(µ),

U(z)=
1

2
{f(ν) +R0(µ)}, V (z)=

1

2
{f(ν) −R0(µ)}, x ≤ a,

f(ν) = f(x−G(y)) = R0(ν),

g(µ) =
2R1(µ/2 + 1) − (a(µ/2 + 1) − b(µ/2 + 1))f(2)

a(µ/2 + 1) + b(µ/2 + 1)
,

U(z)=
1

2
{R0(ν) + g(µ)}, V (z)=

1

2
{R0(ν) − g(µ)}, x > a,

if a(x) − b(x) 6= 0 on [0, a], and a(x) + b(x) 6= 0 on (a, 2]. From the above
formula, it follows that

Re[(1 + j)W (x)] = U(x) + V (x)

=
2R1(x/2) − (a(x/2) + b(x/2))g(0)

a(x/2) − b(x/2)
, x ∈ [0, a],

Re[(1 − j)W (x)] = U(x) − V (x) = R0(x), x ∈ [0, a],

Re[(1 + j)W (x)] = U(x) + V (x) = R0(x), x∈(a, 2],

Re[(1 − j)W (x)] = U(x) − V (x)

=
2R1(x/2+1)−(a(x/2+1)−b(x/2+1))f(2)

a(x/2 + 1) + b(x/2 + 1)
, x∈(a, 2],

if a(x)−b(x) 6= 0 on [0, a] and a(x)+b(x) 6= 0 on (a, 2]. Thus we can obtain
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W (z)=































































































1

2
{(1 + j)

2R1((x −G(y))/2) −M(x, y)

a((x −G(y))/2) − b((x−G(y))/2)

+(1 − j)R0(x +G(y))},

M(x, y)=[a((x−G(y))/2)+b((x−G(y))/2)]g(0), x≤a,
1

2
{(1 + j)R0(x−G(y))

+(1 − j)
2R1((x +G(y))/2 + 1) −N(x, y)

a((x +G(y))/2 + 1) + b((x+G(y))/2 + 1)
},

N(x, y) = [a((x +G(y))/2 + 1) − b((x+G(y))/2) + 1]

×f(2), x > a,

(2.15)

in particular, we have

Re[(1 + i)(U(x) + iV (x))] = U(x) + V (x) = −R̂0(x)

=
2R1(x/2) − [a(x/2) + b(x/2)]g(0)

a(x/2) − b(x/2)
on L′

0,

Re[(1 − i)(U(x) + iV (x))] = U(x) − V (x) = R̂0(x)

=
2R1(x/2+1)− [a(x/2+1) + b(x/2+1)]f(2)

a(x/2 + 1) + b(x/2 + 1)
on L′′

0 .

(2.16)

If R1(z) = 0 on L1 ∪ L4, R̂0(x) = 0 on L0, then W (z) = U(z) + jV (z) = 0
in D−. Next we find a solution of the Riemann-Hilbert boundary value
problem for equation (2.11) in D+ with the above boundary conditions
and

Re[λ(z)(U(z)+iV (z))]=H(y)r(z)=R1(z) on Γ.

Noting that the index of the above boundary condition is K = 0, by the
result in [87]1), we know that the above Riemann-Hilbert problem has a
unique solution W (z) in D+, and then

U(x) − V (x) = Re[(1 − j)(U(x) + jV (x)] = R0(x) on L′
0,

U(x) + V (x) = Re[(1 + j)(U(x) + jV (x)] = R0(x) on L′′
0

(2.17)

are determined. This shows that Problem A for equation (2.11) is uniquely
solvable, namely
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Theorem 2.1 Problem A of equation (2.11) or system (2.12) in D has

a unique solution w(z), which can be expressed as in (2.14), (2.15) in D−

satisfying the following estimates

Cδ [u(z), D−] + C1
δ [u(z), D−

ε ]≤M1, Cδ [f(x), Lε]+Cδ[g(x), Lε]≤M2,

in which ν = x − G(y), µ = x+ G(y), u(z) in D− is the corresponding

function determined by the first formula in (2.18) below, where W (z) is as

stated in (2.15), D−
ε = D− ∩ {|z| > ε} ∩ {|z − a| > ε} ∩{|z − 2| > ε(> 0)},

Lε = {0 ≤ x ≤ a− ε, y = 0}] ∪ {a+ ε ≤ x ≤ 2, y = 0}, ε, δ are sufficiently

small positive constants, and M1 = M1(δ, k0, k1, D
−
ε ), M2 = M2(k0, k1, Lε)

are non-negative constants.

The representation of solutions of Problem P for equation (2.1) is as
follows.

Theorem 2.2 Under Condition C, any solution u(z) of Problem P for

equation (2.1) in D− can be expressed as follows

u(z)=−2

∫ y

0

V (z)dy+u(x)=2Re

∫ z

0

[
Rew

H
+

(

i

−j

)

Imw]dz+b0 in

(

D+

D−

)

,

w(z) = W (z) + Φ(Z) + Ψ(Z),Ψ(Z)=−Re
2

π

∫ ∫

D+

t

f(t)

t− Z
dσt in D+

Z ,

w(z) = φ(z) + ψ(z) = ξ(z)e1 + η(z)e2 in D−,

ξ(z) = ζ(z) +

∫ y

0

g1(z)dy = ζ0(z) +

∫ |y|

y1

ĝ1(z)dy, z ∈ s1,

η(z)=θ(z)+

∫ y

0

g2(z)dy = θ0(z)+

∫ |y|

y1

ĝ2(z)dy, z∈s2,

gl(z)=Ãl(U+V )+B̃l(U−V )+2C̃lU+D̃lu+Ẽl, l=1, 2,
(2.18)

in which Z = x+ jG(y), f(Z) = g(Z)/H, U = Hux/2, V = −uy/2, φ(z)=
ζ(z)e1+θ(z)e2 is a solution of (2.11) in D−, ζ0(z) = ReW (z) +ImW (z),
W (z) is as stated in (2.14), (2.15), ĝ1(z), ĝ2(z) are as stated in (2.20) below,

ζ(z) = ζ0(z)+
∫

S1
g1(z)dy, θ(z) = −ζ(x + G(y)) in D−

1 = D− ∩ {x ≤ a},
θ0(z) = ReW (z) −ImW (z), θ(z) = θ0(z)+

∫

S2
g2(z)dy, ζ(z) = −θ(x−G(y))

in D−
2 = D−∩{x ≥ a},and s1, s2 are two families of characteristics in D−:

s1 :
dx

dy
=
√

−K(y)=H(y), s2 :
dx

dy
=−

√

−K(y)=−H(y)
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passing through z = x+ jy ∈ D−, S1, S2 are the characteristic curves from

the point z1 = x1 + jy1 on L1 and L4 to the point z = x + jy ∈ D−
Z

respectively, and

w(z) = U(z) + jV (z) =
1

2
Hux − j

2
uy,

ξ(z)=Reψ(z)+Imψ(z), η(z)=Reψ(z)−Imψ(z),

Ã1 = B̃2 =
1

2
(
hy

2h
− b), Ã2 = B̃1 =

1

2
(
hy

2h
+ b),

C̃1 =
a

2H
+
m

4y
, C̃2 = − a

2H
+
m

4y
,

D̃1 = −D̃2 =
c

2
, Ẽ1 = −Ẽ2 =

d

2
,

(2.19)

in which we choose H(y) = [|y|mh(y)]1/2, h(y) is a continuously differen-

tiable positive function and

dµ = d[x+G(y)] = 2H(y)dy on s1,

dν = d[x−G(y)]=−2H(y)dy on s2.

Proof From (2.5), we see that equation (2.1) in D− can be reduced
to the system of integral equations: (2.18), where ζ0(z) = ReW (z) +
ImW (z), θ0(z) = ReW (z) − ImW (z), W (z) is a solution of Problem A
for equation (2.11) as stated in (2.15), and the coefficients of (2.18) are as
stated in (2.19). Moreover

ds1 =
√

(dx)2+(dy)2 =−
√

1+(dx/dy)2dy=−
√

1−Kdy=−
√

1−K√
−K

dx,

ds2 =
√

(dx)2+(dy)2 =−
√

1+(dx/dy)2dy = −
√

1−Kdy=

√
1 −K√
−K

dx.

It is clear that ζ(z) = ζ0(z)+
∫

S1
g1(z)dy, θ(z) =−ζ(x + G(y)) in D−

1 , and

θ(z)=θ0(z)+
∫

S2
g2(z)dy, ζ(z)=−θ(x−G(y)) inD−

2 , especially ζ(x)+θ(x) =
0 on L0.

Now we can extend the equation (2.6) onto the the symmetrical domain
D̃Z of D−

Z with respect to the real axis ImZ = 0, namely introduce the

function Ŵ (Z) as follows:

Ŵ (Z) =







W [z(Z)],

−W [z(Z)],
û(z) =

{

u(Z) in D−
Z ,

−u(Z) in D̃Z ,
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and then the equation (2.6) is extended as

Ŵz̃ = Â1Ŵ + Â2Ŵ + Â3û+ Â4 = ĝ(Z) in D̂Z = D−
Z ∪ D̂Z ,

where

Âl(Z) =

{

Al(Z),

Ãl(Z),
l = 1, 2, 3, Â4(Z)=

{

A4(Z),

−A4(Z),

ĝl(z)=







gl(z) in D−
Z ,

−gl(z) in D̃Z ,
l=1, 2,

(2.20)

here Ã1(Z)=A2(Z), Ã2(Z)=A1(Z), Ã3(Z) = A3(Z). It is easy to see that
the system of integral equations (2.18) can be written in the form

ξ(z)=ζ(z)+

∫ ỹ

0

g1(z)dy=

∫ ŷ

y1

ĝ1(z)dy in D−
1 ,

η(z)=θ(z)+

∫ y

0

g2(z)dy=

∫ ŷ

y1

ĝ2(z)dy in D−
2 ,

where ẑ= x̂+jŷ, x1+jy1 is the intersection point of L1 and the characteristic

curve s1 passing through z = x + jy ∈ D−
1 , for the extended integral,

which can be appropriately defined in D−
2 . For convenience the above form

ĝ1(z), ĝ2(z) are written, and the numbers ŷ − y1, t̂− y1 will be written by
ỹ, t̃ respectively.

2.3 Existence of solutions of oblique derivative
problem for degenerate mixed equations

In this subsection, we prove the existence of solutions of Problems P and Q
for equation (2.1). As stated in Subsection 2.1, we can discuss the equivalent
Riemann-Hilbert boundary value problems (ProblemsA) for equation (2.6),
i.e. the equation

w¯̃z =A1(z, u, w)w+A2(z, u, w)w+A3(z, u, w)u+A4(z, u, w) in D, (2.21)

the relation
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u(z) =







































2Re

∫ z

0

[
Rew(z)

H(y)
+ iImw(z)]dz + b0 in D+,

2Re

∫ z

0

[
Rew(z)

H(y)
− jImw(z)]dz + b0 in D−

1 ,

2Re

∫ z

2

[
Rew(z)

H(y)
− jImw(z)]dz + b3 in D−

2 ,

(2.22)

and the boundary conditions

Re[λ(z)w(z)] = R(z) on Γ ∪ L1 ∪ L4,

Im[λ(zl)w(zl)] = b′l =H(Imzl)bl, l = 1, 2, u(0) = b0, u(2) = b3,
(2.23)

where H(y) is as stated in (2.4), (2.5), the coefficients of (2.21) are the
same as in (2.7), λ(z), r(z), zl, bl (l = 0, 1, 2, 3) are as stated in (2.8), (2.9),
and R(z) = R1(z) = 0 on Γ ∪ L1 ∪ L4, b0 = b1 = b2 = b3 = 0. Moreover
(2.21), (2.22) in D+ with the boundary conditions (2.23) and

Re[(−i)w(x)]=R(x)=−R̂0(x) on L0 = (0, a)∪(a, 2)

is called ProblemA1, and (2.21), (2.22) inD− with the boundary conditions
(2.23) and

Re[(1 − j)w(x)]=R(x)= R̃0(x) on L0 = (0, a)∪(a, 2)

is called Problem A2, because Rew(x) = 0 on L0 = (0, 2), then the above
numbers 1− j can be replaced by −j on L0. The solvability of Problem A1

can be obtained by the result in Sections 2 and 3, Chapter II, and Problem
A2 will be proved as follows. If we use the method as stated in Section 3,
Chapter V to reduce the nonhomogeneous boundary condition (2.8) to the
homogeneous boundary condition, then we can handle the problem more
simply.

Theorem 2.3 If equation (2.1) satisfy Condition C and the condition

(2.24) below, then there exists a solution [w(z), u(z)] of Problem A2 for

(2.21), (2.22).

Proof We first prove the solvability of Problem A2 for (2.21), (2.22).
Denote D∗ = D− ∩ {(δ0 ≤ x ≤ a) ∪ (a ≤ x ≤ 2 − δ0)} ∩ {−δ ≤ y ≤ 0},
and s1, s2 are the characteristics of families in Theorem 2.2 emanating from
any two points (a0, 0), (a1, 0)(δ0 = a0 < a1 = a) or (a ≤ a0 < a1 = 2 − δ0)
respectively, which intersect at a point z = x + jy ∈ D−, where δ0, δ are
sufficiently small positive numbers. In order to find a solution of the system
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of integral equations (2.18), we need to add the condition for the coefficient
a in equation (2.1) as follows

ay

H(y)
= o(1), i.e.

|a|
H(y)

=
ε(y)

|y| , m ≥ 2, (2.24)

where ε(y) → 0 as y → 0 and maxD ε(y) ≤ ε0, ε0 is a positive number. It is
clear that for two characteristics s1, s2 passing through a point z = x+jy ∈
D− and x1, x2 are the intersection points with the axis y = 0 respectively,
for any two points z̃1 = x̃1 + jỹ ∈ s1, z̃2 = x̃2 + jỹ ∈ s2, −δ ≤ y ≤ 0, we
have

|x̃1 − x̃2|≤|x1 − x2| = 2|
∫ y

0

√

−K(t)dt|≤ 2k0

m+2
|y|1+m/2

≤ k1

6
|y|m/2+1≤M |y|m/2+1, |y|1+m/2≤ k0(m+ 2)

2
|x1−x2|.

(2.25)

From Condition C, we can assume that the coefficients in (2.21) are con-
tinuously differentiable with respect to x ∈ L0 and satisfy the following
conditions

|Ãl|, |Ãlx|, |B̃l|, |B̃lx|, |D̃l|, |D̃lx|≤k0≤k1/6, |Ẽl|, |Ẽlx|≤k1/2,

2
√
h, 1/

√
h, |hy/h| ≤ k0 ≤ k1/6 in D̄, l = 1, 2,

(2.26)

and similarly to Section 2, Chapter V, we shall use several constants as
follows

M = 4 max[M3,M4,M5], M3 = max[8(k1d)
2,
M3

k1
],

M4 =
(2 +m)k0d

δ2+m
[4k1 +

4ε0 +m

δ
], M5 =2k2

1[d+
1

2H(y′1)
],

γ = max[4k1dδ
β +

4ε(y) +m

2β′
] < 1, 0 ≤ |y| ≤ δ,

2dM4

N+1
≤γ, 2M

(M4|t̃|)n

n!
≤M ′γn, n=0, 1..., N,N+1, ...,

(2.27)

where β′ = (1+m/2)(1−3β), ε0 = max
D−

ε(z), d is the diameter of D, the
positive numbers δ, β are small enough, and N, M ′ are sufficiently large
positive integer and constant respectively. We choose v0 = 0, ξ0 = 0, η0 = 0
and substitute them into the corresponding positions of v, ξ, η in the right-
hand sides of (2.18), and obtain
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v1(z) = v1(x) − 2

∫ y

0

V0dy= v1(x) +

∫ y

0

(η0 − ξ0)dy,

ξ1(z)=ζ1(z)+

∫ y

0

g10(z)dy=ζ1(z)+

∫ y

0

Ẽ1dy=

∫ ŷ

y1

Ê1dy,

η1(z)=θ1(z)+

∫ y

0

g20(z)dy=θ1(z)+

∫ y

0

Ê2dy=

∫ ŷ

y1

Ê2dy,

gl0 = Ãlξ0 + B̃lη0 + C̃l(ξ0+η0)+D̃lv+Ẽl = Ẽl, l=1, 2,

(2.28)

where v(z) = u(z) − u−0 (z) in D− is as stated before, z1 = x1 + jy1 is a
point on L1, which is the intersection of L1 and the characteristic curve
s1 passing through the point z = x + jy ∈ D−. For convenience we can
only discuss the case later on. By the successive approximation, we find
the sequences of functions {vk}, {ξk}, {ηk}, which satisfy the relations

vk+1(z)=vk+1(x)−2

∫ y

0

Vk(z)dy=vk+1(x)+

∫ y

0

(ηk−ξk)dy,

ξk+1(z) = ζk+1(z) +

∫ y

0

g1k(z)dy =

∫ ŷ

y1

ĝlkdy,

ηk+1(z) = θk+1(z) +

∫ y

0

g2k(z)dy =

∫ ŷ

y1

ĝ2k(z)dy,

glk(z) = Ãlξk + B̃lηk + C̃l(ξk + ηk) + D̃lvk + Ẽl,

l = 1, 2, k = 0, 1, 2, ....

(2.29)

Setting that g̃lk+1(z) = glk+1(z) − glk(z) (l = 1, 2) and

ỹ = ŷ − y1, t̃ = t̂− y1, ṽk+1(z) = vk+1(z) − vk(z),

ξ̃k+1(z)=ξk+1(z)−ξk(z), η̃k+1(z)=ηk+1(z)−ηk(z),

ζ̃k+1(z)=ζk+1(z)−ζk(z), θ̃k+1(z)=θk+1(z)−θk(z),

we shall prove that the sequences {ṽk}, {ξ̃k}, {η̃k}, {ζ̃k}, {θ̃k} in D0 satisfy
the estimates

|ṽk(z)−ṽk(x)|, |ξ̃k(z)−ζ̃k(z)|, |η̃k(z)−θ̃k(z)|≤M ′γk−1|y|1−β, 0≤|y|≤δ,
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|ξ̃k(z)|, |η̃k(z)|≤M(M4|ỹ|)k−1/(k − 1)!, y≤−δ, or M ′γk−1, 0≤|y|≤δ,

|ξ̃k(z1)−ξ̃k(z2)−ζ̃k(z1)−ζ̃k(z2)|, |η̃k(z1)−η̃k(z2)−θ̃k(z1)−θ̃k(z2)|

≤M ′γk−1|x1 − x2|β |y|β
′

, 0 ≤ |y| ≤ δ, |ṽk(z1)−ṽk(z2)|,

|ξ̃k(z1)−ξ̃k(z2)|,|η̃k(z1)−η̃k(z2)|≤M(M4|t̃|)k−1|x1−x2|1−β

/(k − 1)!, y ≤ −δ, or M ′γk−1|x1 − x2|β |t|β
′

, 0 ≤ |y| ≤ δ,

|ξ̃k(z) + η̃k(z)−ζ̃k(z) − θ̃k(z)|≤M ′γk−1|x1−x2|β |y|β
′

, |ξ̃k(z)+η̃k(z)|

≤M(M4|ỹ|)k−1|x1−x2|1−β/(k−1)! or M ′γk−1|x1−x2|β |y|β
′

,
(2.30)

where z=x+jy, z=x+jt is the intersection point of two characteristics of
families in Theorem 2.2 passing through z1, z2, β

′ = (1+m/2)(1−3β), δ, β
are sufficiently small positive constants, such that (2 +m)β < 1, moreover
γ = max−δ≤y≤0[4k1dδ

β + (4ε(y) +m)/2β′] < 1, here d is the diameter of
D, and M4 = (2 +m)k0dδ

−2−m(4k1δ+ 4ε0 +m)/δ, and M ′ is a sufficiently
large positive constant as stated in (2.44), Chapter V. As for the estimate in
D−∩({0 ≤ x ≤ a0 = δ0,−δ ≤ y ≤ 0}∪{a1 = 2−δ0 ≤ x ≤ 2,−δ ≤ y ≤ 0}),
which can be obtained by the simpler successive approximation, because it
is only discussed the case: −δ ≤ y ≤ 0.

By means of the estimates (2.30), we see that {uk}, {ξk}, {ηk} in D∗

uniformly converge to u∗, ξ∗, η∗ satisfying the system of integral equations

u∗(z) = u∗(x) − 2

∫ y

0

V∗dy = u∗(x) +

∫ y

0

(η∗ − ξ∗)dy,

ξ∗(z)=ζ∗(z)+

∫ y

0

[Ã1ξ∗+B̃1η∗+C̃1(ξ∗+η∗)+D̃1u∗+Ẽ1]dy, z∈s1,

η∗(z)=θ∗(z)+

∫ y

0

[Ã2ξ∗+B̃2η∗+C̃2(ξ∗+η∗)+D̃2u∗+Ẽ2]dy, z∈s2,

and the function W∗(z) = e1ξ∗(x) + e2η∗(z) satisfies equation (2.21) and
boundary condition (2.23), similarly to Theorem 2.3, Chapter V, the solv-
ability of Problem A2 for (2.21) in D− can be proved. Thus the existence
of solutions of Problem P for equation (2.1) is proved. From the above
discussion and by using the method in the proof of Theorem 3.2, Chapter
II, we can prove the uniqueness of solutions of Problem P for (2.1) in D.
Similarly we can discuss Problem Q for (2.1).
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From the above result, we have the following theorem.

Theorem 2.4 Let equation (2.1) satisfy Condition C and (2.24). Then

the oblique derivative problems (Problems P and Q) for (2.1) have a unique

solution.

Finally we mention that the coefficients K(y) in equation (2.1) can be
replaced by functionsK(x, y) with some conditions. Besides if the boundary
condition (2.8) on L1 ∪L4 is replaced by L2 ∪L3, then we can also discuss
by the similar method.

2.4 Oblique derivative problem for degenerate
mixed equations in general domains

Now we consider some general domains with non-characteristic boundary
and prove the unique solvability of Problem P for equation (2.1).

1. Let D be a simply connected bounded domain D in the complex plane
C with the boundary ∂D = Γ ∪ L, where Γ, L are as stated before, and
Γ can be replaced by another smooth curve Γ′ (∈ C2

µ (0 < µ < 1) similar
to Section 2, Chapter II. Moreover, we consider the domain D′ with the
boundary Γ∪L′

1∪L′
2∪L′

3∪L′
4, where the parameter equations of the curves

L′
1, L

′
2, L

′
3, L

′
4 are as follows:

L′
1={γ1(s)+y=0, 0≤s≤s′1}, L′

2={x−G(y)=a, l1≤x≤a},

L′
3={γ2(s)+y=0, 0≤s≤s′2}, L′

4={x−G(y)=2, l2≤x≤2},
(2.31)

in which Y = G(y) =
∫ y

0

√

|K(y)|dy in D, s is the parameter of arc length of
L′

1 or L′
3, and γk(s) on {0≤s≤s′k} (k = 1, 2) are continuously differentiable,

and γk(0) = 0 (k = 1, 2), the slopes of the curves L′
1, L

′
3 at z∗1 , z

∗
2 are not

equal to those of the characteristic curves of s1 : dy/dx = 1/H(y) at the
points, where z∗k (k = 1, 2) are L′

1, L
′
3 and the characteristic curves of s1,

and z′k = lk − jγk(s′k)(k = 1, 2) are the intersection points of L′
1, L

′
2 and

L′
3, L

′
4 respectively, hence γk(s) (k = 1, 2) can be expressed by γk[s(ν)] (k =

1, 2). Actually we can permit that the intersection point of the curve L′
1

or L′
3 and any characteristic curve of s1 : dy/dx = 1/H(y) is not greater

than one. Here we mention that in [12]1),3), the author considers the case
G(y) = y and assumes that the derivative of γ(x) satisfies 0 < γ ′(x) ≤ 1.

We consider the oblique derivative boundary value problem (Problem
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P ′) for equation (2.1) in D′ with the boundary conditions

1

2
H1(y)

∂u

∂ν
=Re[λ(z)uz̃] = H1(y)r(z), z ∈ Γ∪L′

1∪L′
4,

Im[λ(z)uz̃]|z=zk
= bk, k = 1, 2, u(0) = b0, u(2) = b3,

(2.32)

where λ(z) = a(x) + ib(x) on Γ ∪ L′
1 ∪ L′

4, and λ(z), r(z), bk(k = 0, 1, 2, 3)
satisfy the conditions

C1
α[λ(z),Γ]≤k0, C

1
α[r(z),Γ]≤k2, C

1
α[λ(z), L′

1∪L′
4]≤k0,

C1
α[r(z), L′

1 ∪ L′
4] ≤ k2, |bl| ≤ k2, l = 0, 1, 2, 3,

max
z∈L′

1

1

|a(x) − b(x)| , max
z∈L′

4

1

|a(x) + b(x)| ≤ k0,

(2.33)

in which α (0 < α < 1), k0, k2 are non-negative constants.

Setting Y = G(y) =
∫ y

0

√

|K(t)|dt. By the conditions in (2.31), the
inverse function x = σ(ν) = (µ + ν)/2 of ν = x − G(y) can be found,
i.e. µ = 2σ(ν) − ν, 0 ≤ ν ≤ 2, and the curve L′

1, L
′
3 can be expressed

by µ = 2σ(ν) − ν = 2σ(x + γ1(s)) − x − γ1(s) on L′
1 ∪ L′

3. We make a
transformation

µ̃ = (tk−tk−1)[µ− 2σ(ν) + ν]/[tk − 2σ(ν) + ν] + tk−1, ν̃ = ν,

2σ(ν) − ν ≤ µ ≤ tk, 0 ≤ ν ≤ 2, k = 1, 2,
(2.34)

where t0 = 0, t1 = a, t2 = 2, µ, ν are real variables, its inverse transforma-
tion is

µ = [tk − 2σ(ν) + ν](µ̃− tk−1)/(tk−tk−1) + 2σ(ν) − ν, ν = ν̃,

0 ≤ µ̃ ≤ 2, , 0 ≤ ν̃ ≤ 2, k = 1, 2.
(2.35)

It is not difficult to see that the transformation in (2.34) maps the domain
D′ onto D. The transformation (2.34) and its inverse transformation (2.35)
can be rewritten as



















x̃ =
(tk−tk−1)(x+Y −2σ(x+γk(s))+x+γk(s)]

2tk− 4σ(x+γk(s))+2x+2γk(s)
+
tk−1+x−Y

2
,

Ỹ =
(tk−tk−1)(x+Y −2σ(x+γk(s))+x+γk(s)]

2tk−4σ(x+γk(s))+2x+2γk(s)
+
tk−1−x+Y

2
,

(2.36)
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k=1, 2, and



























































x=
1

2
(µ+ν)=

[tk − 2σ(x + γk(s)) + x+ γk(s)](x̃ + Ỹ − tk−1)

2(tk−tk−1)

+σ(x + γk(s)) − x+ γk(s) − x̃+ Ỹ

2
,

Y =
1

2
(µ−ν)= [tk − 2σ(x+ γk(s)) + x+ γk(s)](x̃+ Ỹ − tk−1)

2(tk−tk−1)

+σ(x + γk(s)) − x+ γk(s) + x̃− Ỹ

2
, k = 1, 2.

(2.37)

Denote by Z̃ = x̃+ jỸ = f(Z), Z = x + jY = f−1(Z̃) the transformation
(2.36) and the inverse transformation (2.37) respectively. In this case, the
system of equations (2.5) can be rewritten as

ξµ = A1ξ +B1η + C1(ξ + η) +Du+E,

ην = A2ξ +B2η + C2(ξ + η) +Du+E,
z ∈ D′. (2.38)

Suppose that (2.1) in D′ satisfies Condition C, through the transformation
(2.34), we obtain ξµ̃ = [tk − 2σ(ν) + ν]ξµ/(tk−tk−1), ην̃ = ην , k = 1, 2, in
D′−, where ξ = U + V, η = U − V , and then

ξµ̃ =[tk−2σ(ν)+ν][A1ξ+B1η+C1(ξ+η)+Du+E]/(tk−tk−1),

ην̃ = A2ξ +B2η + C2(ξ + η) +Du+E in D, k = 1, 2,
(2.39)

and through the transformation (2.36), the boundary condition (2.32) is
reduced to

Re[λ(f−1(Z̃))W (f−1(Z̃))]=H [y(Y )]r(f−1(Z̃)), Z̃= x̃+jỸ ∈L1∪L4,

Im[λ(f−1(Z̃k))W (f−1(Z̃k)] = bk, k = 1, 2, u(0) = b0, u(2) = b3,
(2.40)

in which Z = f−1(Z̃), Z̃k = f(Z ′
k), Z ′

k = lk + jG[−γ1(s
′
k)], k = 1, 2. There-

fore the boundary value problem (2.1), (2.32) (Problem A′) is transformed
into the boundary value problem (2.39), (2.40), i.e. the corresponding Prob-
lem A in D. On the basis of Theorem 2.4, we see that the boundary value
problem (2.39),(2.40) has a unique solution w(Z̃), and

u(z)=2R

∫ z

0

[
ReW

H(y)
+

(

i

−j

)

ImW ]dz + b0 in

(

D+

D−

)
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is just a solution of Problem P for (2.1) in D′ with the boundary conditions
(2.32), where W = W (Z̃(z)].

Theorem 2.5 If equation (2.1) in D′ satisfies Condition C and (2.24) in

the domain D′ with the boundary Γ∪L′
1∪L′

2∪L′
3∪L′

4, where L′
1, L

′
2, L

′
3, L

′
4

are as stated in (2.31), then Problem P ′ for (2.1) with the boundary condi-

tions (2.32) has a unique solution u(z).

2. Next let the domain D′′ be a simply connected domain with the
boundary Γ ∪ L′′

1 ∪ L′′
2 ∪ L′′

3 ∪ L′′
4 , where Γ is as stated before, and the

parameter equations of arc length of curves L′′
1 , L

′′
2 , L

′′
3 , L

′′
4 are as follows:

L′′
1 ={γ1(s)+y=0, 0≤s≤s′1}, L′′

2 ={γ3(s)+y=0, 0≤s≤s′3},

L′′
3 ={γ2(s)+y=0, 0≤s≤s′2}, L′

4 ={γ4(s)+y=0, 0≤s≤s′4},
(2.41)

in which γk(0) = 0, γk(s) > 0 on {0 ≤ s ≤ s′k} are continuously differen-
tiable, and the slopes of the curve L′′

2 , L
′′
4 at the intersection points z∗3 , z

∗
4

of L′′
2 , L

′′
4 and the characteristic curves of s2 : dy/dx = −1/H(y) should

be not equal to those of the characteristic curves at the points. Moreover
denote z′′k = lk− iγk(sk) = lk+2− iγk+2(s

′
k+2) (k = 1, 2) are the intersection

points of L′′
1 , L

′′
2 and L′′

3 , L
′′
4 respectively. We consider the Riemann-Hilbert

problem (Problem A′′) for equation (1) in D′′ with the boundary conditions

Re[λ(z)W (z)] = R1(z), z ∈ Γ ∪ L′′
1 ∪ L′′

4 ,

Im[λ(z′′k )W (z′′k )]=bk, k=1, 2, u(0)=b0, u(2)=b3,
(2.42)

where λ(z), r(z) satisfy the corresponding conditions

C1
α[λ(z),Γ]≤k0, C

1
α[r(z),Γ]≤k2, C

1
α[λ(z), L′′

1∪L′′
4 ]≤k0,

C1
α[r(z), L′′

1 ∪ L′′
4 ] ≤ k2, |bl| ≤ k2, l = 0, 1, 2, 3,

max
z∈L′′

1

1

|a(x) − b(x)| , max
z∈L′′

4

1

|a(x) + b(x)| ≤ k0,

(2.43)

in which α (0 < α < 1), k0, k2 are non-negative constants. By the conditions
in (2.41), the inverse function x = τ(µ) = (µ + ν)/2 of µ = x + G(y) can
be found, i.e. ν = 2τ(µ) − µ, 0 ≤ µ ≤ 2, and the curves L′′

2 , L
′′
4 can be

expressed by

ν=2τ(µ)−µ=2τ(x−γk(s))−x+γk(s) on {0≤s≤s′k}, k=3, 4. (2.44)
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We make a transformation

µ̃ = µ, ν̃ =
aν

2τ(µ) − µ
, 0 ≤ µ ≤ 2, 0 ≤ ν ≤2τ(µ)−µ,

ν̃ =
2(a− ν) + a(ν − 2τ(µ) + µ)

a− 2τ(µ) + µ
, a ≤ ν ≤ 2τ(µ)−µ,

(2.45)

where the first transformation in (2.45) can be discussed similar to that as
in (3.37), Chapter IV, but the number 2 is replaced by a. Now we only
discuss the second transformation, it is clear that its inverse transformation
is

ν =
a(2 − 2τ(µ) + µ) − ν̃(a− 2τ(µ) + µ)

2− a
,

µ = µ̃ = x̃+ Ỹ , a ≤ µ̃ ≤ 2, a ≤ ν̃ ≤ 2.

(2.46)

Hence x̃ = (µ̃+ ν̃)/2, Ỹ = (µ̃− ν̃)/2, x = (µ+ ν)/2, Y = (µ− ν)/2 possess
the forms

x̃=
2ax+2(a− x+ Y )−(a+ x+ Y )[2τ(x−γ4(s))−x+γ4(s)]

2[a− 2τ(x− γ4(s)) + x− γ4(s)]
,

Ỹ =
2aY −2(a− x+Y )+(a− x−Y )[2τ(x−γ4(s))−x+γ4(s)]

2[a− 2τ(x−γ4(s))−x+γ4(s)]
,

x=
2(x̃+Ỹ )−2a(x̃−1)+(x̃−Ỹ − a)(2τ(x−γ4(s))−x+γ4(s))

2(2 − a)
,

Y =
2(x̃+Ỹ )−2a(Ỹ+1)−(x̃−Ỹ −a)(2τ(x−γ4(s))−x+γ4(s))

2(2 − a)
.

(2.47)

Denote by Z̃ = x̃ + jỸ = g(z), Z = x + jY = g−1(Z̃) the transformation
and its inverse transformation in (2.47) respectively. Through the transfor-
mation (2.45), we obtain

(u+ v)µ̃ = (u+ v)µ,

(u−v)ν̃ =[2τ(µ)−µ−a](u−v)ν/(2−a)
in D′′. (2.48)

System (2.38) in D′′ is reduced to

ξµ̃ = A1ξ +B1η + C1(ξ + η) +Du+E

ην̃ =[2τ(µ)−µ−a][A2ξ+B2η+C2(ξ+η)+Du+E]/(2−a)
in D′. (2.49)
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Moreover, through the transformation (2.47), the boundary condition (2.42)
on L′′

1 , L
′′
4 is reduced to

Re[λ(g−1(Z̃))W (g−1(Z̃))]=H1[y(Y )]r[g−1(Z̃)], z=x+jy∈L′
1∪L′

4,

Im[λ(g−1(Z ′
k))W (g−1(Z ′

k)] = bk, k = 1, 2, u(0) = b0, u(2) = b3,
(2.50)

in which Z = g−1(Z̃), Z̃ ′
k = g(Z ′′

k ), Z ′′
k = lk+2 + jG[−γk+2(s

′
k+2)], k = 1, 2.

Therefore the boundary value problem (2.38), (2.42) in D′′ is transformed
into the boundary value problem (2.49), (2.50). According to the method
in the proof of Theorem 2.5, we can see that the boundary value problem
(2.49), (2.50) has a unique solution u(Z̃), and then the corresponding u =
u(z) is a solution of Problem P ′′ of equation (2.1).

Theorem 2.6 If the mixed equation (2.1) satisfies Condition C and (2.24)
in the domain D′′ with the boundary L0 ∪ L′′

1 ∪ L′′
2 ∪ L′′

3 ∪ L′′
4 , where

L′′
1 , L

′′
2 , L

′′
3 , L

′′
4 are as stated in (2.41), then Problem P ′′ for (2.1) in D′′

has a unique solution u(z).

3 Boundary Value Problems for Degenerate Equations
of Mixed Type in Multiply Connected Domains

In this section we mainly discuss the Tricomi boundary value problem for
second order degenerate equations of mixed type in multiply connected
domains, this problem was posed by L. Bers in [9]2). We first give the rep-
resentation and estimates of solutions of the boundary value problem for
the equations, and then prove the uniqueness and existence of solutions for
the problem by a new method. In [86]33), the author discussed the exis-
tence and uniqueness of solutions for oblique derivative problem for mixed
equations of second order, which is uniformly mixed (elliptic-hyperbolic)
type.

3.1 Formulation of oblique derivative problem
in multiply connected domains

Denote

x=G(y)=

∫ y

0

√

|K(t)|dt, x=H(y)=G′(y)=
√

|K(y)| in D±,
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and their inverse functions are y = ±|G−1(x)| and y = ±|H−1(x)| respec-
tively, whereD is a bounded domain,D+ = D∩{y > 0}, D− = D∩{y < 0},
we consider K(y) = ymh(y) in D+ and −K(y) = |y|mh(y) in D−, here m
is a positive number, h(y) in D is a continuously differentiable positive
function, and k0(≥ max[1, 2

√

h(y)]) is a positive constant, then

|x|= |G(y)|≤ k0

m+2
|y|(m+2)/2, |x|=H(y)=G′(y)=

√

|K(y)|≤ k0

2
|y|m/2,

|y|= |G−1(x)|≤ k0(m+2)

2
|x|2/(m+2), |y|= |H−1(x)|≤ [k0|x|2/m.

In this section we consider thatD is anN -connected bounded domain in the
complex plane C with the boundary ∂D = Γ∪L, where Γ =

∑N
l=1 Γl ∈ C2

µ

(0 < µ < 1) in {y > 0} and Γl (l = 1, ..., N) are curves with the end points
z = a1 = 0, b1, a2, b2, ..., aN , bN = 2 respectively, and L = ∪2N

l=1Lj , L1 =
{x = −G(y), 0 ≤ x ≤ 1}, L2 = {x = −G(y)+b1, b1 ≤ x ≤ b1 +(a2−b1)/2},
L3 = {x = G(y)+a2, b1+(a2−b1)/2 ≤ x ≤ a2}, L4 = {x = −G(y)+b2, b2 ≤
x ≤ b2+(a3−b2)/2}, ..., L2N−1 = {x = G(y)+aN , bN−1+(aN −bN−1)/2 ≤
x ≤ aN}, L2N = {x = G(y) + 2, 1 ≤ x ≤ 2}, in which a1 = 0 < b1 < a2 <
b2 < ... < aN < bN = 2, and denote D+ = D∩{y > 0}, D− = D∩{y < 0},
D−

1 = D− ∩{x + G(y) < b1}, D−
2 = D− ∩ {b1 < x + G(y) < a2}, D−

3 =
D− ∩ {a2 < x + G(y) < b2}, ..., D−

2N−2 = D− ∩ {bN−1 < x + G(y) <

aN}, D−
2N−1 = D− ∩ {aN < x+G(y)}, and z1 = 1 + iy1 is the intersection

point of L1, L2N , z2 = (a2 + b1)/2 + jy2, ..., zN = (aN + bN−1)/2 + jyN ,
herein yl = −|G−1[(al − bl−1)/2]|, l = 2, ..., N. For convenience, we can
assume that the boundary Γl (l = 1, ..., N) of the domain D+ are smooth
curves with the form x − G̃(y) = a1, x + G̃(y) = bN near the points z =
a1, bN , and x − G̃(y) = bl and x + G̃(y) = al near the points z = bl (l =
1, ..., N − 1), al (l = 2, ..., N) respectively, where G̃(y) is similar to that as
that in (5.35), Chapter II, but if we discuss the estimates of solutions near
the degenerate line for the boundary value problem, then the method of
conformal mappings can be used, i.e. the domain D+ can be divided into
N subdomains D+

l (l = 1, ..., N) with partial boundaries albl (l = 1, ..., N),
and then the conformal mapping can be applied such that new subdomains
D̃+

l (1 ≤ l ≤ N) with the partial boundaries in {y > 0} include the line
segments Rez = al, bl (1 ≤ l ≤ N) near the points al, bl (1 ≤ l ≤ N).

Consider generalized Chaplygin equation

K(y)uxx + uyy + aux + buy + cu+ d = 0 in D, (3.1)

where a, b, c, d are real functions of z(∈D), u, ux, uy(∈R), and suppose that
the equation (3.1) satisfies Condition C:
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1) The coefficients a, b, c, d are measurable in D+ and continuous in
D− for any continuously differentiable function u(z) in D∗ = D\T, T =
{al, bl, l = 1, ..., N}, and satisfy

L∞[η,D+] ≤ k0, η = a, b, c, L∞[d,D+] ≤ k1, c ≤ 0 in D+,

Ĉ [d,D−]=C[d,D−]+C[dx,D−]≤k1, Ĉ [η,D−]≤k0, η=a, b, c,
(3.2)

in which k0, k1 are positive constants.

2) For any two continuously differentiable functions u1(z), u2(z) in D∗,
F (z, u, uz) = aux + buy + cu+ d satisfies the following condition

F (z, u1, u1z)−F (z, u2, u2z)= ã(u1−u2)x+b̃(u1−u2)y+c̃(u1−u2) in D,

where ã, b̃, c̃ satisfy the conditions as those of a, b, c. It is clear that (3.1)
with a = b = c = d = 0 is the famous Chaplygin equation.

The oblique derivative boundary value problem or general Tricomi-Bers
problem for equation (3.1) may be formulated as follows:

Problem P or GTB Find a continuous solution u(z) of equation (3.1)
in D, which is continuously differentiable in D∗ = D̄\T and satisfies the
boundary conditions

1

2

∂u

∂ν
=

1

H(y)
Re [λ(z)uz̃] = Re [Λ(z)uz] = r(z), z ∈ Γ ∪ L′,

1

H(y)
Im[λ(z)uz̄]|z=zl

=cl, u(al)=dl, u(bl)=dN+l, l=1, ...,N,

(3.3)

where ν is the vector of Γ∪L′, L′ = ∪N
l=1L2l−1, ν is a vector at every point

on Γ, λ(z) = cos(ν, x) − i cos(ν, y), z ∈ Γ, λ(z) = cos(ν, x) + j cos(ν, y), z ∈
L′, cl, dl(l = 1, ..., N) are real constants, and λ(z), r(z), cl, dl (l = 1, ..., N)
satisfy the conditions

C1
α[λ(z),Γ]≤k0, C

1
α[r(z),Γ]≤k2, C

1
α[λ(x), L′]≤k0, C

1
α[r(x), L′]≤k2,

cos(ν, n) ≥ 0 on Γ∪L′, |cl|, |dl|, |dN+l| ≤ k2, l=1, ..., N,

max
z∈L1

1

|a(x) − b(x)| ≤ k0, max
z∈L′′

1

|a(x) + b(x)| ≤ k0,

(3.4)
where n is the outward normal vector on Γ, L′′ = ∪N

l=2L2l−1, α (0 < α <
1), k0, k2 are positive constants. Here we mention that if c = 0 of equation
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(3.1), then we can cancel the condition cos(ν, n) ≥ 0 on Γ, and the last
2N − 1 conditions in (3.3) are replaced by

Im[λ(z)uz̃]|z=z′

l
= H(Imz′l)dl = d′l, l = 2, 3, ..., 2N, (3.5)

where z′l (l = 2, ..., 2N) are distinct points, such that z′l ∈ Γ\T (l = 2, ...,
2N) and dl (l=2, ..., 2N) are real constants satisfying the conditions |dl|≤
k2, l=2, ..., 2N . The above boundary value problem is called Problem Q or
Problem GTB′.

The number K = (K1+K2+ · · ·+K2N)/2 is called the index of Problem
P and Problem P0 on the boundary ∂D+ of D+, where

Kl =

[

φl

π

]

+Jl, Jl =0 or 1, ejφl =
λ(tl−0)

λ(tl+0)
, γl =

φl

π
−Kl, l=1, ..., 2N, (3.6)

in which [a] is the largest integer not exceeding the real number a, and
t1 = a1 = 0, t2 = b1, t3 = a2, t4 = b2, ..., t2N−1 = aN , t2N = bN = 2, and

λ(t)=eiπ/2 on L̃l, λ(t2l−1+0)=λ(t2l−0)=eiπ/2, l=1, ..., N, (3.7)

where L̃l = {al < x < bl, y = 0}, l = 1, ..., N. If cos(ν, n) 6≡ 0 on each of
Γl (l = 1, ..., N), then we need to select the index K = N − 1 on ∂D+.
More simply if we rewrite the boundary condition on L̃ = ∪N

l=1L̃l in an
appropriate form, for instance setting that

θ(x) = θl(x) = argλ(al − 0) − π+

+[argλ(bl+0) +2π−argλ(al−0)]
x−al

bl−al
, x∈ L̃l, l=1, ..., N,

but argλ(al−0)−π is replaced by argλ(al−0) if l = 1, and argλ(bl+0)+2π
is replaced by argλ(bl + 0) + π if l = N , for the function λ(x) = eiθ(x) and
Re[λ(x)W (x)] = − sin θ(x)uy(x)/2 on L̃, we have γl = 0, l = 1, ..., 2N,K1 =
KN = 0,K2 = · · · = K2N−1 = 1 and K = N − 1. If cos(ν, n) ≡ 0
on Γl (l = 1, ..., N), Problem P includes Tricomi problem (Problem T ) or
Tricomi-Bers problem (Problem TB) as a special case and the last N point
conditions in (3.3), (3.5) should be cancelled.

Now we explain that the above problems include the Tricomi problem
(Problem T or TB) as a special case. In fact, the boundary condition of
the Tricomi problem is

u(z) = φ(z) on Γ, u(z) = ψ(x) on L′, (3.8)

where C2
α[φ(z),Γ] ≤ k2, C

2
α[ψ(x), L′] ≤ k2, α(< 1), k2 are non-negative

constants. In 1958, L. Bers posed to investigate the Tricomi problem for
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Chaplygin equation in the multiply connected domain (see [12]2), P.89). In
this section, we shall prove the unique solvability of the problem. It is easy
to see that the boundary condition (3.8) can be rewritten as

Re[λ(z)w(z)]=r(z) on Γ, Im[λ(zl)w(zl)]=H(Imzl)cl =c
′
l, l=1, ..., N,

Re[λ(z)w(z)] = R(z) on L′, u(z) = 2Re

∫ z

0

ŵ(z)dz + d1 in D,

(3.9)
in which ŵ(z) is the same as (3.11), d1 = φ(0), φ(z) = φ(y) on Γ near
z = al, bl, l = 1, ..., N , λ(z) = a+ ib on Γ, λ(z) = a+ jb on L′, and

λ(z)=











































−i on Γl if xy =H̃(y)=G̃′(y) at a1, bl, l=1, ...,N−1,

i on Γl if xy =−H̃(y) = G̃′(y) at al (l = 2, ..., N), bN ,

i on L̃ = UN
l=1L̃j , L̃j = (al, bl), l = 1, ..., N,

1 − j on L1, if xy =−H(y),

1 + j on L′′ = ∪N
l=2L2l−1, if xy =H(y),

and

R(z)=R1(z)=



























φy/2 on Γl at a1, bl (l = 1, ..., N − 1),

−φy/2 on Γl at al (l = 2, ..., N), bN ,

−H(y)ψx/2 on L1,

H(y)ψx/2 on L′′ = ∪N
l=2L2l−1,

c1 = Im[(1 + j)uz̃(z1 − 0)] = H(y)ψx/2|z=z1−0,

cl =Im[(1−j)uz̃(zl+0)]=−H(y)ψx/2|z=zl+0, l=2, ..., N,

in which a = 1 6= b = −1 on L′ and a = 1 6= −b = −1 on LN .

If the index of Problem T on ∂D+ is K = N/2 − 1, we can argue as
follows: The boundary conditions of Problem T in D+ possess the form

Re[λ(z)w(z)]=R(z), z∈Γ, Re[λ(x)w(x)]= R̂0(x), x∈ L̃=∪N
l=1L̃l,

where λ(x) = eiπ/2, R̂0(x) is an undetermined real function. It is clear that
the possible points of discontinuity of λ(z) on ∂D+ are t1 = a1 = 0, t2 =
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b1, t3 = a2, t4 = b2, ..., t2N−1 = aN , t2N = bN = 2, and

λ(a1 − 0) = λ(bl + 0) = e−iπ/2, l = 1, 2, ..., N − 1,

λ(bN + 0) = λ(al + 0) = eiπ/2, l = 2, ..., N,

λ(al + 0) = λ(bl − 0) = eiπ/2, l = 1, ..., N,

λ(t1−0)

λ(t1+0)
=e−iπ =eiφ1 , 0≤γ1 =

φ1

π
−K1=−1+K1=0,

λ(tl−0)

λ(tl+0)
=eiπ =eiφl , γl =

φl

π
−Kl =1−1=0, l=2, 4, ..., 2N−2,

λ(tl−0)

λ(tl+0)
=e0πi =eiφl , γl =

φl

π
−Kl =0−Kl=0, l=3, 5, ..., 2N−1,

λ(t2N −0)

λ(t2N +0)
= e0πi = eiφ2N ,−1<γ2N =

φ2N

π
−K2N =0.

Thus

K1 =−1,K3= · · ·=K2N−1=K2N =0,K2=K4 = · · ·=K2N−2=1,

hence the index of Problem T on ∂D+ is

K =
1

2
(K1 +K2 + · · · +K2N ) =

N

2
− 1.

For Problem T , from (3.3) and u(al) = dl(l = 2, ..., N), the values of u(z)
at bl−1(l = 2, ..., N) are determined. In this section we mainly discuss the
case K = N/2 − 1. In Remark 3.1 below, we shall explain the case of the
general oblique derivative problem (Problem P ).

Noting that φ(z) ∈C2
α(Γ), ψ(x) ∈C2(L′) (0 < α < 1), we can find two

twice continuously differentiable functions u±0 (z) in D
±

, for instance, which
are the solutions of the Dirichlet problem with the boundary condition on
Γ ∪ L′ in (3.8) for harmonic equations in D±, thus the functions v(z) =

v±(z) = u(z) − u±0 (z) in D
±

is the solution of Problem T̃ , which satisfies
the equation in the form

K1(y)vxx+vyy+ãvx+b̃vy+c̃v+d̃ = 0 in D

and the boundary conditions

v(z)=0 on Γ∪L′, i.e. Re[λ(z)W (z)]=R(z)=0 on Γ∪L′,

Im[λ(z)uz̄]|z=zl
= c′l = 0, u(al) = dl = 0, l = 1, ..., N,

(3.10)
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where the coefficients of the above equation satisfy the conditions similar to
Condition C, W (z) = U+iV = v+

z̃ in D+ and W (z) = U+jV = v−z̃ in D−,
hence later on we only discuss the above homogeneous boundary condition
and the case of indexK = N/2−1, the other case can be similarly discussed.

From v(z) = v±(z) = u(z) − u±0 (z) in D
±

, we have u(z) = v−(z) + u−0 (z)

in D
−

, u(z) = v+(z) + u+
0 (z) in D

+
, and uy = v±y + u±0y in D±, and

v+(z) = v−(z)−u+
0 (z)+u−0 (z), v+

y = v−y −u+
0y+u−0y = 2R̂0(x), v

−
y = 2R̃0(x)

on L̃ = D ∩ {y = 0}.

3.2 Representation of solutions of Tricomi problem
for degenerate equations of mixed type

In this subsection, we shall give the representation of solutions for the
Tricomi problem (Problem T ) for equation (3.1) in D. Noting that

W (z)=U+iV =
1

2
[H(y)ux−iuy]=

H(y)

2
[ux−iuY ]=H(y)uZ =uz̃,

H(y)WZ =
H(y)

2
[Wx + iWY ] =

1

2
[H(y)Wx + iWy] = Wz̃ in D+,

W (z)=U+jV =
1

2
[H(y)ux−juy]=uz̃ =

H(y)

2
[ux−juY ]=H(y)uZ ,

H(y)WZ =
H(y)

2
[Wx + jWY ] =

1

2
[H(y)Wx + jWy ] = Wz̃ in D−,

we have the complex equation (2.4), namely

H(y)WZ =A1W +A2W +A3u+A4 = g(Z) in D,

(U+V )µ =
1

4H
{2[Hy/H+a/H ]U−2bV+cu+d},

(U−V )ν =
1

4H
{−2[Hy/H−a/H ]U−2bV +cu+d},

in D−
τ ,

(3.11)

in which Z = x+iG(y) in D+, Z = x+jG(y), τ = e1µ+e1ν = e1(x+G(y))
+e2(x − G(y)) = τ(z) in D−, and e1 =(1+j)/2, e2 =(1−j)/2. Especially,
the complex equation

W¯̃z = 0 in D (3.12)

can be rewritten in the system

WZ =0 in D+
Z , i.e. (U+V )µ =0, (U−V )ν =0 in D−

τ . (3.13)
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The boundary value problem for equation (3.11) with the boundary condi-
tion (3.3) (W (z) = uz̃) and the relation

u(z) =



















2Re

∫ z

a1

[
ReW (z)

H(y)
+ iImW (z)]dz + d1 in D+,

2Re

∫ z

a1

[
ReW (z)

H(y)
− jImW (z)]dz + d1 in D−

(3.14)

will be called Problem A, the above second formula can be replaced by the
formula in D− in (3.22) below.

Now, we give the representation of solutions for the Tricomi problem
(Problem T ) for equation (3.1) in D. It is obvious that Problem T for equa-
tion (3.1) is equivalent to the following boundary value problem (Problem
B) for equation (3.11) and the relation (3.14) with the boundary conditions

Re[λ(z)W (z)] = H(y)r(z) = R1(z) on Γ ∪ L′,

Im[λ(z)W (z)]|z=zl
=H(Imzl)cl =c

′
l, l=1, ..., N, u(a1) = d1,

u(al)=dl or Im[λ(z)W (z)]|z=z′

l

=H(Imz′l)dl =d
′
l, l=2, ...,N.

(3.15)

Now we first give the representation of solutions of Problem B for equa-
tion (3.12). For convenience, denote the functions a(z), b(z), r(z) in (3.15)
by the functions a(x), b(x), r(x) of x, from

Re[λ(z)W (z)]=R1(z) on L′, Im[λ(z)W (z)]|z=zl
=c′l, l=1, ..., N, (3.16)

by the way as that in the proof of Theorem 2.1, Chapter V, we can find

Re[λ(x)W (x)]=U(x)+V (x)=−R̃0(x) on L̃=∪N
l=1L̃l, L̃l =(al, bl),

R̃0(x) = −2R1(x/2) − [a(x/2) + b((x/2)]k1

a(x/2) − b(x/2)
on L̃,

(3.17)
where [a(1) + b(1)]k1 = R(1) − c′1 = 0 and [a(x/2) + b(x/2)]k1 = 0. On
the basic of the result in Chapter I, we can find a unique solution w(z) of
(3.13) in D+ with the boundary conditions (3.17) and

Re[λ(z)W (z)]=H(y)r(z)=R1(z) on Γ,

Im[λ(z)W (z)]|z=z′

l
= d′l, l = 2, ..., N.

(3.18)
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Thus the boundary condition

U(x)−V (x)=Re[(1 − j)(U(x)+jV (x))]

= Re[(1 − j)W (x)] = R0(x) on L̃
(3.19)

is determined. Furthermore similarly to the proof of Theorem 2.1, we can

find a solution of Problem B for (3.13) in D−
1 , and the solution w(z) in D−

1

possesses the form

W (z) =
1

2
[(1 + j)f1(x−G(y)) + (1 − j)g1(x +G(y))],

f1(x−G(y)) =
2R1[(x−G(y))/2] −K[(x−G(y))/2]

a((x−G(y))/2]−b((x−G(y))/2]
,

K[(x−G(y))/2]=[a((x−G(y))/2+b((x−G(y))/2)]k1=0,

g1(x+G(y)) =Re[(1−j)W (x+G(y))] in D−
1 \{a1, b1}.

(3.20)

Similarly we can write the solution of Problem B in D−
l (l = 2, 3, ..., 2N−1)

as

W (z) =
1

2
[(1 + j)fl(x−G(y)) + (1 − j)gl(x+G(y))]

in D−
l , l = 2, ..., 2N − 1,

fl(x−G(y))=
2R1((x −G(y))/2)−K((x−G(y))/2)

a((x−G(y))/2) − b((x−G(y))/2)
,

K((x−G(y))/2)=[a((x−G(y))/2)+b((x−G(y))/2)]kl =0,

[a(x1)+b(x1)]kl =R1(x1)−c′1 = 0 in D−
l , l=2, ..., 2N−1,

g2l(x+G(y))=
2R1((x+G(y)+al+1)/2)

a((x+G(y)+al+1)/2)+b(x+G(y)+al+1)/2)

− [a((x+G(y) + al+1)/2) − b((x+G(y) + al+1)/2)]h2l

a((x+G(y) + al+1)/2) + b((x+G(y) + al+1)/2)
,

[a(xl+1)−b(xl+1)]h2l =R1(xl+1)+c
′
l+1=0 in D−

2l, l=1, ..., N−1,

g2l−1(x+G(y))=Re[(1−j)W (x+G(y))] in D−
2l−1, l=2, ..., N,

(3.21)

in which D−
l (l = 2, 3, ..., 2N − 1) are as stated in Subsection 3.1. This

shows that Problem B for equation (3.12) is uniquely solvable, namely
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Theorem 3.1 Problem B of equation (3.12) or system (3.13) in D has

a unique solution as in (3.21), and the solution of Problem T or TB for

(3.12) can be represented as in (3.14), where ReW (z)+ iV = uz̃ in D+ and

ImW (z) + jV = uz̃ in D−.

The representation of solutions of Problem T (or Problem TB) for equa-
tion (3.1) is as follows, which can be proved by the same method as in
Theorem 2.2.

Theorem 3.2 Under Condition C, any solution u(z) of Problem T or

TB for equation (3.1) in D− can be expressed as follows

u(z)=u(x)−2

∫ y

0

V (z)dy=2Re

∫ z

0

[
Rew

H
+

(

i

−j

)

Imw]dz+d1 in

(

D+

D−

)

,

w(z)=Φ[Z(z)]+Ψ[Z(z)],Ψ(Z)=−Re
2

π

∫ ∫

D+

t

f(t)

t−Zdσt in D+
Z ,

w(z) = φ(z) + ψ(z) = ξ(z)e1 + η(z)e2 in D−,

ξ(z)=ζ(z)+

∫ y

0

g1(z)dy=

∫

S1

g1(z)dy+

∫ y

0

g1(z)dy,

η(z) = θ(z) +

∫ y

0

g2(z)dy, z ∈ s2,

gl(z)=Ãl(U+V )+B̃l(U−V )+2C̃lU+D̃lu+Ẽl, l = 1, 2,
(3.22)

where f(Z) = g(Z)/H, U = Hux/2, V = −uy/2, φ(z)=ζ(z)e1+θ(z)e2 is a

solution of (3.13) in D−, ζ(z) =
∫

S1
g1(z)dy, θ(z) = −ζ(x + G(y)) in D−,

s1, s2 are two families of characteristics in D−:

s1 :
dx

dy
=
√

−K(y)=H(y), s2 :
dx

dy
=−

√

−K(y)=−H(y) (3.23)

passing through z = x + jy ∈ D−, S1 is the characteristic curve from a

point on L1 to a point on L0, and

w(z) = U(z) + jV (z) =
1

2
Hux − j

2
uy,

ξ(z)=Reψ(z)+Imψ(z), η(z)=Reψ(z)−Imψ(z),

Ã1 = B̃2 =
1

2
(
hy

2h
− b), Ã2 = B̃1 =

1

2
(
hy

2h
+ b),

C̃1 =
a

2H
+
m

4y
, C̃2 = − a

2H
+
m

4y
,
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D̃1 = −D̃2 =
c

2
, Ẽ1 = −Ẽ2 =

d

2
, (3.24)

in which we choose H(y) = [|y|mh(y)]1/2, m, h(y) are as stated before, and

dµ = d[x+G(y)] = 2H(y)dy on s1,

dν = d[x −G(y)] = −2H(y)dy on s2.
(3.25)

For the homogeneous boundary condition of (3.8), from Theorem 3.1 we
can derive ζ(z)=

∫

S1
g1(z)dy, θ(z)=

∫

S2
g2(z)dy, and θ(x)=−ζ(x) on L̃.

3.3 Uniqueness of solutions of Tricomi problem
for degenerate equation of mixed type

In this subsection, we prove the uniqueness of solutions of Problem T or
TB for equation (3.1).

Theorem 3.3 Suppose that equation (3.1) satisfies the above conditions.

Then Problem T or TB for (3.1) in D+ has at most one solution.

Proof Let u1(z), u2(z) be any two solutions of Problem T for (3.1). It is
easy to see that u(z) = u1(z)−u2(z) and w(z) = uz̃ satisfy the homogeneous
equation and boundary conditions

wz̃ = A1w +A2w +A3u in D, (3.26)

Re[λ(z)w(z)] = 0, z ∈ Γ ∪ L′,

Im[λ(z)w(z)]|z=zl
=0, u(al)=0, l=1, ...,N,

(3.27)

where the function w(z) = U(z)+ jV (z) = [Hux− juy]/2 in the hyperbolic
domain D− can be expressed in the form

w(z) = φ(x) + ψ(z) = φ(x) + ξ(z)e1 + η(z)e2,

ξ(z)=ζ(z) +

∫ y

0

[Ã1(U+V )+B̃1(U−V )+2C̃1U+D̃1u]dy, z∈s1,

η(z)=θ(z)+

∫ y

0

[Ã2(U+V )+B̃2(U−V )+2C̃2U+D̃2u]dy, z∈s2,

(3.28)

where φ(z) = ζ(z)e1 + θ(z)e2 is a solution of (3.12). Thus the solution

u(z) = 2 Re

∫ z

0

[
Rew(z)

H(y)
+

(

i

−j

)

Imw]dz in

(

D+

D−

)

,
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is the solution of the homogeneous equation of (3.1) with homogeneous
boundary conditions of (3.3):

∂u

∂l
= 2Re[λ(z)uz̃] = 0 on Γ,

2Re[−iuz̃(x)]= uy =R̃(x) on L̃, u(al)=0, l=1, ...,N.

(3.29)

Now we verify that the above solution u(z) ≡ 0 in D+. If the maximum
M = max

D+ u(z) > 0, it is clear that the maximum point z∗ 6∈ D+ ∪ Γ.

Thus u(z) attains its maximum at a point z∗ = x∗ ∈ L̃. By using the
method in the proof of Theorem 2.5, Chapter V, we can derive that u(x) = 0
on L̃. Hence max

D+ u(z) = 0. By the similar method, we can prove
min

D+ u(z) = 0. Moreover by using Theorem 3.4 below, we have u(z) = 0

in D−. Therefore u(z) = 0, u1(z) = u2(z) in D+. This completes the proof.

Theorem 3.4 Let D− be given as above and equation (3.1) satisfy Condi-

tion C and (2.24). Then the Tricomi problem (Problem T ) or Tricomi-Bers

problem (Problem TB) for (3.1) in D− at most has a solution.

Proof We assume that m is a positive number, denote by u1(z), u2(z)
two solutions of Problem T or TB for (3.1), by Theorem 3.2, we see that
the function uz̃(z) = u1z̃(z)−u2z̃(z) = U(z) + jV (z) in D− is a solution of
the homogeneous system of integral equations

u(z) = u(x) − 2

∫ y

0

V (z)dy =

∫ z

0

[
Rew

H(y)
− jImw]dz in D−,

w(z) = φ(z) + ψ(z) = ξ(z)e1 + η(z)e2,

ξ(z)=ζ(z)+

∫ y

0

[Ã1(U+V )+B̃1(U−V )+2C̃1U+D̃1u]dy, z∈s1,

η(z)=θ(z)+

∫ y

0

[Ã2(U+V )+B̃2(U−V )+2C̃2U+D̃2u]dy, z∈s2.

(3.30)

Noting that the functions ux, uy are continuous in D\T and φ(z) is a solu-
tion of (3.12) in D−, by Theorem 3.1, we can prove w(z) = φ(z)+ψ(z) = 0
in D−.

In fact, choose any closed set D0 = D ∩ {al < a′l ≤ x ≤ b′l < bl, 1 ≤
l ≤ N}, where 0 < a′l < b′l < 2, l = 1, ..., N). Noting that the continuity of
ux, uy in D0 and (3.53) below, hence there exists a sufficiently large positive
number M dependent on u(z), ξ(z), η(z), D0, and M0 = d[4k1δ + 4ε0 +
m1]/δ, max

D−
ε(y) = ε0 < ∞, β is a sufficiently small positive constant,
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such that

|u(z)| ≤M, |ξ(z)| ≤M, |η(z)| ≤M, |ξ(z)+η(z)|≤M |x1 − x2|1−β ,
(3.31)

where ε0 is a positive constant. From (3.30) and (3.31), we can obtain

|ξ(z)| = |
∫ y

y1

[Ã1ξ + B̃1η + C̃1(ξ + η) + D̃1u]dy|

≤ |
∫ y

y1

M(|Ã1|+|B̃1|)+|C̃1||x1 − x2|1−β +|D̃1|]dy|

≤|
∫ y

y1

M [k1+(
|ε(y)|

2
+
m

4
)d]dy|≤M(M0|ỹ|)k/k! on s1, k=1.

Similarly we have

|η(z)|= |
∫ y

y2

[Ã2ξ+B̃2η+C̃2(ξ+η)+D̃2u]dy|≤M(M0|ỹ|)k/k! on s2, k=1.

Here y ≤ −δ, maxD0
[|Ãl|, |B̃l|, |D̃l|] ≤ k1/3, l = 1, 2, ỹ = y − y1 or y −

y2, y1, y2 are the ordinates of intersection points of L1 and characteristics
lines of family s1 in (3.23) emanating from z = x1, x2(< x1) and L1, herein
x1, x2 are the intersection points of two characteristics lines s1, s2 passing
through z = x+ jy ∈ D− and x−axis respectively. Applying the repeated
insertion, the inequalities

|u(z)|≤M(M0|ỹ|)k/k!, |ξ(z)|≤M(M0|ỹ|)k/k!,

|η(z)| ≤M(M0|ỹ|)k/k!, k = 2, 3, ...

are obtained. As for the case −δ < y ≤ 0, we can discuss still. This
shows that u(z) = 0, ξ(z) = 0, η(z) = 0 in D0. Taking into account the
arbitrariness of δ0, we can derive u(z) = 0, ξ(z) = 0, η(z) = 0 in D.

In addition, we can also prove that the solution of ProblemQ for equation
(3.1) is unique.

3.4 Solvability of Tricomi problem for degenerate
equation of mixed type

In this subsection, we prove the existence of solutions of Problem T or TB
for equation (3.1). As stated in Subsection 3.1, we can discuss Problem T̃
of the equation in the form

K(y)vxx+vyy+ãvx+b̃vy+c̃v+d̃ = 0, in D, (3.32)
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satisfying the homogeneous boundary condition of (3.3). Denote w(z) = vz̃ ,
then Problem T̃ is transformed into the boundary value problem (Problem
B̃), i.e. the complex equation

W¯̃z = A1W + A2W +A3u+ Ã4 in D, (3.33)

with the relation

u(z)=















2Re

∫ z

a1

[
ReW (z)

H(y)
+ iImW (z)]dz in D+,

2Re

∫ z

a1

[
ReW (z)

H(y)
− jImW (z)]dz in D−,

(3.34)

and the boundary conditions

Re[λ(z)W (z)]=H(y)r(z)=R(z)=0 on Γ∪L′,

Im[λ(zl)W (zl)] = c′l = 0, l = 1, ..., N,

u(a1)=0, Im[λ(z′l)W (z′l)]=d
′
l =0, l=2, ..., N,

(3.35)

where the coefficients in (3.33) are as stated in (2.7), and λ(z), zl (l =
1, ..., N) are as stated (3.3)-(3.5), and R(z) = 0 on Γ. It is not difficult to
see that Problem B̃ can be divided into two problems, i.e. Problem B1 of
equation (3.33), (3.34) in D+ and Problem B2 of equation (3.33), (3.34) in
D−, the boundary conditions of Problems B1 and B2 as follows:

Re[λ(z)W (z)]=0 on Γ, Re[λ(z)W (z)]= R̂0(x) on L̃,

u(a1) = 0, Im[λ(z′l)W (z′l)] = 0, l = 2, ..., N,
(3.36)

where λ(z) = −i on L̃, and

Re[λ(z)W (z)]=0 on L′,Re[λ(z)W (z)]= R̃0(x) on L̃,

Im[λ(z)W (z)]|z=zl
= c′l = 0, l = 1, ..., N,

(3.37)

in which λ(z) = a(z) + jb(z on L′ and λ(z) = j on L̃. The solvability
of Problem B1 can be proved by using the method in Sections 2 and 3,
Chapter II, and the result of Problem B2 will be proved by using the way
as stated in the proof of Theorem 2.3. In the following, we first discuss
Problem B1.

Introduce a function

X(Z) =

2N
∏

l=1

(Z − tl)
ηl , (3.38)
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where ηl = 1 (l = 1, ..., 2N). Obviously that X(Z)W [z(Z)] satisfies the
complex equation

[X(Z)W ]Z = X(Z)[A1W +A2W +

+A3u+A4]/H=X(Z)g(Z)/H in D+
Z ,

(3.39)

and the boundary conditions

Re[λ̂(z)X(Z)W (z)]=R(z) on Γ, Im[λ(z′l)W (z′l)]=d
′
l =0, l=2, ..., N,

Re[λ̂(x)X(x)W (x)] = |X(x)|R̂0(x) on L̃, u(a1) = d1 = 0,
(3.40)

where R(z) = 0 on Γ, and λ̂(z) = λ(z)ei arg X(Z). Noting that

eiφ̃l =
λ̂(tl − 0)

λ̂(tl + 0)
=
λ(tl − 0)

λ(tl + 0)

ei arg X(tl−0)

ei arg X(tl+0)
= ei(φl+ηlπ/2),

τl =
φ̃l

π
−Kl = 0, l =1, 2, ..., 2N,

where the numbers τl (1 ≤ l ≤ 2N) about λ̂[z(Z)] = λ[z(Z)]ei arg X(Z) are
equal to τl = 1/2 (l = 1 ≤ l ≤ 2N) when we consider Im[X(Z)W (x)] =
|X(Z)|R̂0(x) on L̃ , which are corresponding to the numbers γl (1 ≤ l ≤ 2N)

in (3.6), and the index of λ̂(z) is K̃ = N/2− 1, in this case we need N − 1
point conditions in (3.10) such that Problem T (or TB) is well posed. Now
we prove a lemma.

Theorem 3.5 Let equation (3.1) satisfy Condition C. Then any solution
of Problem B1 for (3.1) satisfies the estimate

Ĉδ[W (z),D]=Cδ [X(Z)(ReW/H+iImW ),D]+Cδ[u(z),D]≤M1,

Ĉδ [W (z), D] ≤M2(k1 + k2),
(3.41)

where X(Z) is as stated in (3.38), δ (≤ min[2,m]/(m+ 2)) is a sufficiently
small positive constant, M1 = M1(δ, k,H,D), M2 = M2(δ, k0, H,D) are
non-negative constants, and k = (k0, k1, k2).

Proof We first assume that any solution [W (z), u(z)] of Problem B1

satisfies the estimate

Ĉ[W (z), D]=C[X(Z)(ReW/H+iImW ), DZ ]+C[u(z), D]≤M3, (3.42)

in which M3 is a non-negative constant. Now, Substituting the solution
[W (z), u(z)] into equation (3.39) and noting ReW (Z) = R(x) = 0 on
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L̃, bl = 0, j = 0, 1, ..., N−1, we can extend the function X(Z)W [z(Z)] onto
the symmetrical domain D̃Z of DZ with respect to the real axis ImZ = 0,
namely set

W̃ (Z) =







X(Z)W [z(Z)] in DZ ,

−X(Z)W [z(Z)] in D̃Z ,

which satisfies the boundary conditions

Re[λ̃(Z)W̃ (Z)]=0 on Γ∪Γ̃,

λ̃(Z)=















λ[z(Z)],

λ[z(Z)],

1,

R̃(Z)=















0 on Γ,

0 on Γ̃,

0 on L̃,

where Γ̃ is the symmetrical curve of Γ about ImZ = 0. It is clear that
the corresponding function u(z) in (3.34) can be extended to the func-
tion ũ(Z), where ũ(Z) = u[z(Z)] in DZ and ũ(Z) = −u[z(Z)] in D̃Z .
Noting Condition C and the condition (3.42), we see that the function

f̃(Z) = X(Z)g(Z) in DZ and f̃(Z) = −X(Z)g(Z) in D̃Z satisfies the
condition L∞[yτ f̃(Z), D′

Z ] ≤ M4, in which D′
Z = DZ ∪ D̃Z ∪ L̃, τ =

max(1 − m/2, 0), M4 = M4(δ, k,H,D,M3) is a positive constant. On
the basis of Lemma 2.1, Chapter I, we can verify that the function
Ψ̃(Z) = 2ReTf = −Re{(2/π)

∫∫

Dt

[f̃(t)/(t−Z)]dσt} satisfies the estimates

Cβ [Ψ̃(Z), DZ ] ≤M5,

Ψ̃(Z) − Ψ̃(tl) = O(|Z − tl|βl), 1 ≤ j ≤ 2N,
(3.43)

in which f̃(Z) = f(Z)/H(y), β = min(2,m)/(m+2)−δ = βl (1 ≤ l ≤ 2N),
δ is a constant as stated in (3.41), andM5 = M5(δ, k,H,D,M3) is a positive
constant. On the basis of Theorem 3.2, the solution X(Z)W (z) can be
expressed asX(Z)W (Z) = Φ̃(Z)+Ψ̃(Z), where Φ̃(Z) is an analytic function
in DZ satisfying the boundary conditions

Re[λ̃(Z)Φ̃(Z)]=R̃(Z)−Re[λ̃(Z)Ψ̃(Z)]=R̂(Z) on Γ∪L̃,

u(a1) = 0, Im[λ(z′l)W (z′l)] = 0, l = 2, ..., N,

taking the index K̃ = N/2 − 1 into account, the above formula in-
cludes N − 1 point conditions expect the first one. It is easy to see that
ImΨ̃(Z) = 0, ImX(Z)W (Z) = ImΦ̃(Z) in DZ , ImX(x)W (x) = ImΦ̃(x) =
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−X(x)ũy(x)/2 on L̃, there is no harm in assuming that Ψ̃(tl) = 0, other-

wise it suffices to replace Ψ̃(Z) by Ψ̃(Z) − Ψ̃(tl) (1 ≤ l ≤ 2N). For giving
the estimates of Φ̃(Z) in DZ ∩ {dist(Z,Γ) ≥ ε(> 0)}, from the integral
expression of solutions of the discontinuous Riemann-Hilbert problem for
analytic functions, we can write the representation of the solution Φ̃(Z) of
Problem A for analytic functions, namely

Φ̃[Z(ζ)] =
X0(ζ)

2πi

[

∫

∂Dt

(t+ ζ)λ̃[Z(t)]R̂[Z(t)]dt

(t− ζ)tX0(t)
+Q(z)

]

,

Q(z)= i

[K̃]
∑

k=0

(ckζ
k+ckζ

−k)+



























0, when 2K̃=N−2 is even,

ic∗
ζ1+ζ

ζ1−ζ
, c∗= i

∫

∂Dt

λ̃n[Z(t)]R̂n[Z(t)]dt

X0(t)t
,

when 2K̃ = N − 2 is odd,

(see [86]33),[87]1)), where X0(ζ)=Π2
j=1(ζ−tl)τl , τl (l = 1, 2, ..., 2N) are as

before, Z = Z(ζ) is the conformal mapping from the unit disk Dζ = {|ζ| <
1} onto the domain DZ such that the three points ζ = −1, i, 1 are mapped
onto Z = 0, Z ′(∈ Γ), 2 respectively, and the 2K̃ + 1 = N − 1 real constants
ck(k = 0, ..., [K̃]) are determined by the last N − 1 points conditions in
(3.40). Taking into account

|X0(ζ)|=O(|ζ−tl|τl), |λ̃[Z(ζ)]R̂[Z(ζ)]/X0(ζ)|=O(|ζ−tl|ηlπ/2−τl),

and according to the results in [87]1), we see that the function Φ̃(Z) de-
termined by the above integral in DZ ∩ {dist(Z,Γ) ≥ ε(> 0)} is Hölder
continuous and Φ̃(tl) = 0.

For giving the estimates of X(Z)ux, X(Z)ux in D̃l = Dl ∩ DZ (Dl =
{|Z − tl| < ε(> 0)}, 1 ≤ l ≤ 2N) separately, when tl ∈ L̃k = (ak, bk) (1 ≤
k ≤ N), denote X(Z) = X̃ + iỸ as in (3.38), we first conformally map the
domain D′

Z = DZ ∪D̃Z ∪L̃ onto a domain Dζ , such that L̃k is mapped onto

himself where Dζ is a domain with the partial boundary Γ∪Γ̃, and Γ∪Γ̃ is a
smooth curve including the segment line Re ζ = tl near ζ = tl (0 ≤ l ≤ 2N),
through the above mapping, the index K̃ = N/2 − 1 is not changed, and
the function Ψ̃[Z(ζ)] in the neighborhood ζ(Dl) of tl (0 ≤ l ≤ 2N) is
Hölder continuous. For convenience denote by DZ , Dl, W̃ (Z) the domains
and function Dζ , ζ(Dl), W̃ [Z(ζ)] again. Secondly reduce the the above

boundary condition to this case, i.e. the corresponding function λ̃(Z) = 1
on Γ∪ Γ̃ near Z = tl (0 ≤ l ≤ 2N). In fact there exists an analytic function
Φ0(Z) in D′

Z satisfying the boundary condition

ReS(Z)=− arg λ̃(Z) on Γ ∪ Γ̃ near tl, ImS(tl)=0,
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and the estimate

Cα[S(Z), Dl ∩D′
Z ] ≤M6 = M6(δ, k,H,D,M3) <∞, (3.44)

then the function ejS(Z)X(Z)W (Z) is satisfied the boundary condition

Re[eiS(Z)X(Z)W (Z)] = 0 on Γ̃ near Z = tl (1 ≤ j ≤ 2N).

Next we symmetrically extend the function Φ∗(Z) in D′
Z onto the symmet-

rical domain D∗
Z with respect to ReZ = tl (1 ≤ j ≤ 2N), namely let

Ŵ (Z) =







eiS(Z)X(Z)W (Z) in D′
Z ,

−eiS(Z∗)X(Z∗)W (Z∗) in D∗
Z ,

where Z∗ = −(Z − tl)+ tl, later on we shall omit the secondary part eiS(Z)

and we can get

Cδ [Φ̃(Z), Dε] ≤M7, Cδ[X(Z)ux, Dε] ≤M7, Cδ[X(Z)uy, Dε] ≤M7,

Cδ[ux, D
′
ε] ≤M8, Cδ [uy, D

′
ε] ≤M8,

(3.45)
in which Dε =DZ ∩ {dist(Z, L̃) ≥ ε}, D′

ε =DZ ∩ {dist(Z,Γ∪ Γ̃∪ T ) ≥ ε}, ε
is arbitrary small positive constant, M7 =M7(δ, k,H,Dε,M3),M8 = M8(δ,
k,H,D′

ε,M3) are non-negative constants. In fact the first three esti-
mates in (3.45) can be derived by the above integral representation of
Φ̃(Z). Moreover from (3.22) and (3.42), denote g̃(Z) = g(Z) in DZ and

g̃(Z) = −g(Z) in D̃Z , W (Z) = Φ̂(Z) + Ψ̂(Z), Ψ̂(Z) = 2iImT g̃ in D′
ε

is bounded and Hölder continuous, Φ̂(Z) in D′
Z is an analytic function,

hence Φ̂(Z) = H(y)ũy/2 = Y F is a bounded harmonic function in D′
ε, and

ux = O(Y 2/(m+2)F ), F is is a continuous function. Thus similarly to the
proof of Theorem 3.3, Chapter II, we can verify that the last two estimates
in (3.45) are true.

After the above discussion, as stated in (3.22), the solution X(Z)W (z)
can be also expressed as X(Z)W (Z) = Φ(Z) + Ψ(Z) = Φ̂(Z) + Ψ̂(Z),
where X(Z) = X̃ + iỸ , X(Z) is as stated in (3.38), Ψ(Z), Ψ̂(Z) in D̂Z =
{D∗

Z ∪ D′
Z} ∩ {Y > 0} are Hölder continuous, ImΨ(Z) = 0, ReΨ̂(Z) = 0

in D̂Z , and Φ∗(Z) = Φ(Z) or Φ∗(Z) = Φ̂(Z) is an analytic function in D̂Z

satisfying the boundary conditions in the form

Re[λ̃(Z)Φ∗(Z)] = R̃(z) on Γ ∪ L̃,

u(a1) = 0, Im[λ(z′l)W (z′l)] = 0, l = 2, ..., N,
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because in the above case the index of λ̃(Z) on ∂DZ is K̃ = N/2 − 1.
Due to the function Φ∗(Z) in Dl = {|Z − tl| < ε(> 0)} is analytic, and
Φ∗(tl) = 0, hence Φ∗(Z) = O(|Z − tl|), Φ∗′(Z) = O(1) near Z = tl, it is
clear that ImΦ(Z) = ImX(Z)W (z) and ReΦ̂(Z) = ReX(Z)W (z) extended
are harmonic functions in D̂Z , and ReΦ̂(Z), ImΦ(Z) can be expressed as

2ReΦ̂(Z) =

∞
∑

j,k=0

c
(1)
jk X

jY k, 2ImΦ(Z) =

∞
∑

j,k=0

c
(2)
jk X

jY k

in Dl, herein X = x − tl. Noting that 2ReΦ̂(Z) = X̃H(y)ux + Ỹ uy = 0,

2ImΦ(Z) = Ỹ H(y)ux − X̃uy = 0 at Z = tl (1 ≤ l ≤ 2), we have

2ReΦ̂(Z)=X̃Hux+Ỹ uy =Y
∞
∑

j,k=0

c
(1)
jk+1X

jY k =Y F1,

2ImΦ(Z)= Ỹ Hux−X̃uy =

∞
∑

j,k=0

c
(2)
jk X

jY k = |Z − tl|F2

(3.46)

in D̃l, where F1, F2 are continuous functions in Dl. From the system of
algebraic equations, we can solve ux, uy as follows

ux = (X̃Y F1 + |Z − tl|Ỹ F2)/H |X(Z)|2,

uy = H(Y Ỹ F1 − |Z − tl|X̃F2)/H |X(Z)|2, i.e.

X(Z)Hux = (X̃Y F1 + |Z − tl|Ỹ F2)/X(Z) = O(|Z − tl|),

X(Z)uy = (Y Ỹ F1 − |Z − tl|X̃F2)/X(Z) = O(|Z − tl|), i.e.

X(Z)ux = O(|Z − tl|δ), X(Z)uy = O(|Z − tl|).

Hence we have

Cδ[X(Z)ux, D̃l] ≤M9, Cδ[X(Z)uy, D̃l] ≤M9, , 1≤ l≤2N, (3.47)

where M9 =M9(δ, k,H,D,M3) is a non-negative constant.

Hence by using the reduction to absurdity, we can prove that the as-
sumption (3.42) is true. Thus the first estimate in (3.41) is derived. The
second estimate in (3.41) is easily verified. The other cases can be similarly
discussed. This completes the proof. Here we mention that the estimate
of solutions of Problem B1 in the set D+ ∩ {y > δ(> 0)} is not difficult to
verify, and the estimate of solutions in D+ ∩ {0 ≤ y ≤ δ} can be locally
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used by the method of appropriate conformal mappings in N subsets, this
way is seemly simpler than that as stated before.

Now we discuss Problem B2 for equation (3.32).

Theorem 3.6 If equation (3.1) satisfies Condition C and (2.49) below,

then there exists a solution [w(z), v(z)] of Problem B2 for (3.32), (3.33).

Proof Denote

D0 = D− ∩ {al < δ0 ≤ x ≤ bl, δ ≤ y ≤ 0, l = 1, ..., N}, (3.48)

and the characteristics of families (3.23): s1, s2 emanate from any two
points (a0, 0), (b0, 0)(al + δ0 ≤ a0 < b0 ≤ bl, l = 1, ..., N) respectively,
which intersect at a point (x, y) ∈ D−, where δ, δ0 are arbitrary small
positive numbers.

We may only discuss the case of K(y) = −|y|mh(y). In order to find
a solution of the system of integral equations (3.22), we need to add the
condition

ay

H(y)
= o(1), i.e.

|a|
H(y)

=
ε(y)

|y| , m ≥ 2. (3.49)

It is clear that for two characteristics s1 : x = x1(y, z0), s2 : x = x2(y, z0)
passing through P0 = z0 = x0 + jy0 ∈ D, we have

|x1 − x2| ≤ 2|
∫ y0

0

√
−Kdy| ≤M |y0|m/2+1,

|y0|1+m/2 ≤ k0(m+ 2)

2
|x1 − x2|,

(3.50)

for any z1 = x1+jy ∈ s1, z2 = x2+jy ∈ s2, in which M(> max[2
√

h(y), 1])
is a positive constant. From (3.2), we can assume that the coefficients of
(3.22) possess continuously differentiable with respect to x ∈ D− and satisfy
the condition

|Ãl|, |Ãlx|, |B̃l|, |B̃lx|, |D̃l|, |D̃lx|, |Ẽl|, |Ẽlx|,

|2
√
h|, |1/

√
h|, |hy/h| ≤ k0 ≤M, z ∈ D̄, l = 1, 2.

(3.51)

Firstly, we choose v0 = 0, ξ0 = 0, η0 = 0 and substitute them into the
corresponding positions of v, ξ, η in the right-hand sides of (3.22). By the
successive approximation, the sequences of functions {vk}, {ξk}, {ηk} are
obtained, which satisfy the relations
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vk+1(z)=vk+1(x)−2

∫ y

0

Vk(z)dy=vk+1(x)+

∫ y

0

(ηk−ξk)dy,

ξk+1(z)=ζk+1(z)+

∫ y

0

[Ã1ξk+B̃1ηk+C̃1(ξk+ηk)+D̃1uk+Ẽ1]dy, z∈s1,

ηk+1(z)=θk+1(z)+

∫ y

0

[Ã2ξk+B̃2ηk+C̃2(ξk+ηk)+D̃2uk+Ẽ1]dy, z∈s2,

k = 0, 1, 2, ....
(3.52)

Moreover we can prove that the systems of functions {vk}, {ξk}, {ηk} in D0

satisfy the estimates

|vk(z) − vk(x)|, |ξk(z) − ζk(z)|, |ηk(z) − θk(z)| ≤M ′γk−1|y|1−β,

|ξk(z1)−ξk(z2)|,|ηk(z1)−ηk(z2)|≤M ′γk−1|x1−x2|β |t|β
′

,

|ξ̃k(z1)−ξ̃k(z2)|,|η̃k(z1)−η̃k(z2)|≤M ′γk−1|x1−x2|β |t|β
′

,

|ξk(z) + ηk(z)−ζk(z)−θk(z)|≤M ′γk−1|x1−x2|β |y|β
′

,

|ξ̃k(z) + η̃k(z)| ≤M ′γk−1|x1 − x2|β |y|β
′

, 0≤|y|≤δ,

(3.53)

where z = x + jy, z = x + jt is the intersection point of s1, s2 passing
through z1, z2, β

′ = (1 +m/2)(1 − 3β), δ, β are sufficiently small positive
constants, γ(< 1) is a positive constant, and M ′ is a sufficiently large
positive constant as stated in (2.44), Chapter V.

The formula (3.53) shows that these sequences of functions {vk(z)},
{ξk(z)}, {ηk(z)} in

Dl =D− ∩ {|z−a1|≥1/l} ∩ · · · ∩ {|z−aN |≥1/l}

∩{|z−b1|≥1/l} ∩ · · · ∩ {|z−bN |≥1/l} (l>2)

are uniformly bounded and equicontinuous. In particular for δ0 = 1/l, l is
a positive integer, from these sequences, we can choose the subsequences
{vl

k(z)}, {ξl
k(z)}, {ηl

k(z)}, which uniformly converge to v∗(z), ξ∗(z), η∗(z)
in Dl respectively, and v∗(z), ξ∗(z), η∗(z) satisfy the system of integral
equations
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v∗(z)=v∗(x)−2

∫ y

0

V∗dy=u∗(x)+

∫ y

0

(η∗−ξ∗)dy,

ξ∗(z)=ζ∗(z)+

∫ y

0

[Ã1ξ∗+B̃1η∗+C̃1(ξ∗+η∗)+D̃1u∗+Ẽ1]dy, z∈s1,

η∗(z)= θ∗(z)+

∫ y

0

[Ã2ξ∗+B̃2η∗+C̃2(ξ∗+η∗)+D̃2u∗+Ẽ2]dy, z∈s2,
(3.54)

and the function v(z) = v∗(z) is a solution of Problem B2 for (3.33), (3.34)
in Dl. Moreover from {vl

k(z)}, {ξl
k(z)}, {ηl

k(z)} (l = 1, 2...), we can select
the diagonal sequence {vl

l(z)}, {ξl
l(z)}, {ηl

l(z)}, which uniformly converge to
v∗(z), ξ∗(z), η∗(z) in D0 respectively. Hence the function u(z) = v(z)+u0(z)
is a solution of Problem T (or TB) for (3.1) in D ∩ {−δ < y ≤ 0}. Thus by
the result in Section 1, the existence of solutions of Problem Q for equation
(3.1) with c = 0 in D is proved. From the above discussion, we can see that
the solution of Problem Q for (3.1) with c = 0 in D is unique.

From the above result, we have the following theorem.

Theorem 3.7 Let equation (3.1) satisfy Condition C and (3.49). Then

the Tricomi problem (Problem Q) or Tricomi-Bers Problem (Problem TB ′)
for (3.1) with c = 0 has a solution.

Finally, we prove the following theorem.

Theorem 3.8 Let equation (3.1) satisfy Condition C and (3.49). Then

the Tricomi problem (Problem T ) or Tricomi-Bers problem (Problem TB)
for (3.1) has a solution. Especially Problem T (or TB) for the Chaplygin

equation K(y)uxx + uyy = 0 is uniquely solvable.

Proof From Theorem 3.7, we see that Problem Q for (3.1) has a solution
u∗(z) in D, if u∗(al) = dl, l = 1, ..., N, then the solution u∗(z) is just a so-
lution of Problem P for (3.1). Otherwise, [u∗(a2), ..., u

∗(aN )] = [d∗2, ..., d
∗
N ],

we find N − 1 solutions u2(z), ..., uN(z) of Problem Q for the homogeneous
linear equation

K(y)uxx + uyy + aux + buy + cu = 0 , in D (3.55)

with the boundary conditions

Re[λ(z)ukz̃] = 0, z ∈ Γ ∪ L′, u(a1) = 0,

Im[λ(z)ukz̃ ]|z=zl
=0, Im[λ(z)ukz̃]|z=z′

l
=δlk, l, k=2, ..., N.

(3.56)

It is obvious that U(z) =
∑N

k=2 uk(z) 6≡ 0 in D, moreover we can verify
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that

J =

∣

∣

∣

∣

∣

∣

∣

∣

∣

u1(a2) ... uN (a2)

...
. . .

...

u1(aN ) ... uN (aN )

∣

∣

∣

∣

∣

∣

∣

∣

∣

6= 0,

where a2, ..., aN are as stated in (3.3), thus there exist N − 1 real constants
C2, ..., CN , which are not equal to zero, such that

C2u2(ak) + ...+ CNuN(ak) = d∗k − dk, k = 2, ..., N,

thus the function

u(z) = u∗(z) −
N
∑

k=2

Ckuk(z) in D̄ (3.57)

is just a solution of Problem T for the linear equation (3.1) with c = 0.
Moreover by using the method of parameter extension, the Schauder fixed-
point theorem or the Leray-Schauder theorem, we can prove the solvability
of Problem T for quasilinear equation (3.1).

In addition we can also generalize the above results to the general mul-
tiply connected domain similar to Theorems 2.5 and 2.6 in Section 2 by the
similar method.

From the above discussion, we see that the open problem about Tricomi
problem of Chaplygin equation in multiply connected domains posed by L.
Bers in [9]1) is solved.

Remark 3.1 For the oblique derivative problem (Problem P or GTB)
for equation (3.1), by the similar method, we can obtain the above corre-
sponding results as stated in Theorems 3.1-3.8, but we require the index
K = N − 1 of Problem P in D+, in this case there are 2N point conditions
in boundary condition (3.3). As stated as in Section 5, Chapter II, there are
in no harm in assuming that the elliptic domain D+ is bounded the bound-
ary Γ∪L̃, L̃ = ∪N

j=1L̃l, L̃l = (al, bl) (l = 1, ..., N) are as stated in Subsection

3.1 and Γ = ∪N
l=1Γ

0
l , herein Γ0

l (∈ C2
µ, 0 < µ < 1, l = 1, ..., N) are curves

in the upper-half plane Imz > 0 with the end points at al, bl (l = 1..., N)
respectively, and the size of the inner angles of D+ at al, bl (l = 1, ..., N)
are equal to π/2 (l = 1, .., 2N).
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4 The Oblique Derivative Problem for Equations of
Mixed Type with Nonsmooth Degenerate Line

In [71]1) and [72], the authors discussed some boundary value problems
of second order equations of mixed type with non-smooth degenerate line,
but they only consider some special mixed equations. The present section
deals with oblique derivative problem for general second order equations of
mixed type with nonsmooth parabolic degenerate line. We first give the
formulation and estimates of solutions of the problem for the equations,
and then prove the existence of solutions for the above problem. Besides
we also discuss the Tricomi problem for some nonlinear mixed equation of
second order with parabolic degeneracy.

4.1 Formulation of oblique derivative problem for
mixed equations with nonsmooth degeneracy

Let D be a simply connected bounded domain in the complex plane C

with the boundary ∂D = Γ ∪ L, in which Γ (⊂ {y > 0}) ∈ C2
µ (0 <

µ < 1) is a curve with the end points z = −1, 1, and L0 = (−1, 1) on
x−axis, and L = L1 ∪ L2 ∪ L3 ∪ L4 are four characteristics with the
slopes −H2(x)/H1(y), H2(x)/H1(y),−H2(x)/H1(y), H2(x)/H1(y) passing
through the points z = x+ iy = −1, 0, 0, 1 respectively as follows

L1 ={G1(y)=

∫ y

0

H1(t)dt=

∫ −1

x

H2(t)dt=G2(−1)−G2(x), x∈(−1, x1)},

L2 ={G1(y)=

∫ y

0

H1(t)dt=

∫ x

0

H2(t)dt = G2(x), x∈(x1 , 0)},

L3 ={−G1(y)=−
∫ y

0

H1(t)dt=

∫ x

0

H2(t)dt=G2(x), x∈(0, x2)},

L4 ={−G1(y)=−
∫ y

0

H1(t)dt=

∫ 1

x

H2(t)dt=G2(1)−G2(x), x∈(x2 , 1)},

in which H1(y) =
√

|K1(y)|, K1(0) = 0, H2(x) =
√

|K2(x)|, K2(0) = 0,
K1(y) = sgny|y|m1 h1(y), K2(x) = sgnx|x|m2h2(x), m1,m2 are positive
constants, h1(y), h2(x) in D are continuously differentiable positive func-
tions. Similarly to Section 3, there is no harm in assuming that the
boundary Γ of the domain D is a smooth curve, which possesses the form
G̃2(x) − G̃1(y) = G̃2(−1) = h1 and G̃2(x) + G̃1(y) = G̃2(1) = h2 includ-
ing the line segments Rez = ±1 near the points z = ±1 respectively and



Chapter VI Second Order Quasilinear Equations of Mixed Type 385

including a line segment Imz = y0 near the intersection point iy0 of Γ and
Rez = 0, here G̃1(y), G̃2(x) are the similar to that in Section 2, Chapter II,
otherwise by using an appropriate conformal mapping, the requirement can
be realized. We consider the quasilinear mixed equation with non-smooth
degenerate line

K1(y)uxx + |K2(x)|uyy + aux + buy + cu+ d = 0 in D, (4.1)

and its complex form is as in (4.16), (4.18) below, i.e.

Wz̃ =A1(z, u,W )W+A2(z, u,W )W+A3(z, u,W )u+A4(z, u,W ) in D, (4.2)

where W (z) = [H1(y)ux − iH2(x)uy]/2 = U + iV in D+, and W (z) =
[H1(y)ux − jH2(x)uy]/2 = U + jV = ξe1 + ηe2 in D−. Suppose that the

coefficients of (4.2) are measurable in D+ and continuous in D− for any
continuously differentiable function u(z), and satisfy Condition C, namely

L∞[η,D+] ≤ k0, η = a, b, c, L∞[d,D+] ≤ k1, c ≤ 0 in D+,

C̃[d,D−]=C[d,D−]+C[dx, D−]≤k1, Ĉ [η,D−]≤k0, η=a, b, c,

η|x|−m2/2 = O(1) as z = x+ iy → 0, η = a, b, c, d,

(4.3)

and for any two continuously differentiable functions u1(z), u2(z) in D∗ =
D\({−1, 0, 1}, F (z, u, uz) = aux + buy + cu+ d satisfies the condition

F (z, u1, u1z)−F (z, u2, u2z)= ã(u1−u2)x+b̃(u1−u2)y+c̃(u1−u2), (4.4)

and the coefficients ã, b̃, c̃ satisfy the same conditions as those of a, b, c in
(4.3) respectively, where k0, k1 are non-negative constants. We can state
the equivalent conditions about equation (4.2), i.e. Al(z, u, uz) (l = 1, 2, 3)
are measurable in z ∈ D+ and continuous in D− for all continuously dif-
ferentiable functions u(z) in D∗ and satisfy

L∞[H1Re(A1+A2), D
+], L∞[xRe(A1−A2), D

+], L∞[A3, D
+],

L∞[yIm(A1+A2), D
+], L∞[H2Im(A1−A2), D

+]≤k0, A3≥0 in D+,

L∞[A4, D+] ≤ k1, Ĉ [H1(A1 +A2), D−]=C[H1(A1+A2), D−]

+C[H1(A1+A2)x, D−], Ĉ[xRe(A1−A2), D−], Ĉ [yIm(A1+A2), D−],

Ĉ[H2Im(A1−A2), D−] ≤ k0, Ĉ[A3, D−] ≤ k0, Ĉ[A4, D−] ≤ k1,
(4.5)
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and for any two continuously differentiable functions u1(z), u2(z) in D∗,
G(z, u, uz̃)=A1uz̃+A2uz̃+A3u+A4 satisfies the condition

G(z, u1, u1z̃)−G(z, u2, u2z̃)=Ã1(u1−u2)z̃

+ Ã2(u1 − u2)z̃ + Ã2(u1 − u2) in D,
(4.6)

in which Ãl = Ãl(z, u1, u2) (l = 1, 2, 3) satisfy the conditions as those of
Al(l = 1, 2, 3, 4) in (4.5) respectively, where k0(≥ maxl=1,2[2

√
hl, 1/

√
hl]),

k1(≥ max[1, 12k0]) are positive constants.

If H1(y) = [|y|mlh1(y)]
1/2, H2(x) = [|x|m2h2(x)]

1/2, here m1,m2 are
positive numbers, then

Y = G1(y) =

∫ y

0

H1(t)dt, |Y | ≤ k0

m1 + 2
|y|(m1+2)/2,

X=G2(x)=

∫ x

0

H2(t)dt, |X |≤ k0

m2+2
|x|(m2+2)/2 in D,

(4.7)

and their inverse functions y = ±|G−1
1 (Y )|, y = ±|G−1

2 (X)| satisfy the
inequalities

|y|= |G−1
1 (Y )|≤ [k0(m1+2)|Y |]2/(m1+2) = J1|Y |2/(m1+2),

|x|= |G−1
2 (X)|≤ [k0(m2+2)|X |]2/(m2+2) =J2|X |2/(m2+2).

(4.8)

The oblique derivative boundary value problem or general Tricomi-
Rassias problem for equation (4.1) may be formulated as follows:

Problem P or GTR Find a continuous solution u(z) of (4.1) in D, where
ux, uy are continuous in D∗, and satisfy the boundary conditions

1

2

∂u

∂ν
=

1

H(x, y)
Re[λ(z)uz̃]=Re[Λ(z)uz]=r(z) on Γ∪L1∪L4,

1

H1(y)
Im[λ(z)uz̃]|z=zl

=Im[Λ(z)uz]|z=zl
=bl, l = 1, 2,

u(−1)=b0, u(1) = b3 or
1

H1(y)
Im[λ(z)uz̃]|z=z3

=b3,

(4.9)

in which ν is a given vector at every point z ∈ Γ ∪ L1 ∪ L4, uz̃ =
[H1(y)ux − iH2(x)uy ]/2, Λ(z) = cos(ν, x) − i cos(ν, y), H(x, y) = H1(y)
or H2(x), and λ(z) = Reλ(z) + iImλ(z), if z ∈ Γ ∪ L1 ∪ L4, z1 =
x1−j|(−G1)

−1(x1)|, z2 = x2−j|(−G1)
−1(x2)| are the intersection points of
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L1, L2 and L3, L4 respectively, z3 (6= −1, 1) is a point of Γ, bl(l = 0, 1, 2, 3)
are real constants, and r(z), bl(l = 0, 1, 2, 3) satisfy the conditions

C1
α[λ(z),Γ] ≤ k0, C

1
α[λ(x), L1∪L4] ≤ k0, C

1
α[r(z),Γ] ≤ k2,

C1
α[r(x), L1 ∪ L4] ≤ k2, cos(ν, n) ≥ 0 on Γ ∪ L1 ∪ L4,

|bl|≤k2, l=0, 1, 2, 3, max
z∈L1

1

|a(z)−b(z)| ≤k0,max
z∈L4

1

|a(z)+b(z)| ≤k0,

(4.10)
in which L0 = L′

0∪L′′
0 , L

′
0 = {−1 < x < 0, y = 0}, L′′

0 = {0 < x < 1, y = 0},
n is the outward normal vector at every point on Γ, α (0 < α < 1), k0, k2

are non-negative constants. For the last point condition in (4.9), we need
to assume c = 0 in (4.1). The number

K =
1

2
(K1 +K2 +K3) (4.11)

is called the index of Problem P , where

Kl =

[

φl

π

]

+Jl, Jl =0 or 1, eiφl =
λ(tl−0)

λ(tl+0)
, γl =

φl

π
−Kl, l=1, 2, 3, (4.12)

in which t1 = −1, t2 = 1, t3 = 0. Here K = 0 on the boundary ∂D+ of D+

can be chosen, and we have the point condition u(1) = b3.

It is clear that the Tricomi problem (Problem T ) or Tricomi-Rassisa
problem (Problem TR) with the boundary condition

u(z) = φ(z) on Γ, uy(x) = r(x) on L0 = L′
0 ∪ L′′

0 , (4.13)

is a special case of Problem P or GTR, where

C2
α[φ(z),Γ] ≤ k2, C

1
α[r(x), L0] ≤ k2,

where k2 is a non-negative constant.

In [71]1), J. M. Rassian proposed and verified the uniqueness of solutions
of the Tricomi problem for Chaplygin equation with non-smooth degenerate
lines in several domains. Later on the solvability of the above problem for
general equations of mixed type will be proved. We first find the derivative
for (4.13) according to the parameter s = Im z = y on Γ ∪ L0, and obtain
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us = uxxy + uy = φ′(y), i.e. H̃(y)H1(y)ux/H1(y)

+H2(x)uy/H2(x) = φ′(y) on Γ near x = −1,

us = uxxy + uy = φ′(y), i.e. H̃(y)H1(y)ux/H1(y)

−H2(x)uy/H2(x) = −φ′(y) on Γ near x = 1,

H2(x)uy(x) = H2(x)r(x) on L0 = L′
0 ∪ L′′

0 ,

(4.14)

in which H̃(y) = G̃′(y) = [G̃1(y)/G̃2(x)]
′. It is not difficult to see the

complex form of (4.14) as follows

Re[λ(z)(U+iV )]=Re[λ(z)(H1(y)ux−iH2(x)uy)]/2

= R(x) on Γ ∪ L1 ∪ L4,

where

λ(z)=















−i,

i,

i,

R(x)=















H2(x)φ
′(y)/2 on Γ at z=−1,

−H2(x)φ
′(y)/2 on Γ at z=1,

−H2(x)r(x)/2 on L0.

Similarly to Section 2, We have

eiφ1 =
λ(t1−0)

λ(t1+0)
=e−πi/2−πi/2 =e−πi, γ1 =−1−K1=0, K1 = −1,

eiφ2 =
λ(t2−0)

λ(t2+0)
= eπi/2−πi/2 = e0πi, γ2 = 0 −K2 = 0, K2 = 0,

eiφ3 =
λ(t3 − 0)

λ(t3 + 0)
= eπi/2−πi/2 = e0πi, γ3 = 0 −K3 = 0,K3 = 0,

hence the index of λ(z) on Γ ∪ L0 is

K =
1

2
(K1 +K2 +K3) = −1

2
,

in this case we can add the point condition u(0) = 0. If we choose
Re[λ(x)W (x)] = 0, λ(x) = 1 on L0, then γ1 = γ2 = −1/2, γ3 = 0, K1 =
K2 = K3 = 0, thus the index K = 0, in this case we can add the point
condition u(1) = b3 or u(0) = 0.
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4.2 Representation of solutions of oblique derivative
problem for mixed equations

In this section, we first write the complex form of equation (4.1). From
(3.13), Chapter II, we have

W (z) = U + iV =
1

2
[H1(y)ux − iH2(x)uy]

=
H1(y)H2(x)

2
[uX−iuY ] = H1(y)H2(x)uZ =uz̃,

H1(y)H2(x)WZ =Wz̃ =
H1(y)H2(x)

2
[WX +iWY ]

= A1W +A2W +A3u+A4 = g(Z) in D+
Z ,

(4.15)

in which D+
Z is the image domain of D+ with respect to the mapping

Z = Z(z) = X + iY , and

A1 =
iH2H1y

4H1
+
H1H2x

4H2
− a

4H1
− ib

4H2
, A3 =

−c
4
,

A2 =
iH2H1y

4H1
− H1H2x

4H2
− a

4H1
+

ib

4H2
, A4 =

−d
4
.

(4.16)

Moreover we can obtain

W (z) = U + jV =
1

2
[H1(y)ux − jH2(x)uy ]

=
H1(y)H2(x)

2
[uX−juY ]=H1(y)H2(x)uZ =uz̃,

H1(y)H2(x)WZ =
H1(y)H2(x)

2
[WX + jWY ]

=
1

2
[H1(y)Wx + jH2(x)Wy ] = Wz̃ in D−,

(4.17)

and

−K1(y)uxx−|K2(x)|uyy =H1(y)[H1(y)ux−jH2(x)uy ]x

+jH2(x)[H1(y)ux−jH2(x)uy ]y−jH2(x)H1yux+jH1(y)H2xuy

= 2{H1[U+jV ]x+jH2[U+jV ]y}−j[H2H1y/H1]H1ux

+j[H1H2x/H2]H2uy =4H1(y)H2(x)WZ−j[H2H1y/H1]H1ux
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+j[H1H2x/H2]H2uy =aux+buy+cu+d, i.e. H1(y)H2(x)WZ

= H1H2[WX +jWY ]/2=H1H2{(U+V )µe1+(U−V )νe2}

= {2j[H2H1y/H1]U + 2j[H1H2x/H2]V +aux+buy+cu+d}/4

={[jH2H1y/H1+a/H1](W+W )+[H1H2x/H2−jb/H2](W−W )

+cu+d}/4={[jH2H1y/H1+a/H1+H1H2x/H2−jb/H2]W

+[jH2H1y/H1 + a/H1 −H1H2x/H2 + jb/H2]W

+cu+d}/4={[a/H1+H1H2x/H2+H2H1y/H1−b/H2](U+V )

+[a/H1−H1H2x/H2+H2H1y/H1+b/H2](U+V )+cu+d}e1/4

+{[a/H1 −H1H2x/H2 −H2H1y/H1 − b/H2](U + V )

+[a/H1+H1H2x/H2−H2H1y/H1+b/H2](U−V )+cu+d}e2/4, i.e.

(U+V )µe1+(U−V )]νe2 =[Â1(U+V )+B̂1(U−V )+Ĉ1u+D̂1]e1

+[Â2(z)(U + V ) + B̂2(U − V ) + Ĉ2u+ D̂2]e2 in D−
τ ,

(4.18)
in which e1 =(1+j)/2, e2=(1−j)/2, D−

Z , D
−
τ are the image domains of D−

with respect to the mapping Z = G2(x)+jG1(y) = Z(z), τ = µ+jν = τ(z)
respectively, and the coefficients

Â1 =
1

4H1H2
[
a

H1
+
H1H2x

H2
+
H2H1y

H1
− b

H2
],

B̂1 =
1

4H1H2
[
a

H1
− H1H2x

H2
+
H2H1y

H1
+

b

H2
],

Â2 =
1

4H1H2
[
a

H1
− H1H2x

H2
− H2H1y

H1
− b

H2
],

B̂2 =
1

4H1H2
[
a

H1
+
H1H2x

H2
− H2H1y

H1
+

b

H2
],

Ĉ1 = Ĉ2 =
c

4H1H2
, D̂1 = D̂2 =

d

4H1H2
.

(4.19)

It is clear that a special case of equations (4.16), (4.18) is the complex
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equation

WZ = 0 in DZ , (4.20)

which can be rewritten in the form

[(U + V ) + i(U − V )]µ−iν = 0 in D+
τ ,

(U + V )µ = 0, (U − V )ν = 0 in D−
τ ,

(4.21)

and the solution (U + V ) + i(U − V ) of the first equation in (4.21) is an
analytic function in the corresponding domain D+

τ . The boundary value
problem for equations (4.16), (4.18) with the boundary condition (4.9) and
the relation: the first formula in (4.25) below will be called Problem A.

Similarly to the proof of Theorem 2.1, we can verify that there exists a
solution of the Riemann-Hilbert problem (Problem A) for equation (4.20)
in D with the boundary conditions

Re[λ(z)(U+jV )]=H1(y)r(z)=R(z) on Γ, u(−1)=b0,

Re[λ(z)(U + iV ] = H1(y)r(x) = R(x) on L1 ∪ L4,

Im[λ(z)(U + iV ]z=zl
= H1(y)|z=zl

bl = b′l, l = 1, 2,

u(1) = b3 or Im[λ(z)uz̃]|z=z3
= H1(Imz3)b3 = b′3,

(4.22)

in which λ(z) = a(z) + jb(z) on Γ ∪ L0.

Theorem 4.1 Problem A of equation (4.20) or system (4.21) in D has a

unique solution W (z), which in D− possesses the form

W (z)=







































































1

2
{(1+j)(2R((X−Y +h1)/2)−M(X,Y ))

a((X−Y +h1)/2)−b((X−Y +h1)/2)
+(1−j)R0(X+Y )},

M(X,Y )=[a((X−Y +h1)/2)+b((X−Y +h1)/2)]g(h1) in D−
1 ,

1

2
{(1−j)(2R((X+Y +h2)/2)−N(X,Y ))

a((X+Y+h2)/2)+b((X+Y +h2)/2)
+(1+ j)R0(X−Y )},

N(X,Y )=[a((X+Y +h2)/2)−b((X+Y +h2)/2)]f(h2) in D−
2 ,

[a(X1) + b(X1)]g(h1) = H1(y1)r(Y1) − b′1 or 0,

[a(X2) − b(X2)]f(h2) = H1(y2)r(Y2) + b′2 or 0,
(4.23)
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where h1 =G2(−1), h2 =G2(1), X=G2(x), Y =G1(y), R0(X) on [h1, h2] is

an undetermined function, and the solution W (z) satisfies the estimates

Cδ [u(z), D−] + C1
δ [u(z), D−

ε ] ≤M1,

C1[f(x), Lε] + C1[g(x), Lε] ≤M2,

in which µ=X+G1(y), ν =X−G1(y), f(ν) =U(z)+V (z), g(µ) =U(z)−
V (z), L′

0 = (−1, 0), L′′
0 = (0, 1), u(z) is the corresponding function deter-

mined by the first formula in (4.25) below, where the function W (z) is as

stated in (4.23),

D−
ε =D−∩{|z|>ε}∩{|z−1|>ε}∩{|z− 1|>ε(>0)},

Lε ={L′
0 ∪ L′′

0}∩D−
ε , D

−
1 =D−∩{x < 0}, D−

2 =D−∩{x > 0},

and M1 = M1(δ, k0, k1, D
−
ε ), M2 = M2(k0, k1, Lε) are non-negative con-

stants.

Proof From the boundary conditions in (4.22) on L1 and L4, denote by
the functions a(X), b(X), R(X) of X the functions a(z), b(z), R(z) of z,
we have

a(X)U(x, y) − b(X)V (x, y) = R(X) on L1 ∪ L4, i.e.

[a(X)−b(X)]f(X−G1(y))+[a(X)+b(X)]g(X+G1(y))

= 2R(X) on L1 ∪ L4,

U(x) − V (x) = R0(x) for x = G−1
2 (X)∈ (−1, 0),

U(x) + V (x) = R0(x) for x = G−1
2 (X) ∈ (0, 1),

where h1 = G2(−1), h2 = G2(1), G−1
2 (X) is the inverse function of x =

G2(X), R0(X) on L0 is an undetermined real function. Similarly to the
proof of Theorem 2.1, we can obtain the above results.

In particular, when G1(y) = 0, the formula (4.23) becomes

W (x)=



























1

2
{ (1 + j)(2R((X + h1)/2) −M(X, 0))

a((X + h1)/2) − b((X + h1)/2)
+ (1 − j)R0(X)},

M(X, 0)=[a((X+h1)/2)+b((X+h1)/2)]g(h1) on (−1, 0),

g(h1) = [R(X1) − b′1]/[a(X1) + b(X1)], X1 = G2(x1),
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W (x)=



























1

2
{(1 + j)R0(X) +

(1 − j)(2R((X + h2)/2) −N(X, 0))

a((X + h2)/2) + b((X + h2)/2)
},

N(X, 0) = [a((X+ h2)/2)−b((X+ h2)/2)]f(h2) on (0, 1),

f(h2) = [R(X2) + b′2]/[a(X2) − b(X2)], X2 = G2(x2),

and then

ReW (x) + ImW (x) = U(x) + V (x) = f(X)

=−R̃0(X)=
2R((X + h1)/2)−M(X, 0)

a((X+h1)/2)−b((x+h1)/2)
on (h1, 0),

ReW (x) − ImW (x) = U(x) − V (x) = g(X)

= R̃0(X)=
2R((X + h2)/2) −N(x, 0)

a((X + h2)/2) + b((X + h2)/2)
on (0,h2).

(4.24)

Now we state and verify the representation of solutions of Problem P
for equation (4.1).

Theorem 4.2 Under Condition C, any solution u(z) of Problem P or

GTR for equation (4.1) in D can be expressed as follows

u(z) = u(x) − 2

∫ y

0

V (z)

H2(x)
dy

= 2Re

∫ z

−1

[

Rew

H1(y)
+

(

i

−j

)

Imw

H2(x)

]

dz + b0 in

(

D+

D−

)

,

w(z) = Φ(Z)+Ψ(Z) = Φ̂(Z) + Ψ̂(Z),

Ψ(Z) = 2ReTf, Ψ̂(Z) = 2iImTf in DZ ,

T f = − 2

π

∫ ∫

Dt

f(t)

t− Z
dσt in DZ ,

w(z) = φ(z) + ψ(z) = ξ(z)e1 + η(z)e2 in D−
1 = D− ∩ {x < 0},

ξ(z)=ζ(z)+

∫ y

0

g1(z)dy = ζ0(z)+

∫

S1

g1(z)dy+

∫ y

0

g1(z)dy,
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η(z) = θ(z) +

∫ y

0

g2(z)dy, z ∈ s2,

gl(z)=Ãl(U+V )+B̃l(U−V )+2C̃lU+D̃lu+Ẽl, l = 1, 2,

(4.25)

in which Z = X + iY = G2(x) + iG1(z), f(Z) = g(Z)/H1H2, U =
Hux/2, V = −H2uy/2, φ[z(Z)] = ζ(z)e1 + θ(z)e2 is a solution of (4.20)
in D−

Z , ζ0(z) = ReW (z) + ImW (z), θ(z) = −ζ(x + G(y)) in D−
1 =

D− ∩ {x < 0}, and θ0(z) = ReW (z) − ImW (z), ζ(z) = −θ(x − G(y))
in D−

2 = D−
2 ∩ {x > 0}, W (z) is as stated in Theorem 4.1, s1, s2 are two

families of characteristics in D−:

s1 :
dx

dy
=
H1(y)

H2(x)
, s2 :

dx

dy
= −H1(y)

H2(x)
(4.26)

passing through z = x+ jy ∈ D−, S1, S2 are the characteristic curves from

the points on L1, L4 to the points on L0 respectively, and

w(z) = U(z) + jV (z) =
1

2
H1ux − j

2
H2uy,

ξ(z)=Reψ(z)+Imψ(z), η(z)=Reψ(z)−Imψ(z),

Ã1 =
1

4
[
h1y

h1
+
H1h2x

H2h2
− 2b

H2
2

], B̃1 =
1

4
[
h1y

h1
− H1h2x

H2h2
+

2b

H2
2

],

Ã2 =
1

4
[
h1y

h1
+
H1h2x

H2h2
+

2b

H2
2

], B̃2 =
1

4
[
h1y

h1
− H1h2x

H2h2
− 2b

H2
2

],

C̃1 =
a

2H1H2
+
m1

4y
, C̃2 = − a

2H1H2
+
m1

4y
,

D̃1 = −D̃2 =
c

2H2
, Ẽ1 = −Ẽ2 =

d

2H2
,

(4.27)

in which we choose H1(y) = [|y|m1h1(y)]
1/2, H2(x) = [|x|m2h2(x)]

1/2,
h1(y), h2(x) are continuously differentiable positive functions in D.

Proof From (4.18) we see that equation (4.1) in D can be reduced to the
above system of integral equations.

Now we prove the uniqueness of solutions of Problem P for equation
(4.1).

Theorem 4.3 If equation (4.1) satisfies Condition C and (2.24) with

m = m1, then Problem P or GTR for (4.1) has at most one solution in D.
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Proof Let u1(z), u2(z) be any two solutions of Problem P for (4.1). By
Theorem 4.2, it is easy to see that u(z) = u1(z)−u2(z) and w(z) = H1H2uZ

satisfy the homogeneous equation and boundary conditions

wZ = A1w +A2w +A3u in D, (4.28)

Re[λ(z)w(z)]=R(z), z∈Γ∪L0, u(−1)=0,

u(1) = 0 or Im[λ(z3)w(z3)]=0,
(4.29)

where R(z) = 0 on Γ, λ(x) = i on L0, and u(z) = 0 in D− is derived by
the similar method in the proof of Theorem 3.4.

Now we verify that the above solution u(z) ≡ 0 in D+. If the maximum
M = max

D+ u(z) > 0, it is clear that the maximum point z∗ 6∈ D+. If
the maximum M attains at a point z∗ ∈ Γ and cos(ν, n) > 0 at z∗, we get
∂u/∂ν > 0 at z∗, this contradicts the formula in (4.29) on Γ; if cos(ν, n) = 0
at z∗, denote by Γ′ the longest curve of Γ including the point z∗, so that
cos(ν, n) = 0 and u(z) = M on Γ′, then there exists a point z′ ∈ Γ\Γ′, such
that

cos(ν, n)>0, ∂u/∂n>0, cos(ν, s)>0 (<0), ∂u/∂s≥0 (≤0) at z ′, (4.30)

hence
∂u

∂ν
= cos(ν, n)

∂u

∂n
+ cos(ν, s)

∂u

∂s
> 0 at z′ (4.31)

holds, where s is the tangent vector of at z′ ∈ Γ, it is impossible. This
shows z∗ 6∈ Γ. According to the proof of Theorem 3.2, Chapter II, we
see that the maximum point z∗ 6= 0 of u(z). Moreover according to the
proof of Theorems 3.2 and 5.2, Chapter II, wee can verify z∗ 6∈ L0. Hence
max

D+ u(z) = 0. By the similar way, we can prove min
D+ u(z) = 0. There-

fore u(z) = 0, u1(z) = u2(z) in D+. Actually the proof of this theorem can
be verified by the way as stated in the proof of Theorem 2.4, Chapter V.

4.3 Existence of solutions of oblique derivative
problem for mixed equations

In this subsection, we prove the existence of solutions of Problem P or GTR
for equation (4.1). Firstly we discuss the Riemann-Hilbert boundary value
problem for the complex equation

w¯̃z =A1(z, u, w)w+A2(z, u, w)w+A3(z, u, w)u+A4(z, u, w) in D, (4.32)
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with the relation

u(z)=2Re

∫ z

−1

[

ReW (z)

H1(y)
+

(

i

−j

)

ImW (z)

H2(x)

]

dz+b0 in

(

D+

D−

)

, (4.33)

whereH1(y), H2(x) are as stated in (4.7), and the coefficients in (4.1) satisfy
the conditions as those in Condition C, and the boundary value problem
(4.32), (4.33) with the boundary conditions

Re[λ(z)W (z)] = H1(y)r(z) on Γ ∪ L1 ∪ L4,

u(−1)=b0, Im[λ(zl)W (zl)]=b
′
l, l=1, 2, 3 or u(1)=b3,

(4.34)

is called Problem A, where λ(z), r(z), bl (l = 0, 1, 2, 3) are as stated in (4.9),
(4.10), similarly to Section 3, we can assume R(z) = 0 on Γ ∪ L1 ∪ L4,
b0 = b1 = b2 = b3 = 0. Moreover (4.32), (4.33) in D+ with the boundary
conditions

Re[λ(z)W (z)]=H1(y)r(z)=0 on Γ, u(−1)=0, u(1)=0,

Re[iW (x)] = H2(x)R̂0(x) on L0 = L′
0 ∪ L′′

0 ,
(4.35)

is called Problem A+, and (4.32),(4.33) inD− with the boundary conditions

Re[λ(z)W (z)]=H1(y)r(z)=0 on L′, Im[λ(zl)W (zl)]=b
′
l =0, l=1, 2,

Re[(1 − j)W (x)] = H2(x)R̃0(x) on L0,
(4.36)

is called Problem A−, where R̃0(x) on L0 = L′
0 ∪ L′′

0 is similar to that
in (4.24). The solvability of Problem A+ can be obtained by the result
in Theorem 3.4, Chapter II, and Problem A− can be proved by the same
method as stated in the proof of Theorems 2.3 and 2.4, hence we have

Theorem 4.4 Under the same conditions as in Theorem 4.3, then Prob-

lem P or GTR for (4.1) in D has a solution.

Finally we mention that the coefficients K1(y),K2(x) in equation (4.1)
can be replaced by functions Kl(x, y)(l = 1, 2) with some conditions. In ad-
dition, we can discuss the uniqueness and existence of the Tricomi problem
of the general mixed (elliptic and bi-hyperbolic) equations with bi-parabolic
degeneracy, which includes the bi-parabolic, elliptic and bi-hyperbolic Tri-
comi problem (see [71]5)) as a special case. Besides in [72]2), the authors
discussed the uniqueness and existence of solutions of Tricomi problem for
equation (4.1) with the conditions a = b = 0 in D and

c(x, y) = o(|x|p|y|q), d(x, y) = O(|x|r |y|s) as |y| → 0, (4.37)
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where p, q, r, s are some positive numbers. In [71]5), the author proved the
uniqueness of solutions of Tricomi problem for the second order equation
of mixed type

K1(y)[M2(x)ux]x +M1(x)[K2(y)uy]y + ru = f in D, (4.38)

which is a special case of equation (4.1). In fact, the above equation can
be rewritten as

K1(y)M2(x)uxx+M1(x)K2(y)uyy+K1(y)M2xux

+M1(x)K2yuy + ru = f in D,
(4.39)

the above equation is divided by K2M2(K2 > 0,M2 > 0) in D, we obtain

Kuxx +Muyy +K(lnM2)
′ux

+M(lnK2)
′uy + ru/M2K2 = f/M2K2,

(4.40)

in which K = K1/K2,M = M1/M2. Noting that equation (4.40) is a
special case of (4.1), hence similarly to Theorem 4.4, we can derive the
solvability of the Tricomi problem for equation (4.40).

In addition, by using the method as in Theorems 2.5 and 2.6, we can
also generalize the above results to the case of general domain D, which is
called Problem GFR, because of the boundary value problem with general
Frankl-Rassias boundary condition (see [71]2)).

Remark 4.1 If the domain D− is replaced by D−′
, whose boundary is

consists of the segment L0 = {−1 < x < 1, y = 0} and two characteristic
lines L = L′

1 ∪ L′
2, where

L′
1 ={G1(y)=

∫ y

0

H1(t)dt=

∫ −1

x

H2(t)dt=G2(−1)−G2(x), x∈(−1, 0)},

L′
2 ={−G1(y)=−

∫ y

0

H1(t)dt=

∫ 1

x

H2(t)dt = G2(1)−G2(x), x∈(0, 1)},

in which L1 ∪ L4 in the boundary conditions (4.9) is replaced by L′
1 ∪ L′

4,
and the condition (4.10) is replaced by

L∞[η,D+], η = a, b, c, L∞[d,D+] ≤ k1, c ≤ 0 in D+,

η|x|−m2/2 = O(1) as z = x+ iy → 0, η = a, b, c, d,

|ay|/H1 =ε1(y) in D−
1 ,m1≥2, |bx|/H2 =ε2(x) in D−

2 ,m2≥2,

C̃[η,D−]=C[η,D−]+C[ηz, D−]≤k0, η=a, b, c, C̃[d,D−]≤k1,
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in which ε1(y) → 0 as y → 0, and ε2(x) → 0 as x → 0. By using the similar
method, we can prove the corresponding theorems 4.1-4.4.

5 The Oblique Derivative Problem for Second Order
Equations of Mixed Type with Degenerate Rank 0

In Chapter V and above sections in this chapter, we discussed several
boundary value problems for linear and quasilinear second order equations
of mixed type with parabolic degeneracy, which possess the important ap-
plication to gas dynamics. The present section deals with oblique derivative
problem for general mixed equations with degenerate rank 0, which include
the Tricomi problem as a special case. Firstly the formulation of the prob-
lem for the equations is posed, next the representations and estimates of
solutions for the above problem are obtained, finally the existence of so-
lutions for the problem is proved by the successive approximation and the
method of parameter extension.

5.1 Formulation of oblique derivative problem for
mixed equations with degenerate rank 0

Let D be a simply connected bounded domain in the complex plane C with
the boundary ∂D = Γ∪L, where Γ(⊂ {y > 0}) ∈ C2

µ(0 < µ < 1) is a curve
with the end points z = 0, 2. Denote D+ = D∩{y > 0}, D− = D∩{y < 0},
and Hl(y) =

√

|Kl(y)| (l = 1, 2), where Kl(y) = sgny|y|mlhl(y) (l = 1, 2),
m1,m2 (m2 < min(1,m1)) are positive numbers, hl(y)(l = 1, 2) are contin-
uously differentiable positive functions, and H(y) = H1(y)/H2(y), G(y) =
∫ y

0 H(t)dt. There is no harm assuming that the boundary Γ of the domain

D+ is a smooth curve with the form x−G̃(y) = 0 and x+G̃(y) = 2 near the
points z = 0 and 2 respectively, which is the same as in Section 5, Chapter
II, and L = L1 ∪ L2, where

L1 ={x+

∫ y

0

H(t)dt=0, x∈ [0, 1]}, L2 ={x−
∫ y

0

H(t)dt=2, x∈ [1, 2]},

where z1 = x1 + jy1 = 1 + jy1 is the intersection point of L1 and L2.
Consider second order quasilinear equation of mixed type with degenerate
rank 0:

K1(y)uxx+|K2(y)|uyy+âux+b̂uy+ĉu+d̂=0, i.e.

K(y)uxx + uyy + aux + buy + cu+ d = 0 in D,
(5.1)
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where D is bounded by the segment L0 = (0, 2) and two characteristic lines

L1 :
dx

dy
=H(y)=

√

|K(y)|, L2 :
dx

dy
=−H(y)=−

√

|K(y)|,

emanating from 0 and 2 respectively, in which K(y) = K1(y)/|K2(y)|,
H(y) = H1(y)/H2(y), and z1 = 1 + jy1 is the intersection point of L1

and L2, a = â/|K2|, b = b̂/|K2|, c = ĉ/|K2|, d = d̂/|K2|, the coefficients

â, b̂, ĉ, d̂ are real functions of z(∈ D), u, ux, uy(∈ R) satisfying Condition

C: For any continuously differentiable function u(z) in D\{0, 2}, the func-

tions â, b̂, ĉ, d̂ are continuous in D and satisfy

|ây|/H1H2 = ε(y), m1 +m2 ≥ 2 in D−

Ĉ[η,D]=C[η,D]+C[ηx, D]≤k0, η= â, b̂, ĉ, Ĉ[d̂, D]≤k1,
(5.2)

where k0, k1 are positive constants, ε(y) → 0 as y → 0. Moreover for
any continuously differentiable functions u1(z), u2(z) in D∗, F (z, u, uz)

= âux + b̂uy + ĉu+ d̂ satisfies the condition

F (z, u1, u1z) − F (z, u2, u2z)

= ã(u1−u2)x+b̃(u1−u2)y+c̃(u1−u2) in D,
(5.3)

holds, where ã, b̃, c̃ satisfy the same conditions as those of â, b̂, ĉ, in (5.2),
(5.3), and k0, k1 are non-negative constants. If Hl(y) = |y|ml/2, l = 1, 2,
H(y), H1(y), H2(y),m1,m2 are as stated before, then

Gl(y)=

∫ y

0

Hl(t)dy=− 2

ml+2
|y|(ml+2)/2, l=1, 2,

Y =G(y)=

∫ y

0

H(t)dy=− 2

m+2
|y|(m+2)/2,m=m1−m2>−1 in D−,

(5.4)
and the inverse function of Y = G(y) is

y = −|G−1(Y )|

= −
(

m+2

2

)2/(m+2)

|Y |2/(m+2) =−J |Y |2/(m+2) in D−.

The oblique derivative boundary value problem for equation (5.1) may
be formulated as follows:
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Problem P Find a continuous solution u(z) of (5.1) in D̄, where ux, uy

are continuous in D∗ = D\{0, 2}, and satisfy the boundary conditions

1

2

∂u

∂ν
=

1

H1(y)
Re[λ(z)uz̃]=Re[Λ(z)uz]=r(z) on Γ∪L1,

1

H1(y)
Im[λ(z)uz̃]|z=z1

= b1, u(0) = b0,

u(2) = b2 or Im[λ(z)uz̃]|z=z2
= b2,

(5.5)

in which ν is a given vector at every point z ∈ Γ ∪ L1, uz̃ = [H1(y)ux −
iH2(y)uy]/2, Λ(z) = cos(ν, x)−i cos(ν, y), λ(z) = Reλ(z)+iImλ(z), if z ∈ Γ,
and uz̃ = [H1(y)ux − jH2(y)uy]/2, λ(z) = Reλ(z) + jImλ(z), if z ∈ L1,
z2(6= 0, 2) is a point on Γ, b0, b1, b2 are real constants, and r(z), b0, b1, b2
satisfy the conditions

C1
α[λ(z),Γ]≤k0, C

1
α[λ(x),L1]≤k0, C

1
α[r(z),Γ]≤k2, C

1
α[r(x),L1]≤k2,

cos(ν, n)≥0 on Γ∪L1, |b0|,|b1|,|b2|≤k2,max
z∈L1

1

|Reλ(z)−Imλ(z)| ≤k0,

(5.6)
in which n is the outward normal vector at every point on Γ, α(0 < α <
1), k0, k2 are non-negative constants. For the last point condition in (5.5),
we need to assume c = 0 in equation (5.1). The number

K =
1

2
(K1 +K2) (5.7)

is called the index of Problem P , where

Kl =

[

φl

π

]

+Jl, Jl =0 or 1, eiφl =
λ(tl−0)

λ(tl+0)
, γl =

φl

π
−Kl, l=1, 2, (5.8)

in which t1 = 0, t2 = 2, λ(t) = eiπ/2 on L0 = (0, 2) and λ(t1 + 0) =
λ(t2 − 0) = exp(iπ/2). Here K = 0 on the boundary ∂D+ of D+ can be
chosen.

Problem P in the above case includes the Tricomi problem (Problem T ,
see [71]1)) as a special case. In fact, the boundary conditions of Problem
T in D+ are as follows

u(z) = φ(x) on Γ, uy = r(x) on L1, (5.9)

if the boundary Γ near z = 0, 2 possesses the form x = G̃(y) or x = 2−G̃(y)
respectively, we find the derivative for (5.9) according to the parameter
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s = Im z = y on Γ, and obtain

us = uxxy + uy = φ′(y), i.e. H̃(y)H1(y)H2(y)ux/H1(y)

+H2(y)uy = H2(y)φ
′(y) on Γ near x = t1 = 0,

us = uxxy + uy = φ′(y), i.e. H̃(y)H1(y)H2(y)ux/H1(y)

−H2(y)uy = −H2(y)φ
′(y) on Γ near x = t2 = 2,

where H̃(y) = G̃′(y), H(y) = ym/2, it is clear that the complex form of
above conditions is as follows

Re[λ(z)(U+iV )]=Re[λ(z)(H1(y)ux−iH2(y)uy)]/2=R(z) on Γ∪L0,

where

λ(z)=



















−i,

i,

i,

R(z)=



















R1(x) on Γ at z=0,

R2(x) on Γ at z=2,

−H2(y)r(x)/2=R3(x) on L1,

here R1(x)=H2(y)φ
′(y)/2, R2(x)=−H2(y)φ

′(y)/2, and R3(x) is an unde-
termined real function. If we choose Re[λ(x)W (x)] = 0, λ(x) = 1 on L0,
then

eiφ1 =
λ(t1−0)

λ(t1+0)
=e−πi/2−0πi =e−πi/2, γ1 =

−π/2
π

−K1=−1

2
,K1 =0,

eiφ2 =
λ(t2−0)

λ(t2+0)
= e0πi−πi/2 =e−πi/2, γ2 =

−π/2
π

−K2 =−1

2
,K2 =0,

(5.10)
this shows that Problem T is a special case of Problem P in the domain
D+ with the index K = (K1 +K2)/2 = 0. If we consider cos(ν, n) = 0 on
L0, and Re[λ(x)W (x)] = R(x), λ(x) = i on L0, then γ1 = γ2 = 0, K1 =
−1,K2 = 0, thus the index

K =
1

2
(K1 +K2) = −1

2
.

For the index K = −1/2, the last point condition in the boundary condition
(5.5) should be cancelled.
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5.2 Representation of solutions of oblique derivative
problem for degenerate mixed equations

In this section, we first write the equivalent complex form of equation (5.1).
Denote

W (z)=U+jV =
1

2
[H1(y)ux−jH2(y)uy]=uz̃ =

H1(y)

2
[ux−juY ],

W¯̃z =
1

2
[H1(y)Wx+jH2(y)Wy ]=

H1(y)

2
[Wx+jWY ]=H1(y)WZ in D−,

W (z)=U+iV =
1

2
[H1(y)ux−iH2(y)uy]=uz̃ =

H1(y)

2
[ux−iuY ],

W¯̃z =
1

2
[H1(y)Wx+iH2(y)Wy ]=

H1(y)

2
[Wx+iWY ]=H1(y)WZ in D+,

by using (5.11), Chapter II and (5.7), (5.8), Chapter III, the equation (5.1)
can be rewritten in the complex form

W¯̃z =A1(z, u,W )W+A2(z, u,W )W+A3(z, u,W )u+A4(z, u,W ) in D,

A1 =















1

4
[− a

H1
+
iH2H1y

H1
−i b

H2
+iH2y],

1

4
[
a

H1
+
jH2H1y

H1
− jb

H2
+ jH2y],

A3 =











− c

4
,

c

4
,

A2 =















1

4
[− a

H1
+
iH2H1y

H1
+ i

b

H2
−iH2y],

1

4
[
a

H1
+
jH2H1y

H1
+

jb

H2
− jH2y],

A4 =















−d
4

in D+,

d

4
in D−,

(5.11)
if Hl(y) =

√

|y|mlhl(y), (l = 1, 2), in which m1, m2(< 1) are as stated
before, hl(y) (l = 1, 2) are continuously differentiable positive functions,
then the coefficients possess the form

A1 =



























1

4

[

− a

H1
− ib

H2
+iH2

2
∑

l=1

(

hly

2hl
+
ml

2y

)

]

,

1

4

[

a

H1
− jb

H2
+jH2

2
∑

l=1

(

hly

2hl
+
ml

2y

)

]

,

A3 =











− c

4
,

c

4
,
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A2 =



























1

4

[

− a

H1
+
ib

H2
+iH2

2
∑

l=1

(−1)l−1

(

hly

2hl
+
ml

2y

)

]

,

1

4

[

a

H1
+
jb

H2
+jH2

2
∑

l=1

(−1)l−1

(

hly

2hl
+
ml

2y

)

]

,

A4 =















−d
4

in D+,

d

4
in D−,

and the relation of above functions u(z) and W (z) = U(z) + iV (z) in D+,
W (z) = U(z) + jV (z) in D− is as follows

u(z) =



















2Re

∫ z

0

[

U(z)

H1(y)
+
iV (z)

H2(y)

]

dz + b0 in D+

2Re

∫ z

0

[

U(z)

H1(y)
− jV (z)

H2(y)

]

dz + b0 in D−

(5.12)

where b0 is a real constant as stated in (5.5). For the second equation
of (5.1), the complex form can be written as (2.6) in Section 2, where
H(y) = H1(y)/H2(y). It is clear that the complex equation

W¯̃z = 0 in D (5.13)

can be rewritten in the system

[(U + V ) + i(U − V )]µ−iν = 0 in D+,

(U + V )µ = 0, (U − V )ν = 0 in D−.
(5.14)

The boundary problem for equation (5.11) with the boundary condition
(5.5) (W (z) = uz̃) and the relation (5.12) will be called Problem A.

Now, we give the representation of solutions for the oblique derivative
problem (Problem P ) for system (5.14) in D. For this, we first discuss the
Riemann-Hilbert problem (Problem A) for the second system of (5.14) in
D− with the boundary conditions

Re[λ(z)(U + jV )] =

{

H1(y)r(z) = R1(z), z ∈ L1,

R(x)=R0(x), x∈L0 =[0, 2],

Im[λ(z)(U + jV )]|z=z1
=H1(Imz1)b1 =b′1, u(0)=b0,

(5.15)

in which H(y) = H1(y)/H2(y), λ(z) = a(z) + jb(z) on L1 and λ(z) = 1 + j
on L0 and R0(x) is an undetermined real function. It is clear that the
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solution of Problem A for (5.14) in D− can be expressed as

ξ = U(z) + V (z) = f(ν), η = U(z) − V (z) = g(µ),

U(z)=[f(ν) + g(µ)]/2, V (z)=[f(ν) − g(µ)]/2, i.e.

W (z)=U(z)+jV (z) = [(1+j)f(ν) + (1−j)g(µ)]/2,

(5.16)

where f(t), g(t) are two arbitrary real continuous functions on [0, 2]. For
convenience, denote by the functions a(x), b(x), r(x) of x the functions
a(z), b(z), r(z) of z in (5.15), thus (5.15) can be rewritten as

a(x)U(x, y)−b(x)V (x, y)=R1(x) on L1,

U(x)−V (x) = R0(x) on L0, i.e.

[a(x)−b(x)]f(x−G(y))+[a(x)+b(x)]g(x+G(y))=2R1(x) on L1,

U(x) − V (x) = R0(x) on L0, i.e.

[a(x) − b(x)]f(2x) + [a(x) + b(x)]g(0) = 2R1(x), x∈ [0, 1],

U(x)−V (x)=R0(x), x∈ [0, 2], i.e.

[a(t/2) − b(t/2)]f(t) + [a(t/2) + b(t/2)]g(0) = 2R1(t/2)

= 2R1(t/2), t ∈ [0, 2], U(t) − V (t) = R0(t), t ∈ [0, 2],

where

[a(1)+b(1)]g(0)=[a(1)+b(1)][U(z1)−V (z1)]=R1(1)−b′1 or 0.

Moreover we can derive

f(ν)=f(x−G(y))=
2R1(ν/2)−(a(ν/2)+b(ν/2))g(0)

a(ν/2) − b(ν/2)
,

g(µ) = g(x+G(y)) = R0(µ),

U(z) =
1

2
{f(ν) +R0(µ)}, V (z) =

1

2
{f(ν) −R0(µ)},

(5.17)

if a(x) − b(x) 6= 0 on [0, 1]. From the above formula, it follows that

Re[(1+j)W (x)]=U(x)+V (x)=
2R1(x/2) − (a(x/2) + b(x/2))g(0)

a(x/2) − b(x/2)
,

Re[(1 − j)W (x)] = U(x) − V (x) = R0(x), x ∈ [0, 2],
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if a(x) − b(x) 6= 0 on [0, 1]. Thus we obtain

W (z)=























1

2
{(1 + j)

2R1((x−G(y))/2) −M(x, y)

a((x−G(y))/2) − b((x−G(y))/2)

+(1− j)R0(x+G(y))},

M(x, y)=[a((x−G(y))/2)+b((x−G(y))/2)]g(0).

(5.18)

In particular, we have

Re[(1 + i)(U(x) + iV (x))] = U(x) + V (x) = −R̂0(x)

=
2R1(x/2)[a(1)+b(1)]−[a(x/2)+b(x/2)][R1(1)−b′1]

[a(1) + b(1)][a(x/2) − b(x/2)]
onL0.

(5.19)

It is clear that if r(z) = 0, R1(z) = 0 on L1, R̂0(x) = 0 on L0, and
b0 = b1 = b2 = 0, then W (z) = U(z) + jV (z) = 0 in D−. Next we find
a solution of the Riemann-Hilbert boundary value problem for equation
(5.13) in D+ with the boundary conditions (5.19) and

Re[λ(z)(U(z)+iV (z))]=Reλ(z)U(z)+Imλ(z)V (z)=R1(z) on Γ. (5.20)

Noting that the index of the above boundary condition is K = 0, by the
method in [87]1), we know that the above Riemann-Hilbert problem has a
unique solution W (z) in D+, and then

U(x) − V (x) = Re[(1 − j)(U(x) + jV (x)] = R0(x) on L0 (5.21)

is determined. This shows that Problem A for equation (5.13) is uniquely
solvable, namely

Theorem 5.1 Problem A of equation (5.13) or system (5.14) in D has a

unique solution W (z) as stated in (5.18).

Now we state and can verify the representation of solutions of Problem
P for equation (5.1).

Theorem 5.2 Under Condition C, any solution u(z) of Problem P for

equation (5.1) in D− can be expressed as follows

u(z)=2

∫ y

0

V (z)dy=2Re

∫ z

0

[
ReW

H(y)
− jImW ]dz in D−,
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W (z)=φ(z)+ψ(z) = ξ(z)e1+η(z)e2 in D−,

ξ(z) =

∫ µ

0

g1(z)

H(y)
dµ = ζ(z) +

∫ y

0

g1(z)dy =

∫

S1

g1(z)dy

+

∫ y

0

g1(z)dy=

∫ |y|

y1

ĝ1(z)dy, z ∈ s1, η(z)=θ(z)+

∫ y

0

g2(z)dy, z ∈ s2,

gl(z)=Ãl(U+V )+B̃l(U−V )+2C̃lU+D̃lu+Ẽl, l=1, 2,
(5.22)

where H(y) = H1(y)/H2(y), U = Hux/2, V = −uy/2, Z(z) = x + jY =
x + iY (y) is a mapping from z(∈ D−) to Z,

∫ µ

0
[g1(z)/2H1(y)]dµ is the

integral along characteristic curve s1 from a point z1 = x1 + jy1 on L1 to

the point z = x+jy ∈ D−, θ(z) = −ζ(x+G(y)), ζ(z)e1+θ(z)e2 is a solution

of (5.13) in D−, and s1, s2 are two families of characteristic curves in D−:

s1 :
dx

dy
=
√

−K(y)=H(y), s2 :
dx

dy
=−

√

−K(y)=−H(y) (5.23)

passing through z = x + jy ∈ D−, S1 is the characteristic curve from a

point on L1 to a point on L0, and

W (z) = U(z) + jV (z) =
1

2
[Hux − juy],

ξ(z)=Reψ(z)+Imψ(z), η(z)=Reψ(z)−Imψ(z),

Ã1 = B̃2 =
1

2
(
hy

2h
− b), Ã2 = B̃1 =

1

2
(
hy

2h
+ b),

C̃1 =
a

2H
+
m

4y
, C̃2 = − a

2H
+
m

4y
,

D̃1 = −D̃2 =
c

2
, Ẽ1 = −Ẽ2 =

d

2
,

in which we choose H(y) = [|y|mh(y)]1/2 as stated in (5.11), and

dµ=d[x+G(y)]=2H(y)dy on s1, dν=d[x−G(y)]=−2H(y)dy on s2.

Proof Similarly to (2.5), equation (2.1) in D− can be reduced to the
system of integral equations: (5.22). Moreover we can extend the equation
(5.11) onto the the symmetrical domain D̃Z of D−

Z with respect to the real
axis ImZ = 0, namely introduce the function ŵ(Z) as follows:

ŵ(Z) =







w[z(Z)],

−w[z(Z)],
û(z) =







u(Z) in D−
Z ,

−u(Z) in D̃Z ,
(5.24)
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and then the equation (5.11) is extended as

ŵz̃ = Â1ŵ + Â2ŵ + Â3û+ Â4 = ĝ(Z) in D−
Z ∪ D̂Z ,

where

Âl(Z)=







Al(Z),

Ãl(Z),
l=1, 2, 3, Â4(Z)=







A4(Z),

−A4(Z),

ĝl(Z) =







gl(z) in D−
Z ,

−gl(Z) in D̃Z ,
l = 1, 2,

here Ã1(Z)=A2(Z), Ã2(Z)=A1(Z), Ã3(Z) = A3(Z). It is easy to see that
the system of integral equations (5.22) can be written in the form

ξ(z)=ζ(z)+

∫ ỹ

0

g1(z)dy=

∫ ŷ

y1

ĝ1(z)dy,

η(z)=θ(z)−
∫ y

0

g2(z)dy=

∫ ŷ

y1

ĝ2(z)dy, ẑ=x+jŷ=x+j|y| in D̃Z ,

(5.25)

where x1 + jy1 is the intersection point of L1 and the characteristic curve
s1 passing through z = x + jy, the function θ(z) is determined by ζ(z),
the function θ(z) will be defined by θ(z) = −ζ(z) = −ζ(x +G(y)), for the
extended integral, later on the above form ĝ2(z) is written, and the numbers
ŷ − y1, t̂− y1 will be written by ỹ, t̃ respectively.

5.3 Existence of solutions of oblique derivative
problem for degenerate mixed equations

In this section, we prove the existence of solutions of Problem P for equation
(5.1). Firstly we discuss the complex equation

w¯̃z =A1(z, u, w)w+A2(z, u, w)w+A3(z, u, w)u+A4(z, u, w) in D, (5.26)

with the relation

u(z) =



















2Re

∫ z

0

[

Rew(z)

H1(y)
+
iImw(z)

H2(y)

]

dz + b0 in D+,

2Re

∫ z

0

[

Rew(z)

H1(y)
− jImw(z)

H2(y)

]

dz + b0 in D−,

(5.27)



408 Elliptic, Hyperbolic and Mixed Complex Equations

where Hl(y)(l = 1, 2) and the coefficients in (5.26) are as stated in (5.11),
and the boundary value problem (5.26), (5.27) with the boundary condi-
tions

Re[λ(z)w(z)]=H1(y)r(z)=R(z) on Γ∪L1,

Im[λ(z1)w(zl)] = bl, l = 1, 2 or u(2) = b2

(5.28)

is called Problem A, where λ(z), r(z), zl, bl (l = 1, 2) are as stated in (5.5),
(5.6). For the second equation in (5.1), its complex form is as stated in
(2.6).

Noting that λ(z), r(z) ∈ C1
α(Γ), λ(z), r(z) ∈ C1(L1) (0 < α < 1), we

can find two twice continuously differentiable functions u±0 (z) in D
±

, for
instance, which are the solutions of oblique derivative problems with the
boundary condition on Γ ∪ L1 in (5.5) and b0 = b1 = b2 = 0, for har-
monic equations in D±, denote by u(z) the solution of Problem P for (5.1),

then the function v = v±(z) = u(z) − u±0 (z) in D
±

is a solution of the
homogeneous boundary value problem P0 for equation in the form

K1(y)vxx+sgnyK2(y)vyy+ãvx+b̃vy+c̃u+d̃=0 in D,

with the boundary conditions

Re[λ(z)vz̃ ] = 0 on Γ ∪ L1, v(0) = 0,

Im[λ(z)vz̃ ]|z=zl
=b′l (l=1, 2) or v(2)=0,

where b′1 = 0, the coefficients of the above equation satisfy the conditions
similar to Condition C, W (z) = U+ iV = v+

z̃ in D+ and W (z) = U+jV =

v−z̃ in D−, hence later on we only discuss the case of r(z) = 0 on Γ ∪ L1

and b0 = b1 = 0 in (5.5) and the case of index K = 0, the other case can
be similarly discussed. From v(z) = v±(z) = u(z) − u±0 (z) in D±, we have
u(z) = v+(z) + u+

0 (z) in D+, u(z) = v−(z) + u−0 (z) in D−, and

v+(z) = v−(z) − u+
0 (z) + u−0 (z), uy = v±y + u±0y,

v+
y =v−y −u+

0y+u−0y =2R̂0(x), v
−
y =2R̃0(x) on L0 =D∩{y = 0}.

It is clear that the equation, the relation and the boundary condition of the
corresponding Riemann-Hilbert problem (Problem Ã) are as follows

w¯̃z = A1w +A2(z)w +A3u+A4 in D,
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w(z) =



















2Re

∫ z

0

[

Rew(z)

H1(y)
+ i

Imw(z)

H2(y)

]

dz + b0 in D+,

2Re

∫ z

0

[

Rew(z)

H1(y)
− j

Imw(z)

H2(y)

]

dz+b0 in D−,

(5.29)

Re[λ(z)w(z)]=0 on Γ∪L1, u(0)=0,

u(2) = 0, or Im[λ(z1)w(z1)] = b′2,
(5.30)

hence we can only discuss Problem Ã for (5.29) with the boundary condition
(5.30). From Theorems 5.1 and 5.2, Problem Ã can be divided into two
problems, i.e. Problem A1 of (5.29) in D+ and Problem A2 of (5.29) in
D−, the boundary conditions of Problems A1 and A2 are as follows:

Re[λ(z)w(z)]=R(z)=0 on Γ, Re[λ(z)w(z)]=R(x) on L0,

u(0) = 0, u(2) = 0 or Im[λ(z2)w(z2)] = b′2,
(5.31)

and

Re[λ(z)w(z)]=R(z)=0 on L1,Re[λ(z)w(z)]=R(x) on L0,

u(0) = 0, u(2) = 0, Im[λ(z1)w(z1)] = 0,
(5.32)

respectively, in which λ(z) = i, R(z) = −R̂0(x) and λ(z) = j, R(z) = R̃0(x)
on L0. For the second equation of (5.1), the corresponding boundary con-
ditions are as those of Problem B1, B2 in Subsection 2.3. The solvability of
Problem A1 can be proved by the method in Chapter II. By using the result
in Chapter III, the reduction to absurdity and the compactness principle,
we can prove that there exists a solution w(z) = uz̃ of Problem A2 for the
equation

K1(y)uxx+sgnyK2(y)uyy+aux+buy+cu+d=0, i.e.

wz̃ = A1w +A2w +A3u+A4 in D,

thus Problem A2 of equation (5.29), (5.32) in D− is solvable, but in the
following we can directly verify the solvability of Problem A2 for (5.29),
(5.30).

Theorem 5.3 Let equation (5.1) satisfy Condition C and the last con-

dition in (5.33) below. Then there exists a unique solution [w(z), v(z)] of

Problem A2 for (5.29) in D−.



410 Elliptic, Hyperbolic and Mixed Complex Equations

Proof Denote D0 = D− ∩ {a0 ≤ x ≤ b0,−δ ≤ y ≤ 0}, and s1, s2 are the
characteristics of families in Theorem 5.2 emanating from any two points
(a0, 0), (b0, 0)(0 < a0 < b0 = 2), which intersect at a point z = x+jy ∈ D−,
and δ, δ0 are sufficiently small positive constants.

We discuss the case of K(y) = −|y|mh(y), m = m1 − m2, h(y) are
as stated in Subsection 5.1. In order to find a solution of the system of
integral equations (5.22), we need to add a condition for the coefficient
a = a(z, u, ux, uy) in equation (2.1), namely

ay

H1(y)H2(y)
=o(1), i.e.

|a|
H1(y)H2(y)

=
ε(y)

|y| , m1 +m2≥2, (5.33)

where ε(y) → 0 as y → 0. It is clear that for two characteristics s1, s2
passing through a point z = x + jy ∈ D and x1, x2 are the intersection
points with the axis y = 0 respectively, for any two points z̃1 = x̃1 + jỹ ∈
s1, z̃2 = x̃2 + jỹ ∈ s2, we have

|x̃1−x̃2| ≤ |x1−x2| = 2|
∫ y

0

√

−K(t)dt|

≤ 2k0

m+2
|y|1+m/2≤ k1

12
|y|1+m/2≤M |y|β,

where β = 1+m/2. From Condition C, we can assume that the coefficients
in (5.29) are continuously differentiable with respect to x ∈ L0 and satisfy
the conditions

||y|m2Ãl|, ||y|m2Ãlx|, ||y|m2B̃l|, ||y|m2B̃lx|, ||y|m2D̃l|,

||y|m2D̃lx|≤k0≤k1/12, ||y|m2Ẽl|, ||y|m2Ẽlx|≤k1/2,

2
√
h, 1/

√
h, |hy/h| ≤ k0 ≤ k1/12 in D−, l = 1, 2,

and later on we shall use the constants

M = 4 max[M1,M2,M3],

M1 = max[8(k1d)
2/(1−m′),M3/k1],

M2 = (2 +m)k0dδ
−2−m[4k1δ + 4ε0 +m]/δ,

M3 = 2k2
1|y′1|−m′

[|y′1|d+ 1/2H(y′1)],

γ = max[4k1dδ
β1 + (4ε(y) +m)/2β′] < 1,

0 ≤ |y| ≤ δ,

(5.34)
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wherem′ = m2+β1 < 1, β = 1−β1, β
′ = (1+m/2)(1−3β1), δ, β1 are appro-

priate small positive constants, such that (2+m)β1 < 1, and d is the diam-
eter of D−, ε0 = max

D−
ε(z), and 1/2H(y′1) ≤ k0[(m+ 2)a0/k0]

−m/(2+m),
and the positive number δ is small enough. We choose v0 = 0, ξ0 = 0, η0 = 0
and substitute them into the corresponding positions of v, ξ, η in the right-
hand sides of (5.22), and by the successive approximation, we find the
sequences of functions {vk}, {ξk}, {ηk}, which satisfy the relations

vk+1(z)=vk+1(x)−2

∫ y

0

Vk(z)dy=vk+1(x)+

∫ y

0

(ηk − ξk)dy,

ξk+1(z) = ζk+1(z) +

∫ y

0

g1k(z)dy =

∫ ŷ

y1

ĝlkdy,

ηk+1(z) = θk+1(z) +

∫ y

0

g2k(z)dy =

∫ |y|

y1

ĝ2k(z)dy,

glk(z)=Ãlξk+B̃lηk+C̃l(ξk+ηk)+D̃lvk+Ẽl, l=1, 2, k=0, 1, 2, ...,
(5.35)

where v(x) = u(x) − u0(x) on L0 as stated before, z1 = x1 + jy1 is a
point on L1, which is the intersection of L1 and the characteristic curve
s1 passing through the point z = x + jy ∈ D−. Setting that g̃lk+1(z) =
glk+1(z) − glk(z) (l = 1, 2) and

ỹ = ŷ − y1, t̃ = t̂− y1, ṽk+1(z) = vk+1(z) − vk(z),

ξ̃k+1(z)=ξk+1(z)−ξk(z), η̃k+1(z)=ηk+1(z)−ηk(z),

ζ̃k+1(z)=ζk+1(z)−ζk(z), θ̃k+1(z)=θk+1(z)−θk(z),

(5.36)

denote by (k−m′)! the product (1−m′)...(k−m′), we can prove that {ṽk},
{ξ̃k}, {η̃k}, {ζ̃k}, {θ̃k} in D0 satisfy the estimates

|ṽk(z) − ṽk(x)|, |ξ̃k(z)−ζ̃k(z)|, |η̃k(z)−θ̃k(z)|≤M ′γk−1|y|1−m′

,

|ξ̃k(z)|, |η̃k(z)| ≤MMk−1
0 |ỹ|k−m′

/(k −m′)!, or M ′γk−1,

|ξ̃k(z1)−ξ̃k(z2)−ζ̃k(z1)−ζ̃k(z2)|, |η̃k(z1)−η̃k(z2)−θ̃k(z1)−θ̃k(z2)|

≤M ′γk−1[|x1−x2|1−m′

+|x1−x2|β |t|β
′

], 0≤|y|≤δ, |ξ̃k(z1)−ξ̃k(z2)|,

|η̃k(z1)−η̃k(z2)|≤MMk−1
0 |t̃|k−m′ |x1−x2|1−β/(k−m′)!,

or M ′γk−1|x1−x2|β |t|β
′

, |ξ̃k(z)+η̃k(z)−ζ̃k(z)−θ̃k(z)|

≤M ′γk−1|x1−x2|β |y|β
′

, |ξ̃k(z)+η̃k(z)| ≤MMk−1
0 |ỹ|k−m′
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×|x1−x2|1−β/(k−m′)!, or M ′γk−1|x1−x2|β |y|β
′

, (5.37)

where z = x + jy, z = x + jt is the intersection point of s1, s2 in (5.23)
passing through z1, z2, γ is as stated in (5.34), d is the diameter of D−, and
M,M ′ is a sufficiently large positive constants as in (2.44), Chapter V and
(5.34).

On the basis of the estimate (5.37) and the convergence of sequences
{ṽn(z)}, {ξ̃n(z)}, {η̃n(z)}, and the comparison test, we can derive that
{vn(z)}, {ξn(z)}, {ηn(z)} in D0 uniformly converge to v∗(z), ξ∗(z), η∗(z)
satisfying the system of integral equations

v∗(z)=v∗(x)−2

∫ y

0

V∗(z)dy=v∗(x)+

∫ y

0

(η∗(z)−ξ∗(z))dy,

ξ∗(z)=ζ∗(z)+

∫ y

0

[Ã1ξ∗+B̃1η∗+C̃1(ξ∗+η∗)+D̃1u∗+Ẽ1]dy, z ∈ s1,

η∗(z)=θ∗(z)+

∫ y

0

[Ã2ξ∗+B̃2η∗+C̃2(ξ∗+η∗)+D̃2u∗+Ẽ2]dy, z ∈ s2.

Noting that the arbitrariness of δ0, hence there exists a solution of Problem
A2 for equation (5.29) in D− ∩ {−δ ≤ y ≤ 0}. Next we apply the similar
method in Section 1, the corresponding result in D− ∩ {y ≤ −δ} can be
obtained. Hence u(z) = v(z) + u0(z) is a solution of Problem P for (5.1)
in D−. Thus the existence of solutions of Problem P for equation (5.1) is
proved.

From the above result, we can obtain the following theorem.

Theorem 5.4 If equation (5.1) satisfy Condition C and the condition

(5.33), then the oblique derivative problem (Problem P ) for (5.1) has a

unique solution.

Proof Now we prove the uniqueness of solutions of Problem P for equa-
tion (5.1), it suffices to verify that the corresponding homogeneous problem
(Problem P0) only has the trivial solution. The homogeneous equation (5.1)
can be rewritten as

K1(y)uxx + sgnyK2(y)uyy + aux + buy + cu = 0, i.e.

wz̃ = A1w +A2w +A3u in D,
(5.38)

where uz̃ = w(z). Similarly to the proof of Theorem 4.3, we can prove that

the solution u(z) cannot attain the positive maximum in D+\L0, and its
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positive maximum M attains at a point on L0 = (0, 2). However by means
of the way as in Theorems 3.3 and 3.4, we can prove the solution u(z) ≡ 0
in D− of Problem P for equation (5.38), obviously u(z) = 0 on L0. Hence
u(z) ≡ 0 in D. This proves the uniqueness of the solution of Problem P
For equation (5.1).

In [74], M. M. Smirnov investigated the unique solvability of the Tricomi
problem for equation (5.1) with K1(y) = 1, K2(y) = |y|m2 (0 < m2 <
1), a = b = c = d = 0 in D, by using the method of integral equations. In
particular, when m2 = 1/2, the Tricomi problem is a model of the plane-
parallel symmetric Laval nozzle of given shape (the direct problem of Laval
nozzle theory) (see [28]4)).

Remark 5.1 In the above discussion, we assume m2 < 1, but if |Kl| =
|y|mlhl(y), where hl(y) (l = 1, 2) are continuously differentiable posi-
tive functions in D, and the coefficients a, b, c, d of equations (5.1) sat-
isfy the conditions, namely a/|y|[m2], b/|y|[m2], c/|y|[m2], d/|y|[m2] in D+ are

bounded and in D
−

are continuous, where [m2] is the integer part of m2,
then the positive integersm1,m2 can be arbitrary, provided thatm1 > [m2].
Moreover the coefficients Kl(y)(j = 1, 2) in equation (5.1) can be replaced
by functions Kl(x, y)(l = 1, 2) with some conditions. Besides if the bound-
ary condition (5.5) is replaced by

1

2

∂u

∂ν
=

1

H1(y)
Re[λ(z)uz̃]=Re[Λ(z)uz]=r(z) on Γ∪L2,

Im[λ(z)uz̃]|z=z1
=b1, u(0)=b0, u(2)=b2 or Im[λ(z)uz̃]|z=z2

=b′2,

then similarly we can also obtain the above corresponding results.

Finally we mention that there are some results about the Tricomi prob-
lem for second order equations of mixed type with degenerate plane in
higher dimensional domains (see [13], [36], [48], [71]2),6) and so on), but a
lot of open problems remain to be continuously investigated, for instance
see [71]2). We conjecture that it is possible the above problems can be
discussed by the method of Clifford analysis (see [43]). Besides the Tri-
comi problem and oblique derivative problem for second order systems of
nonlinear equations of mixed type with parabolic degeneracy are worth
considering.
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Jyväskylä, 28 (1984), 41-52.

[46] Xin-hua Ji and De-quan Chen. 1) The equations of mixed type of elliptic

and hyperbolic in the n-dimensional real projective space. Acta Math.
Sinica, 23 (1980), 908-921.
2) The non-homogeneous equations of mixed type in the real projective

planer. Mixed Type Equations, BSB Teubner, Leipzig, 90, 1986, 280-
300.

[47] M. V. Keldych. On certain cases of degeneration of equations of elliptic

type on the boundary of a domain. Dokl. Akad. Nauk SSSR (N.S.), 77
(1951), 181-183 (Russian).

[48] A. G. Kuz′min. Equations of mixed type with non-classical behavior

of characteristics. Mixed Type Equations, BSB Teubner, Leipzig, 90,
1986, 180-194.

[49] O. A. Ladyzhenskaja and N. N. Uraltseva. Linear and quasilinear el-

liptic equations. Academic Press, New York, 1968.

[50] E. Lanckau and W. Tutschke. Complex analysis: Methods, trends, and

applications. Akademie-Verlag, Berlin, 1983.

[51] M. A. Lavrent′ev and A. V. Bitsadze. The problem of equations of

mixed type. Dokl. AN SSSR, 1950, Vol. 70, 373-376.

[52] M. A. Lavrent′ev and B. V. Shabat. Methods of function theory of a

complex variable. GITTL, Moscow, 1958 (Russian).

[53] J. Leray. Hyperbolic differential equations. Princeton Univ. Press,
1954.

[54] J. Leray and J. Schauder. Topologie et équations fonczionelles. Ann.
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100,113

quasilinear hyperbolic equation
152,154,159,188

quasilinear hyperbolic system
132,133

quasilinear mixed (complex)
equation 114,201,232,
237,238,383,385

quasilinear uniformly elliptic
equation 41

reduction to absurdity 35,75,120,
379,409

reflected domain 321
regularity of solutions 214,258,

339
repeated insertion 188, 221, 313,

317,373
representation of solutions 1,5, 6,

11,14,21,24,26,31,33,41,
66, 73, 80, 84, 86, 91,116,
135,140,141,143,144,154,
157,160,167,170,178,179,
183,189,216,222,240,242,
247,250,258,263,268,286,
287,290,297,303,305,306,
308,323,325,333,345,346,
349,361,367,368,370,389,
393,398,402,403,405

representation theorem 6,18, 26,
33, 41, 45, 129, 143, 162,
203,216,237,250,340

Riemann - Hilbert (boundary
value) problem 11,13,14,
21,28, 31,32,33,35,37,66,
85,129,132,134,137,141-
144, 156, 167, 181, 203 -

205,214,216,222,224,225,
229,232,233,235,238,241,
242,249,266,268,287,289,
308,324,346,348,351,359,
391,395,403,405,408

right hyperbolic domain 298

second order equation of mixed
type 59

Schauder (fixed-point) theorem 9,
54,58,101,383

simplest hyperbolic (complex)
equation 132,157

simplest hyperbolic system 131
simply connected domain 1,9,11,

24,56,59,80,114,129,132,
141,153,154,173,176,203,
214,229,232,235,237,247,
259,282,303,318,333,340,
356,359,384,398

singular coefficients 1,41
slope 12,13,61, 62, 125, 232, 356,

359
smooth boundary 5,48
smooth curve 1, 64, 80, 127, 214,

259,298,340,356,384,398
solvability 1,6, 9,21, 23, 31, 38, 53,

101,105,114,122,123,137,
154,165,214,222,226,244,
246,255,291,296,318,320,
323,328,329,331,340,352,
355,373,374,383,387,396,
397,409

speed 110
standard equation of mixed type

259
stream function 109
stream line 110
successive approximation 129,

137,140,148,151,160,170,
172,189,195,203,208,213,
226,237,244,244,254,255,
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258,273,294,315,328,330,
338 - 340, 354, 355, 380,
398,411

successive iteration 23,30,52
successive procedure 162
sufficient condition 201
symmetrical curve 72,90,376
symmetrical domain 46,72-74,90,

92, 95, 113, 119, 121, 270,
281,309,311,322,327,350,
376,378,406

symmetry extension 320
system of integral equation 9,147,

147, 150, 189, 191 – 193,
220,243,245,270,272,291,
293,295,309,310,314,317,
318,328,350,351,353,355,
372,380,381,394,406,407,
410,412

tangent vector 49,87,320,395
triangle inequality 130
Tricomi (boundary value) prob-

lem 59,247,258-260,262,
263,271,280,281,333,340,
361, 364, 367, 368, 371 -
373, 382 -384, 387, 396 -
398,400,413

Tricomi-Bers (boundary value)
problem 364,372,382

Tricomi - Rassias (boundary
value) problem 387

trivial solution 105,118,412
twice continuous differentiable

55,65,88,103,262,285,
302,366,408

uniform ellipticity condition 1-4,
42,103

uniformly bounded 317,381
uniformly continuous 38,99

uniformly converge 31,35,37, 47,
51,55,56,75,77,78,95,97,
104,137,150,161,200,211,
228,229,257,280,295,317,
329,339,355,381,382,412

uniformly elliptic (complex)
equation 41,68

uniformly ellipticity condition
1-4,42,43,111

uniformly elliptic system 1,4

uniformly hyperbolic (complex)
equation 129,151

uniformly hyperbolicity 131,132,
152

uniformly mixed type 247,361

uniquely solvable 242,268,289,
348,369,382,405

uniqueness 10,186,327

uniqueness and existence of solu-
tions 11, 31, 41,129,140,
247,281,297,310,333,361,
396

uniqueness of solution 21, 26, 33,
35,67,86,105,118,132,134,
137,162,171,173,200,201,
203,213,216,231,237,250,
254,263,296,318,323,326,
340,355,371,387,394,397,
412,413

uniqueness theorem 151,280

unique solution 8,14,21,33,37,52,
54, 56, 66, 79, 86, 98, 103,
105,106,108,110,112,123,
124, 146, 151, 169, 171,
175 - 178, 183, 191, 201,
202,213,223,224,235,237,
242,245,251,258,268,272,
289,295,305,308,325,328,
329,331,337,348,349,356,
358,359,361,391,405,409
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unique solvability 80,101,120,146,
173,186,189,201,208,244,
272,281,293,296,310,317,
339,356,365,413

unit disk 7,47,73,377
univalent analytic function 7,8
upper elliptic domain 297
upper half-plane 9,11,12,31,59,

383
upper half (unit) disk 8,41,52

weakly converge 35,51,55,56,75,
95

well-posed 26,111,262,285,375
well posedness 32

zero point 35,49,65
zone domain 9
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